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Disordered stealthy hyperuniform materials exhibit the statistical isotropy of a liquid combined with some
of the structural properties of a crystal—including homogeneity, suppressed density fluctuations at large length
scales, bounded holes, and a structure factor S(k) that vanishes for a finite range of wave vectors, 0 < k < K.
Numerous studies have shown that this combination leads to highly unusual physical properties for a disor-
dered medium, including optical transparency, effective delocalization, ultrafast spreadability, optimal diffusion
coefficients and conductivities, and complete isotropic photonic band gaps. Gyromorphs, point patterns whose
structure factor includes rings of intense Bragg-like peaks arranged with discrete G-fold rotational symmetry,
were recently introduced as counterexamples: disordered media that can somehow achieve the same physical
properties, in some cases with higher performance, without stealthiness or hyperuniformity. In this paper, we
resolve the puzzle of how gyromorphs fit consistently with the stealthy hyperuniform studies. We first show
that gyromorphs are actually hyperuniform and, in the large-G limit where they become nearly isotropic, they
belong to the weakest form of hyperuniformity, known as class III. Thus, gyromorphs should have comparatively
degraded physical properties compared to stealthy hyperuniform media, which belong to the strongest form of
hyperuniformity, known as class I. We verify this expectation using the rigorous spectral Green’s-matrix method
for the calculation of the density of states and Purcell factors in large arrays of electric dipoles. We find that
gyromorphs display size-dependent pseudogaps richly populated by localized states rather than smooth band
gaps like those found for highly stealthy hyperuniform (class I) materials or in deterministic structures such as
Vogel spirals and triangular lattices. Furthermore, we predict similar disorder-induced degradation relative to
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stealthy hyperuniformity with regard to transparency, spreadability, and diffusion properties.
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I. INTRODUCTION

Disordered hyperuniform materials that combine the statis-
tical isotropy of a liquid with selected structural and physical
properties of a crystal have emerged as a promising frontier
for discovering novel media with unique functional capabili-
ties. Such materials lack the long-range translational order and
discrete rotational symmetry of crystals and quasicrystals, yet
can exhibit suppressed long-wavelength density fluctuations,
bounded holes, and other structural features that distin-
guish them sharply from a Poisson distribution of scatterers
[1,2]. The resulting physical properties—including optical
transparency [3-9], effective delocalization of waves [4,10],
ultrafast spreadability [11], optimal effective diffusion coef-
ficients [12] and conductivities [13], and complete isotropic
photonic band gaps [14,15]—have motivated a sustained ef-
fort to classify disordered media according to the strength and

“Contact author: dalnegro@bu.edu
fContact author: torquato @electron.princeton.edu

2469-9950/2026/114(8)/084202(18)

084202-1

character of their structural correlations, and to understand
how those correlations translate into the fidelity of the physi-
cal properties they enable [2,14].

A central organizing framework for this classification is
provided by the quantification of large-scale density fluctu-
ations of disordered hyperuniform or nonhyperuniform sys-
tems. Point patterns are hyperuniform if their structure factor
S(Kk) vanishes as |k| = k tends to zero. If the structure factor
approaches zero as a power law, this corresponds to S(k) ~ k¢
as k — 0, where o > 0 [1,2]. (The case & = 0 corresponds to
typical disordered nonhyperuniform systems [2,16].) Hyper-
uniform systems are conventionally sorted into three classes
of increasing disorder: class I (¢ > 1), the strongest form,
with the slowest possible growth of number variance and the
most crystal-like suppression of long-wavelength fluctuations;
class Il (¢ = 1), with logarithmic corrections; and class III
(0 < @ < 1), the weakest form, in which long-wavelength
fluctuations are suppressed relative to a Poisson process but
considerably less so than in class I. Various physical proper-
ties of disordered media depend sensitively on o and improve
monotonically as « increases [5,6,11].

©2026 American Physical Society
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Stealthy hyperuniformity is a special case within class I in
which S(k) is constrained to vanish exactly over a continuous
range of small wave vectors, 0 < k < K; the parameter x
quantifies the fraction of wave-vector modes constrained to
have S(k) = 0 relative to the total number of degrees of free-
dom, and hence the strength of the long-wavelength constraint
[2,17-19]. Disordered stealthy ground states can be obtained
as highly degenerate ground states of a certain long-ranged
pair potential, provided that x < 1/2 in two and three dimen-
sions [19].

When disordered stealthy hyperuniform systems are re-
alized as heterogeneous media, their resulting physical
properties have been found to be far superior to those
of other correlated disordered media, including nonstealthy
hyperuniform media [20]. In d dimensions, their physi-
cal properties—including spreadability, diffusion, conduction,
mechanical response, and transparency [6,11-13,21-23]—
improve monotonically as x approaches its upper limit within
the disordered regime. Furthermore, these properties are gen-
erally superior to those of nonstealthy hyperuniform systems
characterized by a positive and bounded scaling exponent «.

The connection between this structural classification and
photonic band-gap formation in two-dimensional (2D) dis-
ordered network solids was investigated systematically by
Klatt, Steinhardt, and Torquato [15], who compared a broad
range of disordered networks with varying degrees of lo-
cal and global order—including random sequential addition,
equiluminous, stealthy nonhyperuniform, antihyperuniform,
and perfect glass structures—and established a framework
for ranking them according to the width and functional form
of their photonic band tails. They found that the gap in the
density of states exhibits exponential tails and the apparent
photonic band gaps close rapidly as the system size increases
for nearly all disordered networks considered. The only ex-
ceptions were sufficiently stealthy hyperuniform cases, for
which the band gaps remained open and the band tails exhib-
ited a power-law scaling reminiscent of the photonic band-gap
behavior of photonic crystals in the thermodynamic limit. The
picture that emerges is one in which disordered media form a
graded hierarchy: stealthy hyperuniform systems sit at the top,
with true band gaps and crystal-like band-tail behavior, while
weaker forms of structural order yield progressively shallower
pseudogaps that vanish in the large-system limit.

Against this backdrop, Casiulis, Shih, and Martiniani [24]
recently introduced gyromorphs: disordered point patterns
whose structure factor includes rings of intense, Bragg-like
peaks arranged with discrete G-fold rotational symmetry,
becoming effectively isotropic in the large-G limit. They
reported that, in two dimensions and at low refractive in-
dex contrast, gyromorphs outperform stealthy hyperuniform
media, quasicrystals, and Vogel spirals in the formation of
isotropic photonic band gaps. Taken at face value, this claim
is striking: gyromorphs are not stealthy, and their structure-
factor constraints are imposed at specific Bragg-like wave
vectors rather than over a continuous range at small k. How,
then, do they fit consistently within the structural hierarchy
established by the hyperuniformity classification and by the
band-tail analysis of Ref. [15]?

In this paper, we address that question directly. We
first characterize 2D gyromorphs structurally. Importantly, in

contrast to disordered stealthy hyperuniform systems, gyro-
morphs are not generated under periodic boundary conditions;
rather these nonperiodic point configurations are created
within a square under free boundary conditions. We begin by
examining the large-R asymptotic scaling of their local num-
ber variance o7 (R). We find that gyromorphs are in fact class
IIT hyperuniform (not noticed in Ref. [24]), the weakest form
of hyperuniformity, which enables us to extract the hyperuni-
formity scaling exponent « that lies between zero and unity.
Furthermore, in the large-G limit in which they become ef-
fectively isotropic—the regime relevant to the comparisons of
Ref. [24]—we find statistically that their ensemble-averaged
values of o generally decrease as G increases. We also pro-
vide numerical evidence that such high-G gyromorphs do
not possess the bounded hole property, which is central to
opening robust photonic band gaps [2,15]. This operating
regime is precisely that of the effectively isotropic gyromorph
examples emphasized in Ref. [24]. Within the hyperunifor-
mity framework, this classification implies that gyromorphs
should exhibit physical properties degraded relative to class
I stealthy hyperuniform media. For example, it follows that
gyromorphs cannot exhibit the ultrafast spreadability, trans-
parency, optimal diffusion constants, and conductivity of
stealthy hyperuniform systems, as detailed in Sec. VL.

The photonic consequences of this structural classification
of gyromorphs motivate us to study their band-gap forma-
tion using two complementary optical settings and methods.
First, we employ a well-established full-wave density-of-
states methodology via the MIT Photonic Bands code (mpb)
[25] to analyze two different 2D structures under periodic
boundary conditions: a high-x stealthy hyperuniform system
and a class III random organization system [26—28] whose
hyperuniformity exponent is comparable to that of the effec-
tively isotropic G = 60 gyromorphs. In each case, we consider
high-dielectric disks in air with disk centers taken from the
aforementioned systems. We find that the stealthy hyperuni-
form system supports a robust transverse magnetic (TM) band
gap, whereas the class III random organization system ex-
hibits only a shallow pseudogap.

Second, because plane-wave methods like mpb cannot
be used to investigate nonperiodic media, we analyze gyro-
morphs directly via powerful spectral Green’s-matrix methods
correct to all orders of multiple scattering for finite open
arrays of resonant point dipoles as well as Purcell-factor cal-
culations. This methodology is perfectly suitable to study the
nonperiodic gyromorph samples because it does not impose
periodic boundary conditions and naturally probes the collec-
tive scattering resonances of finite open arrays. The features
identified in Ref. [24] as isotropic band gaps in gyromorphs
are found here to be fully resolved pseudogaps filled with
localized states rather than true band gaps. Thus, both optical
settings and methods support the same qualitative conclusion:
Class III hyperuniform structures, whether random organiza-
tion models or gyromorphs, offer shallow pseudogaps at best,
in vivid contrast to high-x stealthy hyperuniform structures
with robust gap formation.

For completeness, we also consider in the appendixes trian-
gular lattices and Vogel spirals in our comparison, since they
were benchmarks in Ref. [24], even though they lie outside the
framework of statistically homogeneous disordered media: a
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Vogel spiral has a distinguished central point and a radially
varying local environment, and so is not statistically homo-
geneous in the strict sense. We deliberately do not include
quasicrystals in our comparisons, as they possess long-range
quasiperiodic translational order and exact discrete rotational
symmetry, placing them in a structurally distinct category
from the disordered isotropic and effectively isotropic media
considered here.

The remainder of the paper is organized as follows: In
Sec. II we summarize the structural descriptors used in this
work. The model systems and optical methods are described
in Sec. III. In Sec. IV, the large-scale density fluctuations
and hole-size statistics of gyromorphs across G values are
compared to those of stealthy hyperuniform systems using
the local number variance o(R) and void nearest-neighbor
probability density Hy (r), respectively. Section V presents the
optical calculations in two separate settings: first, full-wave
mpb density-of-states calculations for finite-size dielectric
disk arrays derived from random organization and stealthy
hyperuniform systems, and second, Green’s-matrix calcula-
tions for finite open gyromorphic and stealthy point-dipole
arrays. In Sec. VI, we compare and contrast other physical
properties of gyromorphs and disordered stealthy hyperuni-
form media. We summarize and discuss implications of our
work in Sec. VIL In the appendixes, we further compare the
optical properties of gyromorphs and stealthy systems to those
of Vogel spirals and the triangular lattice.

II. STRUCTURAL DESCRIPTORS: DEFINITIONS
AND PRELIMINARIES

Here, we provide basic definitions of the structural descrip-
tors that we employ in this work: local number variance and
the void nearest-neighbor functions. We compute these de-
scriptors to vividly distinguish the differences in the structural
characteristics of the models considered in this work.

A. Hyperuniformity

For a large class of many-particle disordered and ordered
systems, hyperuniformity can be defined by the condition that
the structure factor S(k) vanishes as the wave number k tends
to zero. More generally, a hyperuniform system is one in
which the local number variance o3 (R) = (N(R)?*) — (N(R))?
associated with a d-dimensional spherical window of radius R
grows more slowly than R9[1,2], where N(R) is the number of
points within the window and angular brackets denote an en-
semble average. For statistically homogeneous point patterns
in d dimensions, garden-variety disordered nonhyperuniform
systems have o,%(R) ~ R4,

Consider systems in which the structure factor has a power-
law form in the vicinity of the origin, i.e., S(k) ~ k“. For
hyperuniform systems, the exponent « is positive (¢ > 0) and
its value determines three different large-R scaling behaviors
of the number variance [1,2]:

R4, a > 1 (class )
on(R)~ {R"InR, «=1(classI) (D)
Ré—, 0 < a < 1 (class III).

Classes I and III describe the strongest and weakest forms of
hyperuniformity, respectively. We note that all stealthy hype-
runiform systems belong to class I [19]. It is seen that while
the value of o can be extracted from the large-R scalings of
o*,% (R) for classes II and III, this is not the case for class I. By
contrast, the cases « = 0 and —d < o < 0 respectively cor-
respond to typical disordered nonhyperuniform systems (e.g.,
ordinary liquids and glasses) and antihyperuniform systems
(e.g., thermal critical points) [2,16].

B. Void nearest-neighbor statistics

To characterize the distribution of spherical “holes” (spher-
ical regions empty of points) in the point configurations
considered here, we compute the void nearest-neighbor prob-
ability density function Hy(r) [29,30]. For a statistically
homogeneous point pattern in d-dimensional Euclidean space
R9, Hy (r)dr is the probability that, from an arbitrarily placed
test point, the nearest particle center lies at a distance between
r and r + dr [29]. Because Hy (r) has dimensions of inverse
length, we report the dimensionless quantity p~'/2Hy (r),
where p is the number density.

Systems in which Hy (r) has infinite support in the ther-
modynamic limit must possess arbitrarily large holes [29,31].
On the other hand, Hy (r) for infinite systems with bounded
holes have compact support; i.e., there exists a finite covering
radius R, such that every point in space lies within distance
R, of some particle center and hence Hy(r) = 0 for all r >
R, [30]. All crystals have bounded holes as do disordered
stealthy hyperuniform systems [32,33]. By contrast, non-
stealthy hyperuniformity does not guarantee the bounded-hole
property [2,32].

III. MODEL SYSTEMS AND OPTICAL METHODS

In this section, we describe how to generate 2D stealthy
hyperuniform and gyromorph point patterns. Subsequently,
we summarize the two complementary methods employed to
compute their optical properties: full-wave density-of-states
calculations for periodic media and Green’s-matrix calcula-
tions for finite open point-dipole arrays.

A. Models

All 2D model structures are rescaled to the same number
density p, and lengths are reported in units of the characteris-
tic interparticle spacing p~'/2.

1. Disordered stealthy hyperuniform systems

We generate disordered stealthy hyperuniform point pat-
terns via the collective coordinates optimization technique
using Poisson distribution initial conditions [17-19]. In this
scheme, we employ a limited-memory Broyden-Fletcher-
Goldfarb-Shanno (L-BFGS) optimization algorithm. The
fidelity of our stealthy hyperuniform samples is ensured by
checking that the collective coordinate optimization is run
until the energy above the ground state is less than 10"
times what it was for the initial condition [17,19,34]. To
remain consistent with the case considered in Ref. [24], we
consider disordered stealthy hyperuniform point patterns with
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(a) (b)

FIG. 1. Representative images of (a) a stealthy hyperuniform
point pattern with x =~ 0.49 and (b) a G =60 gyromorph with
Fourier ring radius KL/(2mw) = 100. The structures in (a) and
(b) each contain N = 1000 points and were prepared by taking
circular cutouts of larger systems with N &~ 10*. As discussed in the
main text, the sample sizes used to ascertain their optical properties
are an order of magnitude larger.

stealthiness parameter xy =~ 0.49, where in two dimensions
x = K? /(16 p) in the thermodynamic limit [19]. For the
full-wave density-of-states calculations with mpb, we use en-
sembles of 100 configurations with N = 4000 particles. An
image of a circular cutout of such a stealthy hyperuniform
point pattern is shown in Fig. 1(a).

2. Gyromorphs

We generate all gyromorph point patterns using the
FReSCo algorithm [35] and following the same optimization
procedure described in Ref. [24]. Gyromorphs are defined
by imposing intense Bragg-like peaks on a ring of radius
K in reciprocal space, with the peaks arranged according
to a prescribed rotational order G. For the optical calcu-
lations, we use the same structural parameters as those
employed in the coupled-dipole simulations of Ref. [24]: ro-
tational order G = 60, Fourier ring radius KL/(2r) = 100,
where L is the system side length, and systems containing
N ~ 10* points before taking the finite arrays used in the
Green’s-matrix calculations. For the structural analyses, we
consider ensembles (50 individual configurations) of larger
gyromorphs with N & 10° points and rotational orders G = 8,
10, 14, 18, 24, 60, 100, 120, and 200 at fixed ring radius
KL/(2m) = 300. Detailed validation of our generated gy-
romorph structures, including comparison of their structure
factors S(k), pair-correlation functions g»(r), “gyromorphic”
correlation functions gg(r), and coupled-dipole calcula-
tions with those presented in Ref. [24], is provided in the
Supplemental Material [36]. An image of a circular cutout
of a G=060 and KL/(2w) = 100 gyromorph is shown in
Fig. 1(b). We show in Sec. IV A that gyromorphs are generally
hyperuniform of class III.

B. Full-wave density of states for periodic dielectric
arrays of disks in air

We compute the full-wave photonic density of states for
periodic two-phase dielectric media (dielectric circular disks
in air) by solving Maxwell’s equations using mpb [25]. Fol-
lowing Ref. [15], the area-normalized density of states is

defined as

1
D(w) =+ ) b= ), )

where A is the supercell area and w; are the eigenfrequencies
computed at the I point of the periodic supercell. For finite
periodic samples, D(w) is approximated by a histogram and
then averaged over an ensemble of statistically independent
configurations.

Because gyromorph samples do not have natural periodic
boundary conditions, we cannot apply mpb directly to them.
Instead, we use mpb to compare two systems generated under
periodic boundary conditions: a high-y stealthy hyperuni-
form point pattern and a class III random organization disk
pattern with a hyperuniformity exponent comparable to that
of the G = 60 gyromorphs. To construct the corresponding
photonic structures, we place identical dielectric circular disks
(phase 2) at the points of each configuration in an air back-
ground (phase 1), which is equivalent to transversely isotropic
high-dielectric aligned cylinders in air. The dielectric con-
trast is €;/€; = 9 and the disk (cylinder) packing fraction is
¢> = 0.05, both values of which match the dilute-scatterer
parameters used in Ref. [24]; all other numerical simulation
parameters follow Ref. [15].

C. Green’s-matrix analysis for finite open point-dipole arrays

In order to analyze the optical properties of finite non-
periodic point patterns, we utilize powerful Green’s-matrix
methods. Specifically, we characterize band-gap formation by
computing the density of states (DOS) of large 2D arrays
of electric dipoles using the Green’s-matrix spectral method
for both out-of-plane [transverse magnetic (TM)] and in-
plane [transverse electric (TE)] dipole resonance [37-39].
This approach enables the understanding of the multiple
scattering behavior of general (periodic and nonperiodic) ar-
rays of electric dipoles through the spectral properties of
the corresponding Green’s matrix [40-43]. In particular, the
Green’s matrix of open systems is non-Hermitian and the
real and imaginary parts of its complex eigenvalues A,, (m €
1,2, ..., N) correspond to the frequency detuning (w,, — wy)
and decay rate I, (both normalized to the resonant width
I'g of an isolated dipole) of the scattering resonances of the
investigated system. This approach rigorously accounts for
all the multiple scattering orders and the unambiguous de-
termination of the DOS for both TM and TE scenarios. In
addition, the optical response of finite-size arrays was also in-
vestigated by their local density of states (LDOS) obtained by
solving the multiple scattering Foldy-Lax equations within the
Green’s-matrix method under dipole excitation [42,44-46].
In this approximation, each scattering element is treated as a
subwavelength resonant electric dipole, valid in the Rayleigh
regime koas. < 1, where ag. is the physical scatterer radius
and ky is the free-space wave number [24,42,44-46]. The ma-
terial and size dependence of each scatterer is absorbed into its
resonant polarizability, while the collective optical response is
determined by the multiple electromagnetic coupling among
the dipoles. To avoid artifacts induced by sharp corners in
the spectrum, we consider circular cutouts of these structures
(e.g., see those in Fig. 1).
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This framework directly probes the scattering resonances
of finite open arrays without imposing periodic boundary con-
ditions, making it well suited to gyromorphs, Vogel spirals,
and other aperiodic structures [24,42,44]. For Vogel spiral ar-
rays, Green’s-matrix calculations have been shown to recover
the spatial structure of localized band-edge modes previously
obtained using full-wave finite-element LDOS simulations
[44,47,48], supporting the reliability of the Green’s-matrix
approach for diagnosing spectral depletion and localized reso-
nances in finite aperiodic arrays. For TM polarization, we use
the scalar Green’s matrix, while for TE polarization we use
the corresponding dyadic vector Green’s matrix [39,42,44].
Additional technical details concerning the Green’s-matrix
method are provided in Appendix A. The complex eigenval-
ues of these non-Hermitian matrices encode the normalized
detuned frequencies and decay rates of the scattering reso-
nances, from which we compute the optical density of states,
N(w) [38,39,42,44).

Because of the technological relevance of controlling
vacuum fluctuations in complex optical nanostructures, we
complement the spectral analysis of the DOS with the cal-
culation of the LDOS for both polarizations [15,39,47].
Specifically, we compute the Purcell factor p(ry, w)/po, i.e.,
the LDOS at a source position ry; normalized by the cor-
responding homogeneous-medium value, which is enhanced
by long-lived localized resonances inside depleted spectral
regions [39,45,47] (see Appendix B for additional details).
This combined global and local spectral analysis distinguishes
robust gap formation from pseudogap behavior caused by
finite residual DOS and localized in-gap resonances.

IV. STRUCTURAL ANALYSIS

We now examine the structural properties of gyromorphs
relative to disordered y = 0.49 stealthy hyperuniform sys-
tems. We first use local number statistics to determine the
hyperuniformity class of gyromorphs, then analyze their hole-
size statistics through the void nearest-neighbor function
Hy (r), and finally discuss the implications for spreadability
and related diffusion properties. This structural characteriza-
tion sets the stage for the optical comparisons in Sec. V.

A. Large-scale density fluctuations

Because gyromorphs are generated as finite nonperiodic
samples, the positions of the observation-window centers
must be restricted so that each sampling window remains
entirely inside the gyromorph boundary. The number variance
provides a boundary-unbiased estimate of the large-scale scal-
ing exponent. By contrast, the structure-factor plots reported
in Ref. [24] were computed from circular cutouts with a
Hamming window; this procedure is useful for visualizing
the imposed Bragg-like rings, but it produces an effectively
inhomogeneous weighted density field and therefore cannot
be used to diagnose hyperuniformity or extract o (see the
Supplemental Material [36]).

The ensemble-averaged local number variance o (R) of
x = 0.49 stealthy hyperuniform and 24 < G < 200 gyro-
morph systems with N ~ 10° particles are plotted in Fig. 2.
Over the accessible large-R fitting range, 5 < Rp'/? < 50, the

103 T

102 L

101 L

Local Number Variance, 63(R)

—— G=200 — G=24
100 —— G=120 —— Stealthy |
G=100 =---- ~R'T°
G=60 —— ~R
1
100 10!

Window Radius, Rp'?

FIG. 2. Log-log plots of the local number variance o3 (R) for
x = 0.49 stealthy hyperuniform and 24 < G < 200 gyromorph sys-
tems with Fourier ring radius KL/(2m) = 300. The inset highlights
the large-R class III hyperuniform scaling of the gyromorphs ob-
served for 5 < Rp'/? < 50. Note that only the local variance o2 (R)
curves for higher-G gyromorphs, which are effectively isotropic, are
plotted here in order to keep them on equal footing with the truly
isotropic stealthy hyperuniform systems.

stealthy hyperuniform system exhibits class I window perime-
ter scaling, i.e., 0]% (R) ~ R, whereas the ensemble-averaged
gyromorph number variances exhibit weaker class III hype-
runiform scaling with 02(R) ~ R>~%, where 0 < @ < 1. We
separately fit the number variance of each realization to ob-
tain a finite-size estimate of «. Table I reports the mean and
standard deviation of these estimates across the ensemble.
While we also attempted reciprocal-space estimates of « from
gyromorph configurations without a Hamming window or the

TABLE I. Mean values and standard deviations calculated from
the set of hyperuniformity exponents « obtained by separately fitting
the large-R scaling of the number variance o2(R) for each realiza-
tion over the fitting interval 5 < Rp'/?> < 50. For each gyromorph
realization, o is obtained by fitting the power law CR? and then
taking o = 2 — . For all systems, we found that changing the fitting
interval within reasonable bounds changes the ensemble-averaged
exponent by less than 5%.

System o

Stealthy, x = 0.49

Gyromorph, G = 8 0.89 £0.11
Gyromorph, G = 10 0.88 £ 0.11
Gyromorph, G = 14 0.56 £0.21
Gyromorph, G = 18 0.63 £0.16
Gyromorph, G = 24 0.49+£0.19
Gyromorph, G = 60 0.42 £0.31
Gyromorph, G = 100 0.34 £0.25
Gyromorph, G = 120 0.43 £0.27
Gyromorph, G = 200 0.38 £ 0.30
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circular cutout construction, the small-k behavior was not
stable enough to yield an unambiguous exponent, which we
attribute to the absence of periodic boundary conditions in
gyromorphs. The lower-rotational-order gyromorphs, such as
G = 8 and G = 10, have the largest ensemble-averaged ex-
ponents, @ = 0.89 £ 0.11 and o = 0.88 £ 0.11, respectively.
By contrast, the higher-rotational-order gyromorphs most rel-
evant to the effectively isotropic optical comparisons have
smaller exponents on average, with 0.32 < o < 0.45 for G =
60, 100, 120, and 200. Overall, increasing the rotational order
G improves the effective angular isotropy of the gyromorphs,
but is generally accompanied by a substantially weaker sup-
pression of large-scale density fluctuations. By contrast, the
stealthy hyperuniform system combines strong class I sup-
pression of large-scale fluctuations with statistical isotropy
controlled independently by the stealthiness parameter .

The realization-to-realization fluctuations in gyromorph «
exponents are appreciable. Moreover, while all fitted values
of « through G = 24 are positive, a minority of those in the
G > 60 ensembles are negative. Such configurations exhibit
effectively antihyperuniform scaling over the accessible fitting
range, but a negative finite-size fit does not by itself establish
antihyperuniformity in the infinite-system limit. We attribute
such ensemble fluctuations in large-scale gyromorph struc-
ture to the fact that the small-k region of gyromorphs, and
hence their large-scale density fluctuations, are not explicitly
constrained by the imposed ring of Bragg-like peaks during
generation. While o cannot be extracted from the variance
for class I systems, we verified the class I hyperuniformity
of the stealthy systems by fits to the power-law R? which
yielded g = 1.00 £ 0.00. The small ensemble standard de-
viation of B for the stealthy systems is attributable to the
fact that the small-k structure of such systems is explicitly
constrained when generating them. Overall, these findings
highlight the importance of considering ensemble statistics
when diagnosing hyperuniformity—especially when consid-
ering weakly hyperuniform class III systems. As we will show
in Appendix D, these realization-to-realization fluctuations in
the large-scale structure of gyromorphs translate directly into
appreciable fluctuations in their TM optical spectra, whereas
only small fluctuations are observed in the TM spectra for
stealthy systems. While the extracted exponents should be
interpreted as finite-size estimates, the large system sizes con-
sidered here, N ~ 10°, and the ensemble averaging provide
strong evidence for class III scaling in the present systems
and likely even larger realizations of gyromorphs.

B. Hole-size statistics

The ensemble-averaged void nearest-neighbor probability
density functions Hy (r) for the stealthy hyperuniform system
and representative 24 < G < 200 gyromorphs are plotted in
Fig. 3. While Hy(r) for the stealthy systems rapidly ter-
minates at a finite radius, consistent with the bounded-hole
property of such systems [33], Hy(r) for the gyromorphs
exhibits an exponential-like large-r tail for rp!/> > 0.7 before
abruptly dropping to zero due to finite-size effects. Thus, the
exponential-like large-r tails in Hy (r) for the large gyromorph
samples (N &~ 10°) provide strong numerical evidence against
compact support over the length scales probed, as is common

— G=200
— G=120
G=100
G=60
— G=24
—— Stealthy

—Kx

100+

~e

1071 H \ i

00 01 02 03 04 05 06 07 08 09
Hole Radius, rp'?

Void Nearest-Neighbor PDF, p~"2Hy(r)

FIG. 3. Semilogarithmic plots of the void nearest-neighbor prob-
ability density Hy (r) for stealthy hyperuniform systems with y =
0.49, and 24 < G < 200 gyromorphs with Fourier ring radius
KL/(2m) = 300. The plotted quantity is p~'/2Hy (r). The dashed
black lines highlight the exponential-like large-r tails of the G =
24,60, 120 gyromorphs. Note that only the void nearest-neighbor
probability density function Hy (r) curves for higher-G gyromorphs,
which are effectively isotropic, are plotted here in order to keep
them on equal footing with the truly isotropic stealthy hyperuniform
systems.

in nonstealthy hyperuniform structures [2,31,32,49]. The ob-
served weak hyperuniformity and apparent lack of bounded
holes in gyromorphs motivate further examination of their
optical and other physical properties.

V. OPTICAL PROPERTIES

A. Density of states for periodic dielectric arrays of disks in air

We use the mpb code described in Sec. III B to compute
the density of states for stealthy hyperuniform disk patterns
with x = 0.49 and class III random organization disk pat-
terns at criticality, whose hyperuniformity scaling exponent
is a ~ 0.42. The packing fraction ¢, in all cases is taken to
be 0.05 to match the gyromorph value. We emphasize that
both models are prepared under periodic boundary conditions.
The critical random organization model provides a useful
class III benchmark because its hyperuniformity exponent,
o ~ 0.42, is the same as the ensemble-averaged o found for
the G = 60 gyromorphs. In the random-organization model,
overlapping disks at a given time step are identified as ac-
tive and displaced randomly, while nonoverlapping disks
remain fixed. For the monodisperse disk random-organization
model considered here, the critical packing fraction is ¢p. ~
0.4065 [27,28]. The diameters of these disks are shrunk so
that ¢, = 0.05.

The results in Fig. 4 show that the periodic disordered
stealthy hyperuniform disk arrays exhibit a clear TM band
gap, with a finite frequency interval over which no eigenstates
are found and hence D(w) = 0 at the system size and reso-
lution considered. By contrast, the periodic class III random
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FIG. 4. Area-normalized full-wave TM density of states, D(w),
at the I" point for periodic arrays of identical high-dielectric disks in
air generated from stealthy hyperuniform systems with x =~ 0.49 and
class III random-organization disk patterns with scaling exponent
o = 0.42. The dielectric contrast is €;/€¢; = 9 and the disk packing
fraction is ¢, = 0.05. The stealthy hyperuniform system exhibits a
TM band gap, with D(w) = 0 over the indicated frequency interval at
the resolution considered, whereas the random organization system
exhibits only a shallow pseudogap with finite D(w).

organization disk arrays exhibit only a shallow pseudogap:
D(w) is depressed for nearly the same frequency range, but
it remains finite. This comparison establishes that while weak
class III hyperuniform media can produce shallow spectral
depletion, they are far inferior to the robust TM gap achieved
by high-x stealthy hyperuniform systems.

B. Finite open point-dipole arrays

We now turn to the photonic setting directly relevant to
gyromorphs: finite open arrays of resonant point dipoles.
Here, we use the accurate Green’s-matrix method to compare
gyromorphs directly with finite circular cutouts of stealthy
hyperuniform point patterns under the same point-dipole
framework. In order to systematically investigate the band-gap
properties of the structures, we computed the phase diagrams
of the DOS as a function of frequency and normalized wave
numbers kop~'/? over a broad range of values. Here kg is the
free-space wave number [39]. We remark that the normal-
ized wave number is inversely related to the optical density
oD =1/2,ok2 of the arrays according to OD = 4m?/y? and y =
kop~/~.

The TM optical densities of states for the stealthy hype-
runiform and gyromorph point-dipole arrays are shown in
Figs. 5(a) and 5(b), respectively. The stealthy hyperuniform
array exhibits a smooth and wide TM spectral gap (free of
any localized states), whereas the gyromorph array exhibits
a much narrower and highly fragmented TM pseudogap. The
high-resolution line cuts across detuned frequency at selected
optical densities in Figs. 5(b1)-5(b3) show that the gyromorph
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FIG. 5. TM DOS maps for (a) stealthy hyperuniform and (b) gyromorph. The maps are plotted as a function of the normalized wave
number kyp~'/? and the normalized angular frequency (w — wy)/Ty. Corresponding line cuts are extracted from the DOS maps at [(al),
(b1)] kop~'/? = 1.60 (dotted red line), [(a2), (b2)] 2.50 (dash-dotted magenta line), and [(a3), (b3)] 2.75 (dotted black line). Calculations are
performed for arrays of N = 6500 dipoles, with a normalized angular frequency resolution of 8 x 103 in the DOS maps and 10~ in the line

cuts.
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FIG. 6. TM DOS as a function of the normalized angular fre-
quency (w — wy)/ Iy for different numbers of dipoles, N: [(al)—(a3)]
stealthy hyperuniform (SHU) and [(b1)—(b3)] gyromorph structures,
respectively, evaluated at N = 500, 3500, and 6500. The resolution
in (w —wy)/Ty is 1077. The normalized wave number is set to
kop~'/? =2.5.

pseudogap is populated by a large density of states near its
fragmented band edges and deep inside the depleted spectral
region, in stark contrast to the smooth TM spectral gap of
the stealthy hyperuniform array [see Figs. 5(al)-5(a3)]. As
highlighted in the inset panels of Figs. 5(b2) and 5(b3), the
dense black regions consist of many individually resolved
Lorentzian lineshapes, confirming that the gyromorph pseu-
dogap is densely populated by narrow resonant modes. The
finite-size scaling of the TM DOS for kop~'/? = 2.5, shown
in Fig. 6, further confirms the distinct optical properties of
stealthy and gyromorphic media: The stealthy TM gap re-
mains robust as the number of dipoles increases, whereas the
gyromorph TM pseudogap remains filled with residual states.

Additionally, a comprehensive analysis of deterministic
structures, Vogel spirals, and the triangular lattice, is provided
in Appendix D. We show both TM and TE spectra for Vo-
gel spirals and compare them to stealthy hyperuniform and
gyromorphic systems. We study Vogel spirals because it was
claimed in Ref. [24] that the quality of their photonic band
gaps was inferior to that of gyromorphs. On the contrary, we
found that the Vogel spirals exhibit cleaner and broader TM
gaps than those of gyromorphs. The TE DOS of gyromorphs
is likewise filled with localized resonances rather than a clean
gap, in contrast to what was observed in Ref. [24]. We also
compare these optical spectra to those of the triangular lattice,
which provides an optimal benchmark for photonics applica-
tions.

VI. COMPARISON OF OTHER PHYSICAL PROPERTIES
OF GYROMORPHS AND STEALTHY
HYPERUNIFORM MEDIA

It has been known for some time now that high-x dis-
ordered stealthy hyperuniform systems are endowed with
physical properties that are superior to nonhyperuniform and
even nonstealthy hyperuniform systems, including optical
transparency [3-9,20], ultrafast spreadability [11], effective
delocalization of waves [4,10], optimal effective diffusion

coefficients of two-phase media [12], and effective conductiv-
ities of networks [13]. These qualities are due to the fact that
while high-x disordered stealthy hyperuniform structures are
statistically isotropic with liquidlike short-range order, they
are simultaneously characterized by certain crystal structural
properties, such as no single scattering from intermediate to
infinite wavelengths and bounded holes [2], that often endow
materials with enhanced physical properties.

For nonstealthy hyperuniform media in which the structure
obeys a power-law form S(k) ~ k%, a larger scaling expo-
nent o generally leads to improved physical properties. For
example, using an accurate strong-contrast formula for the
effective dynamic dielectric constant of d-dimensional two-
phase media [5], it was shown that its imaginary part scales
as k97 as k tends to zero, implying a greater degree of trans-
parency at long wavelengths as « increases. In this regard,
it is clear that any class III hyperuniform system, including
gyromorphs, cannot perform as well as any class I system
in which « remains bounded. Moreover, unlike gyromorphs,
disordered stealthy hyperuniform systems are transparent for
a continuous band of frequencies around the origin for d > 2
[3,5] and effectively transparent for large one-dimensional
(1D) samples [6,7,9].

Another example that vividly illustrates the differences in
the materials performance of stealthy hyperuniform systems
and gyromorphs is offered by the time-dependent diffusion
spreadability S(z), which gives the fraction of solute that
diffuses in a two-phase system that is originally all in one of
the two phases at time ¢ equal to zero. The excess spreadability
S(o0) — S(t) at long times is directly related to the expo-
nent o; specifically, S(co) — S(t) ~ t~@+*)/2 for large t. We
see that typical nonhyperuniform media (¢ = 0) have slower
spreadability than any hyperuniform one. Thus, the excess
spreadability for a 2D gyromorph with o = 0.42 scales, for
large ¢, like S(c0) — S(t) ~ ¢t~ 2!, This decay rate is to be
contrasted with the ultrafast decay for stealthy hyperuniform
media or, more precisely, exponentially fast decay [11]. The
rate of energy dissipation in such structures follows a similar
ranking: Class III gyromorph-derived materials dissipate by a
slower power law, rather than by the exponentially fast decay
associated with stealthy hyperuniform materials [21].

VII. CONCLUSIONS AND DISCUSSION

In conclusion, we have systematically investigated the
structural and physical properties of gyromorphs and com-
pared them with those of disordered stealthy hyperuniform
media. We considered gyromorphs over a broad range of
rotational orders G and showed that the effectively isotropic
large-G gyromorphs are weakly class III hyperuniform rather
than nonhyperuniform. In contrast to stealthy hyperuniform
media, which have bounded holes and robust photonic band
gaps, we have provided strong evidence that the large holes
present in gyromorphs result in large realization-to-realization
fluctuations in their optical spectra. Class III hyperuniformity
can produce shallow pseudogaps, but is insufficient to pro-
duce the robust gap formation associated with high-x stealthy
hyperuniformity. This conclusion about class III hyperuni-
formity applies in both optical platforms considered here:
Dielectric disk arrays derived from random-organization mod-
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els exhibit only a shallow TM pseudogap and gyromorphic
point-dipole arrays exhibit fragmented, size-dependent pseu-
dogaps populated by localized states similar to nonstealthy
disordered systems.

We also demonstrated that this structural hierarchy is
reflected in other physical properties of gyromorphs and
disordered stealthy hyperuniform media. Specifically, we
showed that, unlike gyromorphs or any class III hyper-
uniform medium, disordered stealthy hyperuniform systems
are transparent or effectively transparent for a continu-
ous band of frequencies around the origin. Due to their
weak class III hyperuniformity, we also specifically revealed
that gyromorph-derived heterogeneous materials must exhibit
long-time power-law decay of the spreadability and energy
dissipation rather than the ultrafast exponential rates of these
characteristics for stealthy hyperuniform media.

In summary, high-x disordered stealthy hyperuniform
media remain the gold standard among amorphous struc-
tures in that they rival the materials performance of crystal
structures with the advantages of directionally independent
physical properties. They are a remarkable class of materials
whose physical properties frequently outperform those of both
nonhyperuniform and conventional hyperuniform systems.
Their distinctive advantage arises from a unique structural
duality: They retain the statistical isotropy and liquidlike
short-range order characteristic of ordinary disordered ma-
terials while simultaneously exhibiting crystal-like features.
Notably, these systems eliminate single scattering from inter-
mediate to infinite wavelengths and possess bounded holes,
attributes typically associated with crystalline order. This un-
precedented combination of disorder and order is responsible
for many of the exceptional physical properties observed in
stealthy hyperuniform materials.

In the present work, we considered only a single stealth-
iness value, x =~ 0.49, and intentionally used a dilute disk
packing fraction ¢, in the mpb calculations to match the
structural parameters used in Ref. [24]. For 0 < x < 0.49, the
stealthy exclusion region will still produce ultrafast spread-
ability in the long-time asymptotic limit [11], although the
associated decay rate decreases with x [11,23]. Previous
continuum-dielectric studies show that stealthy photonic band
gaps also degrade as y decreases and may give way to pseudo-
gaps below a threshold x value [4,14,15]. We therefore expect
the TM gap in stealthy point-dipole arrays to narrow as x
decreases. Determining the extent of this degradation across
x values remains an interesting problem for future work.

Previous work also indicates that the low volume frac-
tions considered here are far from optimal [14,15]. It would
therefore be desirable to optimize the TM band-gap prop-
erties via mpb over the wide range of packing fractions
achievable using the recently introduced “ultradense” stealthy
hyperuniform particle packings and across x values in the
disordered regime. Such packings can attain substantially
larger maximum packing fractions than conventional stealthy
configurations for 0 < x < 0.5, while also exhibiting dis-
tinct short-range order induced by their soft-core constraint
[50,51]. A corresponding Green’s-matrix study could deter-
mine how x and ultradense local structure affect spectral gaps,
localized resonances, and finite-size scaling throughout the
disordered stealthy regime.

A natural extension of the present work is the comparison
of gyromorphs and stealthy hyperuniform systems in three di-
mensions, where TM and TE polarizations are coupled. Prior
Green’s-matrix studies of three-dimensional (3D) stealthy hy-
peruniform systems showed that increasing stealthiness can
suppress proximity resonances, open spectral gaps, and drive
a transition toward weak localization [42]. We would expect
that the 3D gyromorphs are also class III hyperuniform. If
this turns out to be the case, a corresponding comprehensive
study of the optical density of states of 3D gyromorphs and
stealthy structures with the accurate Green’s-matrix method
might again reveal that the former yield shallow pseudogaps
without the robust localization behavior associated with high-
x stealthy hyperuniformity.
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APPENDIX A: CALCULATION OF THE
TWO-DIMENSIONAL DENSITY OF STATES VIA THE
GREEN’S-MATRIX METHOD

1. Theoretical framework

To compute the DOS for open systems of N point
scatterers, we employ an effective non-Hermitian Hamilto-
nian approach based on the Green’s-matrix formalism. This
method allows us to extract the collective scattering modes
(quasimodes) and their respective lifetimes by solving an
eigenvalue problem. The system is physically characterized
by the coordinates of the scatterers r;, an effective area A, and
a point density p = N/A. The characteristic wave vector in
vacuum is denoted as kg.

2. Transverse magnetic polarization

For TM-polarized light, where the electric field is strictly
out of plane, the wave propagation is treated as a 2D scalar
problem. The system is thus fully described by an N x N non-
Hermitian matrix G™. The off-diagonal elements govern the
propagation of scalar waves between scatterer i and scatterer
Jj in free space, defined as [39,46]

G;SM = 1H(§1)(k0r,j) for i ?é j, (Al)
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where r;; = |r; — r;| is the Euclidean distance between the
scatterers, and Hél) is the zero-order Hankel function of the
first kind.

To account for the natural radiative decay and the unshifted
resonance frequency of an isolated scatterer, the diagonal ele-
ments are enforced to be purely imaginary:

GV =i (A2)
It is important to note a fundamental normalization differ-
ence relative to the physical 2D free-space Green’s function,
which typically carries a prefactor of i/4 [39,46]. To map the
physical propagator to the dimensionless matrix formalism
established by Skipetrov [38]—where the self-energy imagi-
nary part must strictly evaluate to 1 (Im(G;;) = 1) to yield the
correct single-dipole decay rate 'p—we must scale the entire
physical Green’s function by a factor of 4. This mathematical
scaling ensures that the eigenvalues directly provide the di-
mensionless physical quantities without requiring additional
adjustments.

3. Transverse electric polarization

For TE-polarized light, the electric field lies in the plane of
the scatterers, necessitating a fully vectorial treatment. The
system is therefore described by a larger 2N x 2N dyadic
Green’s matrix G™, which accounts for the coupled in-plane
field components (e.g., x and y).

The interaction between scatterer i and scatterer j is cap-
tured by a 2 x 2 off-diagonal block defined as [39]

G/ = 2i[Fi(korij)laxz — Fa(korij)(Bi; @ )], (A3)
where I, is the 2 x 2 identity matrix, £;; = (r; —r;)/r;j is
the in-plane unit vector connecting the two scatterers, and
® denotes the outer product. The scalar functions Fj(§) and
F>(§) dictate the vector wave scattering dynamics and are
explicitly given by

H(l)

FiE) = HV@E) - ‘T@) (A4)
(1)

Fa) = B () — 2218, (A3)

§

with Hl(l) being the first-order Hankel function of the first
kind.

Consistent with the scalar TM case, the self-interaction
terms are normalized to preserve the fundamental resonance
features of the isolated scatterer. Thus, the diagonal 2 x 2
blocks are defined as

G} =ihyo. (A6)
This rigorous vectorial approach accurately models the com-
plex dipole-dipole interactions for TE waves, and has been
recently utilized to compute the inverse participation ratio
(IPR) and map the TE DOS for stealthy hyperuniform and
triangular structural arrays [39].

4. Spectral analysis and density-of-states normalization

The complex eigenvalues A,, are obtained by diagonaliz-
ing the corresponding Green’s matrix:

G‘/fm = Aml,[/m,

where the total number of modes is M = N for TM polar-
ization and M = 2N for TE polarization. These eigenvalues
encode both the resonance frequencies w,, and the decay
rates I',, of the system’s quasimodes. Following the standard
dimensionless notation [38], we define the normalized fre-
quency shift v,, and the normalized decay rate y,, as

(A7)

by = 20— _0.5Re(A), (A8)
Iy
F"l
Ym = — = Im(A,,). (A9)
Iy

Finally, the total normalized density of states, AN'(v), is
computed by superimposing the Lorentzian line shapes cor-
responding to all independent quasimodes [38]:

a Vn/2)

N =32 W = )+ Ym/20

m=1

(A10)

Because the area under each Lorentzian curve with respect to
the normalized frequency v is exactly 7, the prefactor 1 /(M)
strictly normalizes the distribution such that the continuous
integral over all normalized frequencies intrinsically equals
unity:

/OON(u)dVZL (Al1)

Consequently,  further numerical normalization is

unnecessary [38].

APPENDIX B: CALCULATION OF THE
TWO-DIMENSIONAL LOCAL DENSITY OF STATES

1. Theoretical framework and scatterer properties

To calculate the LDOS at a specific source position rg
within a two-dimensional open array of N point scatterers,
we evaluate the interaction between a source dipole p located
at rg and the surrounding scattering environment. Within the
Foldy-Lax multiple scattering framework, each discrete point
scatterer is mathematically characterized by its electric polar-
izability a(w) [46]:

2T

_— B1
k2 wy — w —ily/2 (B)

a(w) =

where k = w/c is the free-space wave number, wqy is the
resonance angular frequency, and I'y is the natural radiative
linewidth. This formulation describes nonabsorbing scatterers
and strictly satisfies the optical theorem and energy conser-
vation [46]. To ensure that the scattering cross section of
the individual particles remains essentially constant across
the broad spectral range investigated in our numerical sim-
ulations [46], we impose a strongly overdamped condition,
Fo = 100(1)0 > wyp.
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FIG. 7. TM DOS maps for (a) triangular lattice and (b) golden-angle Vogel spiral. The maps are plotted as a function of the normalized
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(b1)] kgp~'/? = 1.60 (dotted red line), [(a2), (b2)] 2.50 (dash-dotted magenta line), and [(a3), (b3)] 2.75 (dotted black line). Calculations are
performed for arrays of N = 6500 dipoles, with a normalized angular frequency resolution of 8 x 1073 in the DOS maps and 1077 in the

line cuts.

2. Transverse magnetic polarization

For TM-polarized light, the electric field is treated as a
scalar quantity oscillating perpendicular to the 2D plane. The
propagation of this scalar field in free space is governed by the

Triangular Lattice GA Vogel Spiral
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FIG. 8. TM DOS as a function of the normalized angular fre-
quency (w — wy)/Ty for different numbers of dipoles N: [(al)—(a3)]
triangular lattice and [(b1)-(b3)] golden-angle Vogel spiral struc-
tures, evaluated at N = 500, 3500, and 6500. The resolution in (@ —
0)/Tois 1077, The normalized wave number is set to kop~'/% = 2.5.

physical 2D vacuum Green’s function [39,46]:

i
GM(r;, v, w) = —HV (kolr; — 1)) (B2)

4

Note that this physical propagator differs from the dimen-
sionless matrix elements defined in Eq. (Al) by a factor of
1/4, which is necessary here to properly recover the physical
scattered fields.

To evaluate the LDOS, the local exciting field E; on each
scatterer i is obtained by rigorously solving the system of N
self-consistent Foldy-Lax multiple scattering equations [46]:

E; = oo’ G (i, v5, )p + Ka(w) Y GiM(xi, 1), )E;.
JF#L
(B3)
After solving this linear system for the local fields on all
individual scatterers, the total scattered field E, returning to
the origin rg is computed as

Ea = a(0) Y GoM(xs, 1, )E;.

1

(B4)

The normalized TM LDOS p™(rs, )/ pOTM, which corre-
sponds to the Purcell factor, is then extracted directly from
the imaginary part of the scattered field evaluated at the source
position:

1 ESCE
:OTM(rSv ) _ 4 + Im[,uoa)zp]

= . (B5)
P !

where pi™ represents the 2D vacuum TM LDOS.
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from the DOS maps at [(al), (b1), (cl), (d1)] kop~'/?> = 4.1 (dotted red line), [(a2), (b2), (c2), (d2)] 4.4 (dash-dotted magenta line), and [(a3),
(b3), (c3), (d3)] kop~'/? =5.2,5.2,4.8, 4.8 (dotted black line). Calculations are performed for arrays of N = 6500 dipoles, with a normalized
angular frequency resolution of 8 x 10~ in the DOS maps and 10~ in the line cuts.

3. Transverse electric polarization is given by

In the TE-polarization case, the electric dipoles oscillate i R R
within the scaﬁtering plane, requiring a fully \Il)ecton'al treat- Gy (i, rj, ) = Z[F 1(korij)axa — Fa(korij)(Fi; @ £ij)].
ment. The scalar Green’s function is systematically replaced (B6)
by the 2 x 2 dyadic vacuum Green’s tensor GJE(r;, r;, ). ~ The scalar functions Fi(§) and F>(§), which map the vec-
The spatial coupling between a scatterer at r; and one at r;  torial wave propagation dynamics, are explicitly defined in
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FIG. 10. TE DOS as a function of the normalized angular frequency (@w — wy)/I"y for different numbers of dipoles, N, for the [(al)—(a3)]
triangular lattice, [(b1)—(b3)] golden-angle Vogel spiral, [(c1)—(c3)] SHU, and [(d1)-(d3)] gyromorph structures, respectively, evaluated at
N = 500, 3500, and 6500. The resolution in (v — wy)/Ty is 10~7. The normalized wave number is set to kyp /> = 4.4.
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FIG. 11. TM and TE Green’s-matrix complex eigenvalue distributions for a system of N = 6500 dipoles. Left-hand column [(al), (b1),
(cl), (d1)], eigenvalues for the TM polarization; right-hand column [(a2), (b2), (c2), (d2)], eigenvalues for the TE polarization. The rows
correspond to the four investigated structures: [(al), (a2)] triangular lattice, [(bl), (b2)] golden-angle Vogel spiral, [(cl), (c2)] stealthy
hyperuniform, and [(d1), (d2)] gyromorph. The horizontal axis represents the normalized angular frequency (w,, — wp)/I (real part of the
eigenvalues), and the vertical axis shows the normalized decay rates I',,/T"y (imaginary part of the eigenvalues) on a logarithmic scale. The
color scale indicates the log,,[MSE] values, where MSE denotes the modal spatial extent. The MSE parameter quantifies the spatial extension
of a given eigenstate of the system [39,41,45] and is equal to the participation ratio (PR). For the TM polarization kyp~'/? = 2.5 and for the
TE polarization kyp~'/? = 4.4.
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FIG. 12. TM and TE LDOS distributions for the four investigated structures. Left-hand column [(al), (b1), (c1), (d1)], TM LDOS; right-
hand column [(a2), (b2), (c2), (d2)], TE LDOS. The rows correspond to the [(al), (a2)] triangular lattice, [(b1), (b2)] golden-angle Vogel spiral,
[(c1), (c2)] stealthy hyperuniform, and [(d1), (d2)] gyromorph structures. The vertical axis represents the normalized LDOS p(r,, w)/pp on
a logarithmic scale, plotted as a function of the parameter kp~'/2. For the TM polarization, kop~"/?> = 2.5 for all structures, with N = 500
for the triangular, SHU, and gyromorph geometries, and N = 400 for the golden-angle Vogel spiral. For the TE polarization, kop~!/? = 4.4
for all structures, and the number of dipoles is N = 240 for the triangular lattice, and N = 500 for the golden-angle Vogel spiral, SHU, and
gyromorph structures. For the TE LDOS calculations, the dipole orientation is set to p = [po, pol/~/2. The resolution in kp~"/2 is 4 x 1075,

Egs. (A4) and (AS). Note that this physical propagator differs
from the dimensionless matrix elements defined in Eq. (A3)
by a factor of 1/8, which is necessary here to properly recover
the physical scattered fields.

The self-consistent multiple scattering equations are cor-
respondingly generalized to account for these vectorial
interactions:

E; = 10’ GoF (v, 15, 0)p + Ka(0) Y GiE(ri. 1, 0)E;.
J#
(B7)
After solving this 2N x 2N linear system for the coupled in-
plane field components, the scattered field returning to ry is
evaluated:

Eq, = Ka() Y Gy (rs, ri, 0)E;. (B8)

Finally, the normalized TE LDOS p™(rs, )/p, = is extracted
from the projection of the scattered field onto the source
dipole orientation:

1 Esca'p
p s, 0) 5t Im[uow2\plz]

TE - 1
Py 3

; (B9)

where pgF is the 2D vacuum TE LDOS.

APPENDIX C: GENERATION OF VOGEL SPIRALS

Vogel spirals are generated in polar coordinates according
to [52]

n = Clo\/ﬁ, 0, = nbo, (Cl)
where 6y = 27 (1 — v~ ') & 137.508° is the golden angle and
T = (1 4+ +/5)/2 is the golden ratio [52]. A Vogel spiral differs
from the statistically homogeneous point patterns considered
in the main text because it is generated about a preferred
origin, so its local statistics depend systematically on radial
position. For this reason, we use Vogel spirals as optical
benchmarks but do not treat them as statistically homoge-
neous systems for the purpose of estimating a hyperuniformity
exponent. However, Vogel spirals have been extensively inves-
tigated in photonics as they feature broad photonic band gaps
that coexist with distinctively localized modes with multifrac-

tal properties that are of interest in a number of engineering
applications [48,53-56].
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APPENDIX D: ADDITIONAL OPTICAL ANALYSIS

The TM DOS maps and line cuts for the triangular lattice
and golden-angle Vogel spiral are presented in Fig. 7, with
their corresponding finite-size scaling shown in Fig. 8. No-
tably, the smooth band edges of the stealthy array (Fig. 5)
closely resemble those of the triangular lattice and the
golden-angle Vogel spiral. Furthermore, comparing the spec-
tral evolution across all four geometries reveals a distinct
hierarchy in the onset of the band gap as a function of the
normalized wave number ko0 ~!/2. The triangular lattice opens
a gap first, at the highest kop~'/? values, followed almost
simultaneously by the SHU system and the golden-angle Vo-
gel spiral. By contrast, the gyromorph array is the last to
exhibit spectral depletion, forming its fragmented pseudogap
at comparatively lower values of kop~!/2.

The TE DOS results for the triangular lattice, golden-angle
Vogel spiral, x =~ 0.49 stealthy hyperuniform, and G = 60
gyromorph point-dipole arrays are shown in Figs. 9 and 10.
In this case, the dipoles lie in the two-dimensional plane
and can have different orientations, making the problem fully
vectorial. Longitudinal vector-coupling effects are known to
play an important role in disordered dipole arrays, where
they can open additional propagation channels and hinder
localization [57-59]. Comparing the DOS maps across the
four geometries reveals a clear hierarchy in TE band-gap

= 4.4 for the TE polarization.

formation. The triangular lattice serves as the optimal or-
dered benchmark, exhibiting the widest and cleanest band
gap with perfectly smooth edges. The golden-angle Vogel
spiral also successfully opens a robust gap, featuring a dis-
tinctly smooth and fully depleted region around kop~'/? =
4.4. Similarly, the SHU array exhibits a clear TE gap with
a strongly depleted DOS in this wave-number range, though
it is noticeably narrower than those of the triangular lattice
and Vogel spiral. Our TE DOS results for both the triangu-
lar lattice and SHU arrays are in excellent agreement with
the findings previously reported in Ref. [39]. By contrast,
the gyromorph array completely fails to open a TE band
gap over the same spectral range. Instead of a depleted re-
gion, its TE spectrum is densely populated with extremely
narrow localized resonances. The finite-size scaling analysis
in Fig. 10 confirms that these structural distinctions persist
and evolve as the number of dipoles, N, increases. For the
triangular lattice, the band gap remains perfectly clean and
structurally stable regardless of system size. In the golden-
angle Vogel spiral, the overall gap structure is preserved
at larger N, though the band edges exhibit slight struc-
tural deformations. For the SHU array, the strictly smooth,
peak-free gap region slightly narrows as the system size in-
creases; however, a prominent and fully depleted band gap
clearly survives even at N = 6500. Conversely, the gyro-
morph spectrum shows no convergence toward a true gap.
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As N increases, the pseudogap region simply fills with an
ever-denser spectral forest of sharp, narrow peaks. This sin-
gular DOS structure in the gyromorph is reminiscent of the
behavior expected in strongly disordered systems near a lo-
calization threshold [46]. To gain deeper physical insight
into the nature of these depleted spectral regions, we ana-
lyze the Green’s-matrix complex eigenvalue distributions in
Fig. 11. The eigenvalues directly map the normalized de-
cay rates [',,/I"g (imaginary part) and detuned frequencies
(wm — wo)/To (real part) of the system’s quasimodes. For
both TM and TE polarizations, the triangular lattice, golden-
angle Vogel spiral, and SHU arrays exhibit well-defined
spectral gaps completely devoid of eigenvalues, with modes
cleanly accumulating at the band edges. In stark contrast, the
gyromorph distributions reveal a pseudogap region densely
populated by modes exhibiting extremely small normalized
decay rates (I',, /Ty < 1). These long-lived, subradiant modes
indicate severe spatial localization of light, fundamentally
disrupting the formation of a true band gap. These global
spectral features are fully corroborated by the LDOS calcu-
lations presented in Fig. 12, which act as a direct probe of
the Purcell factor. Here, the exciting dipole is placed at the
center of each array. To ensure numerical stability—given
the extreme exponential suppression of the LDOS inside the
gaps—we restrict these specific calculations to systems of at
most N = 500 dipoles. In the TM case, the triangular, Vogel,

= 4.4 for the TE polarization.

and SHU structures all feature deep, continuous, and smooth
troughs spanning several orders of magnitude, confirming a
robust suppression of local spontaneous emission. Conversely,
the gyromorph TM LDOS exhibits a significantly smaller gap,
with a high density of localized states populating the band
edges. The TE polarization further exacerbates this trend:
while the ordered and stealthy systems retain clearer LDOS
depletion, the gyromorph TE response is entirely dominated
by high-amplitude localized resonances across the entire
bandwidth, effectively failing to act as an optical insulator.
Note that for the TE LDOS calculations presented in Fig. 12,
the source dipole orientation is set to p = [po, pol/ V2; how-
ever, the results remain equivalent when using p = [po, 0] or
P= [0’ p 0]-

Finally, Figs. 13 and 14 show that the gyromorph TM
DOS fluctuates appreciably from realization to realization,
consistent with the large ensemble fluctuations in the gyro-
morphs’ hyperuniformity exponents ¢« and their apparent lack
of bounded holes. By contrast, the stealthy hyperuniform TM
DOS is far more reproducible across realizations, consistent
with the fixed small-k constraints and bounded-hole prop-
erty of stealthy systems. For the TE spectra, while there are
realization-to-realization fluctuations in the stealthy DOS, the
gap width remains roughly fixed across ensembles. No such
TE gap is observed in any of the gyromorph configurations
considered here.
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