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Precise determination of the long-time asymptotics of the diffusion spreadability of two-phase media
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The time-dependent diffusion spreadability S(t ) is a powerful dynamical probe of the microstructure of
two-phase heterogeneous media across length scales [S. Torquato Phys. Rev. E 104, 054102 (2021)]. The
spreadability can be exactly represented as a certain functional of the spectral density χ̃V (k), where k is the
wave vector. Experimentally, it is intimately related to nuclear magnetic resonance (NMR) measurements in
fluid-saturated media. The short-, intermediate-, and long-time behavior of the spreadability reflects structural
features at small, intermediate, and large length scales, respectively. It has been shown that when the spectral
density takes the power-law form χ̃V (k) ∼ |k|α as the wave number |k| tends to zero, the normalized excess

spreadability sex(t ) [proportional to S(∞) − S(t )] scales as sex(t ) ∼ t− d+α
2 in the long-time limit t → ∞,

enabling one to determine the infinite-wavelength scaling exponent α. An algorithm that allows one to reliably
extract the exponent α from long-time spreadability data was previously devised [H. Wang and S. Torquato,
Phys. Rev. Appl. 17, 034022 (2022)]. In this paper, we further improve this procedure to obtain α even
more accurately by incorporating higher-order correction terms to the long-time asymptotics and by utilizing
analyticity properties of χ̃V (k) at the origin. We illustrate our procedure by analyzing hyperuniform (α > 0),
typical nonhyperuniform (α = 0), and antihyperuniform (−d < α < 0) models of two-phase media. In addition,
by combining the large-t asymptotic expansion of sex(t ) with the small-t expansion, we have devised a two-point
Padé approximant to accurately approximate sex(t ) for all t with just a few parameters. Our findings facilitate
the characterization of the microstructure of two-phase media across length scales as obtained from numerical
spreadability data or experimental data obtained from NMR relaxation measurements. Our work can also be
applied in the inverse design of two-phase microstructures with targeted spreadability behaviors.

DOI: 10.1103/9vyf-br6d

I. INTRODUCTION

Time-dependent interphase diffusion processes in hetero-
geneous media play an important role in a myriad of contexts,
including MRI [1–5], geological media [6], biological cells
[7], chemical catalysis [8], material design [9], and drug de-
livery [10]. Mutliphase heterogeneous media are ubiquitous
in nature and synthetic materials; examples include, among
others, composites, foams, gels, porous media, and biological
tissues [6,11–14]. The effective properties of heterogeneous
media as a whole, including transport properties like the
effective conductivity, depend on and reflect the underlying
microstructure, which is fully statistically characterized by an
infinite set of n-point correlation functions [6,15,16] defined
in Sec. II.

Torquato developed the concept of the time-dependent dif-
fusion spreadability S (t ) [17], making a direct link between
the interphase diffusion problem and the microstructure of
the system across length scales. Consider the time-dependent

*Contact author: torquato@electron.princeton.edu

mass transfer of a solute in a two-phase medium where phases
1 and 2 occupy volume fractions φ1 and φ2, respectively,
under a diffusion coefficient D that is constant at any time t in
either phase, such that all of the solute is uniformly distributed
in phase 2 at an initial time t = 0. The mass fraction of
the total solute that has diffused from phase 2 to phase 1 at
time t is defined as the diffusion spreadability S (t ). Torquato
provided the exact formula for S (t ) in any dimension d in
terms of the autocovariance function χV (r) in direct space
(generalizing Prager’s 3D solution in direct space [18]), or
equivalently, the spectral density χ̃V (k) in Fourier space, as
follows:

sex(t ) ≡ 1 − S (t )

S (∞)
= φ−1

1 [S (∞) − S (t )]

= 1

(4πDt )d/2

∫
Rd

χV (r)

φ1φ2
e− r2

4Dt dr

= 1

(2π )d

∫
Rd

χ̃V (k)

φ1φ2
e−k2Dt dk, (1)

where S (∞) − S (t ) is called the excess spreadability,
i.e., the spreadability in excess of its infinite-time limit
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FIG. 1. Phase diagram that schematically shows the spectrum of
spreadability regimes in terms of the long-distance scaling expo-
nent α. As α increases from the extreme antihyperuniform limit of
α → −d , the spreadability decay rate at long times decays faster, that
is, the excess spreadability follows the inverse power law 1/t (d+α)/2,
except when α → ∞, which corresponds to stealthy hyperuniform
media with an exponentially fast decay rate. This figure is reproduced
from the one presented in Ref. [17].

S (∞) = φ1, and sex(t ) is the normalized excess spreadability,
which monotonically decreases from 1 to 0 as time t goes
from 0 to ∞. This is one of the rare cases where the effective
transport property is exactly determined by up to two-point
correlations rather than the whole infinite set of correlation
functions. Equation (1) implies that small-, intermediate-,
and long-time behaviors of S (t ) are equivalent to small-,
intermediate-, and large-scale features of the microstructure
[17,19].

Torquato [17] showed that, assuming a power-law scaling
of the spectral density χ̃V (k) ∼ B|ka|α at the infinite-
wavelength limit |k| → 0, the long-time excess spreadability
scales as

S (∞) − S (t ) = B�
(

d+α
2

)
(4π )d/2�(d/2)φ2

(Dt/a2)−
d+α

2

+ o
[
(Dt/a2)−

d+α
2

]
, t → ∞, (2)

where a is some characteristic heterogeneity length scale
of the two-phase random media. The value of the ex-
ponent α distinguishes nonhyperuniform systems (α � 0)
from hyperuniform ones (α > 0). Disordered hyperuniform
systems are of particular importance because of their anoma-
lous suppression of volume fraction fluctuations relative to
ordinary disordered media [20–22], which endows them
with novel properties of fundamental interest and practi-
cal use, relevant contexts including glass formation [23–27],
maximally random jammed sphere packings [28–34], pho-
tonic and phononic materials [35–41], mathematics [42–48],
biology and ecology [49–53], self-organization [54–56], dis-
ordered classical ground states [57–63], and quantum systems
[64–71].

Figure 1 schematically shows the “phase diagram” of
spreadability regimes in terms of the exponent α [17]. The
long-time excess spreadability for antihyperuniform media
(−d < α < 0) has the slowest decay among all translation-
ally invariant media. A long-time decay rate of sex(t ) ∼ t−d/2

corresponds to a “typical” nonhyperuniform medium in which
the spectral density is a bounded positive number at the origin,
i.e., α = 0. The excess spreadability for nonstealthy hyperuni-
form media (0 < α < ∞) has the aforementioned power-law
decay sex(t ) ∼ t−(d+α)/2. The limit α → +∞ corresponds to
media in which the decay rate of sex(t ) is faster than any
inverse power law, which is the case for stealthy hyperuniform
media, disordered or ordered [17]. The reader is referred to
Sec. II for terminology.

The concept of diffusion spreadability is intimately re-
lated to magnetic relaxation measurements, as demonstrated
by Torquato [17]. He identified precise mappings between
the long-time asymptotic formulas for the spreadability and
the nuclear magnetic resonance (NMR) pulsed field gradient
spin-echo (PFGSE) amplitude via a diffusion propagator that
also only involves the two-point correlation function [72]
as well as diffusion-weighted magnetic resonance imaging
(dMRI) measurements in biological tissue [2,3]. Furthermore,
Wilken et al. [73] showed that phase-separated DNA droplets
spontaneously form hyperuniform structures and suggested
that the long-time diffusion spreadability behaviors can be
exploited in chemical reaction schemes analogous to those
present in biomolecular condensates. To better model real
experimental systems, Skolnick and Torquato [74] general-
ized the spreadability problem by considering different phase
diffusion coefficients and showed that when time is rescaled
by the effective diffusion coefficient De, the simulated spread-
ability for all times closely follows the spreadability curve for
equal diffusion coefficients and hence is effectively controlled
by the two-point correlation function only.

Apart from its connection to the NMR and other ex-
periments, the spreadability is a powerful diagnostic to
characterize the large-scale structure of both hyperuniform
and nonhyperuniform media by determining the scaling ex-
ponent α. Such examples include the analysis of various hard
particle packing problems [75–77], the conserved directed
percolation problem [78], and certain quasicrystalline systems
[79]. The spreadability offers a superior means to extract α

accurately and robustly from fitting its long-time asymptotics
compared to fitting noisy scattering data, since the spreadabil-
ity can be regarded as a Gaussian smoothing of the spectral
density, as indicated by Eq. (1), and is thus less susceptible to
pointwise variations in spectral density χ̃V (k) [75].

Wang and Torquato [19] developed a systematic spread-
ability fitting algorithm that enables one to reliably extract the
scaling exponent α in the asymptotic power law (2) from the
long-time data of sex(t ), which can be further improved to
estimate α even more accurately. The precision of the Wang-
Torquato algorithm depends on whether the true long-time
behavior is achieved; the larger the time t , the closer one is to
the asymptotic power law (2), and hence the more accurate is
the estimate of the exponent α. Furthermore, since the residual
o[(Dt/a2)−

d+α
2 ] does not change the sign at large t , the fitting

procedure inevitably leads to a systematic error in the value of
the exponent α. In this paper, we demonstrate how we can
enhance the fitting precision by incorporating higher-order
terms in the large-t asymptotic expansion of sex(t ) in addi-
tion to exploiting the mathematical properties of χ̃V (k) and
χV (r). Additionally, we obtain two-point Padé approximants
by combining the large-t fits of the asymptotic expansion of
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sex(t ) with the small-t expansion, and show that they provide
a good approximation of sex(t ) for all times t .

The paper is organized as follows. In Sec. II, we pro-
vide basic definitions and preliminaries. We then demonstrate
the mathematical properties and the physical implications of
the large-t asymptotic expansion of the spreadability sex(t )
(Sec. III). Section IV presents how the fitting is improved
based on the theory. Its applications to a few representative
models are shown in Sec. V. Finally, we discuss the implica-
tions of the results and conclude in Sec. VI.

II. BACKGROUND

A. Correlation functions

A two-phase random medium is a domain of space V ⊆ Rd

of volume V that is partitioned into two disjoint regions that
make up V: a phase 1 region V1 of volume fraction φ1 and a
phase 2 region V2 of volume fraction φ2 [6]. The microstruc-
ture of a two-phase medium is fully statistically characterized
by an infinite set of n-point correlation functions [6,15,16]
defined by

S(i)
n (x1, ..., xn) ≡ 〈I (i)(x1)...I (i)(xn)〉, (3)

where I (i)(x) is the indicator function for phase i = 1, 2 de-
fined as

I (i)(x) =
{

1, x ∈ Vi,

0, x /∈ Vi,
(4)

for a given realization, and angular brackets denote an
ensemble average. Physically, the value of S(i)

n (x1, ..., xn)
corresponds to the probability of finding the vertices of
a polyhedron located at x1, ..., xn all in phase i. Assum-
ing statistical translational symmetry, S(i)

n (x1, ..., xn) depends
only on the relative positions, i.e., S(i)

n (x1, x2, ..., xn) =
S(i)

n (x12, ..., x1n), where xi j = x j − xi. Particularly, we have
S(i)

1 (x1) = 〈I (i)(x1)〉 = φi.
In this paper, our central focus is on the two-point cor-

relation function S(i)
2 (r), which exactly determines sex(t ) via

formula (1). The autocovariance function χV (r) is an equiva-
lent expression of the two-point correlation function S(i)

2 (r)
defined by χV (r) ≡ S(1)

2 (r) − φ2
1 = S(2)

2 (r) − φ2
2 . The non-

negative spectral density χ̃V (k), which can be obtained from
scattering experiments [80,81], is the Fourier transform of
χV (r) at wave vector k, i.e., χ̃V (k) = ∫

Rd χV (r)e−ik·rdr � 0.
Without loss of generality, we can always define the isotropic
radial functions χV (r) and χ̃V (k) by averaging the vector-
dependent χV (r) and χ̃V (k) over all angles, i.e., χV (r) =
1
�

∫
�

χV (r)d�, χ̃V (k) = 1
�

∫
�

χ̃V (k)d� [17].

B. Classification of hyperuniform and nonhyperuniform media

For two-phase heterogeneous media in d-dimensional Eu-
clidean space Rd , hyperuniformity is defined by the following
infinite-wavelength condition on the spectral density χ̃V (k)
[21,22], i.e., lim|k|→0 χ̃V (k) = 0, which corresponds to α > 0.
Hyperuniformity generalizes the traditional notion of long-
range order in many-particle systems to not only include
all perfect crystals and perfect quasicrystals, but also exotic
amorphous states of matter [20,22].

The hyperuniformity concept has led to a unified means of
classifying equilibrium and nonequilibrium states of matter,
whether hyperuniform or not, according to their large-scale
fluctuation characteristics [17,19]. The hyperuniform two-
phase media [21,22] are further divided into three different
scaling regimes (classes) based on the associated large-R be-
haviors of the volume-fraction variance determined by the
value of the scaling exponent α:

σ 2
V

(R) ∼
⎧⎨
⎩

R−(d+1), α > 1 (Class I)
R−(d+1) ln R, α = 1 (Class II)
R−(d+α), 0 < α < 1 (Class III).

(5)

Classes I and III are the strongest and weakest forms of hype-
runiformity, respectively. Class I media with α → ∞, such as
crystals, are known to be stealthy hyperuniform for possessing
zero-scattering intensity for a set of wave vectors around the
origin [82], i.e.,

χ̃V (k) = 0 for 0 � |k| � K. (6)

By contrast, for any nonhyperuniform two-phase sys-
tem, the local variance has the following large-R scaling
behaviors [30]:

σ 2
V

(R) ∼
{

R−d , α = 0 (typical nonhyperuniform)
R−(d+α), −d < α < 0 (antihyperuniform).

(7)

For a “typical” nonhyperuniform system, χ̃V (0) = B > 0 is
positive and bounded [22]. In antihyperuniform systems,
lim|k|→0 χ̃V (k) = +∞ is unbounded [30], and hence are di-
ametrically opposed to hyperuniform systems. Prototypical
examples of “typical” nonhyperuniform and antihyperuni-
form systems involve equilibrium hard spheres and systems
at thermal critical points (e.g., liquid-vapor and magnetic
critical points) [83,84], respectively. The “phase diagram”
with respect to the exponent α in Fig. 1 summarizes this
classification.

C. Long-time asymptotic expansion of sex(t )

Suppose all of the moments Mn(χV ) = ∫ ∞
0 rnχV (r)dr exist,

Torquato [17] showed that sex(t ) can be expanded as

sex(t ) = dωd

(4πDt )d/2

∞∑
i=0

(−1)i

i!

Md−1+2i(χV )

φ1φ2(4Dt )i

= (Dt/a2)−
d+α

2

∞∑
i=0

Ci(Dt/a2)−i, (8)

where α = 0, 2, 4, ..., and ωd = πd/2

�(1+d/2) is the volume of
a d-dimensional sphere of unit radius. On the other hand,
suppose the spectral density can be expanded as χ̃V (k) =
(ka)α[B + Bβ1/2(ka)β1 + Bβ2/2(ka)β2 + ...], then sex(t ) should
be expanded as

sex(t ) = (Dt/a2)−
d+α

2

∞∑
i=0

Cβi/2(Dt/a2)−βi/2, (9)

with

Cβi/2 = dωd

(2π )d

Bβi/2�[(d + α + βi )/2]

2φ1φ2
. (10)
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Clearly, the asymptotic expansion of sex(t ) obtained from
either the real-space or Fourier-space expansion must agree
with each other; however, the Fourier-space expansion (9)
apparently takes a more general form than the real-space ex-
pansion (8). In other words, if all of the moments Ml (χV ) exist,
then χ̃V (k) is an analytic function at the origin [17], and vice
versa. By contrast, if χ̃V (k) is nonanalytic at the origin, some
of the moments Ml (χV ) are bound to diverge, and vice versa.
The large-r behavior of χV (r), or equivalently, the analyticity
of χ̃V (k) at the origin, is thus encoded in the large-t asymptotic
expansion of sex(t ).

Note that the long-time asymptotic expansion (8) or
(9) may be convergent or divergent. For any fixed time
t , the expansion (8) is convergent in the n → ∞ limit
only when limn→∞ |(Cn+1t−n−1)/(Cnt−n)| < 1, i.e., t >

limn→∞ |Cn+1/Cn|, and divergent if limn→∞ |Cn+1/Cn| =
∞. However, even if the series is divergent, the n-th-
order truncated asymptotic expansion

∑n
j=0 Cj (Dt/a2)−

d+α
2 − j

still approximates well the exact sex(t ) for some suffi-
ciently long time, i.e., sex(t ) − ∑n

j=0 Cj (Dt/a2)−
d+α

2 − j =
O(t− d+α

2 −n−1), t → ∞. The accuracy of the truncated series
can be improved by increasing the order n for either the
convergent series or the divergent series. For the latter in-
stance, the improvement is optimized at a certain order np(t ),
depending on the time t .

In the stealthy hyperuniform case where α → ∞, the pre-
dicted infinitely fast inverse-power decay rate implies that the
infinite-time asymptote is approached exponentially fast [17].
For periodic media, the long-time excess spreadability scales
as sex(t ) ∼ Ce−K2Dt ; for disordered stealthy hyperuniform
media, the long-time excess spreadability scales as sex(t ) ∼
C exp(−K2Dt )

K2Dt .

D. Nonanalytic spectral density and irregular
spreadability expansion

Consider a system of identical impenetrable particles of
radius R in a matrix interacting via a pair potential v(r)
that scales as v(r) ∼ E/|r|d+ζ , |r| → ∞ for a constant E
and ζ > 0. The effective potential between the centroids
is veff(r) = v(r) + u(r), where u(r) = ∞ for |r| < R and
u(r) = 0 otherwise is the hard-core potential, which does not
affect the large-distance scaling veff(r) ∼ v(r) ∼ E/|r|d+ζ .
Torquato and Wang [85] show that for odd integer ζ , the
structure factor1 S(k) associated with the positions of particle
centers of the equilibrium system away from the critical point
is given by

S(k) ∼ − E

kBT
c1(ζ , d )ρS(0)2|k|ζ + f (k), |k| → 0, (11)

where c1(ζ , d ) is a function of ζ and dimension d , and f (k)
is an analytic function of k at the origin. As for even integer
ζ , the expansion contains not just the |k|ζ term but also a
|k|ζ ln |k| term [85]. The corresponding spectral density χ̃V (k)
when such a packing is mapped to a two-phase medium (iden-
tical impenetrable spheres in a matrix) is directly related to the

1The structure factor is defined by the Fourier transform of the pair
correlation function [22,86].

structure factor S(k) by [22]

χ̃V (k) = φ2α̃2(k; R)S(k), (12)

where φ2 is the volume fraction of the spheres, and α̃2(k; R) =
�(d/2 + 1)k−d J2

d/2(kR) is the Fourier transform of the scaled
intersection volume of two spherical windows. α̃2(k; R) is
analytic at the origin, so the |k|ζ and |k|ζ ln |k| singularity
in S(k) is preserved in the spectral density χ̃V (k), which then
enters the asymptotic expansion of sex(t ) via Eq. (9).

For instance, the Lennard-Jones potential vLJ (r) =
4ε[(σ/r)12 − (σ/r)6] scales as vLJ (r) ∼ −4ε(σ/r)6, r → ∞,
i.e., E = −4εσ 6 and ζ = 3 for d = 3. Its structure factor near
the origin can be expanded as

S(k) = s0 + s2|k|2 + 4ρβεσ 6c1(3, 3)s2
0|k|3 + s4|k|4 + ...,

(13)

which contains no first-order term but a third-order term, a sig-
nature of the ζ = 3 interaction and correlation in the system.
Correspondingly, the asymptotic expansion of the spectral
density also contains a singular |k|3 term, i.e.,

χ̃V (k) = B0 + B1|kσ |2 + B3/2|kσ |3 + B2|kσ |4 + ..., (14)

which results in an irregular spreadability expansion in con-
trast to the regular expansion (8):

sex(t ) = t−3/2[C0 + C1(Dt/σ 2)−1

+ C3/2(Dt/σ 2)−3/2 + C2(Dt/σ 2)−2 + ...]. (15)

III. THEORY OF LONG-TIME SPREADABILITY
ASYMPTOTIC EXPANSION

A. Classification of the long-time spreadability asymptotics

In this subsection, we provide a unified classification of
the basic asymptotic behaviors of the long-time normalized
excess spreadability sex(t ) under certain conditions, e.g., hy-
peruniform or nonhyperuniform media, media with spectral
densities analytic or nonanalytic at the origin, and media with
or without long-range orders. Some of the results have already
been reported in previous works [17,85]. For clarity and sim-
plicity, we henceforth set both the diffusion coefficient D and
the characteristic heterogeneity length scale a to be unity, i.e.,
D = a = 1, without loss of generality.

For disordered two-phase media without any long-range
order, the spectral density χ̃V (k) contains no Bragg peaks. If
χ̃V (k) is analytic at the origin so that its expansion contains
only regular powers 1, k2, k4, ..., the autocovariance function
χV (r) decays faster than any power law at large distance r
so that all of the moments Mn(χV ) exist, and the regular
expansion (8) applies. On the other hand, the singular pow-
ers kζ , ζ 
= 0, 2, 4... and the generalized powers kζ ln k, ζ =
0, 2, 4... are proportional to the Fourier transform of r−d−ζ

[85,87,88]. More detailed information about the Fourier trans-
form of the power law is presented in Appendix A.

There are some exceptions when the spectral density χ̃V (k)
cannot be expanded in terms of powers at the origin: stealthy
hyperuniform media with χ̃V (k) ≡ 0 near the origin, periodic
media with discontinuous χ̃V (k) due to the Bragg peaks [19],
as well as quasicrystals with dense Bragg peaks [79]. For
quasicrystals, the long-time spreadability sex(t ) oscillates be-
tween two asymptotic power laws of the same exponent α
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TABLE I. Classification of two-phase media and the corresponding long-time normalized excess spreadability sex(t ) behaviors. We only
list the leading order terms, but the general form of the expansion can be inferred from the linear combination of these terms due to the linearity
of Eq. (1). Both the diffusion coefficient D and the characteristic heterogeneity length scale a are set to be unity, i.e., D = a = 1.

Leading term in long-time Disordered Ordered

Asymptotic expansion of spreadability
(γ ≡ d+α

2 , D = a = 1, t → ∞)
Regular

(α/2 ∈ N)
Singular
(α = ζ ) Crystal Quasicrystal

Hyperuniform
(α > 0)

Stealthy
hyperuniform

(α → ∞)
C e−K2t

K2t
Ce−K2t

Class I
(α > 1)

Ct−γ

Ct−γ

(if α/2 /∈ N+),
Ct−γ ln t

t0
(if α/2 ∈ N+)

oscillate
between
C±t−γNonstealthy

hyperuniform
(0 < α < ∞)ClassII

(α = 1) Ct−γ

oscillate
between
C±t−γ

Class III
(0 < α < 1)

Ct−γ

Nonhyperuniform
(−d < α � 0)

Typical nonhyperuniform
(α = 0) Ct−γ Ct−γ ln t

t0

Antihyperuniform
(−d < α < 0) Ct−γ

but different coefficients C±. This completes our classification
of the long-time asymptotic behaviors of sex(t ) of all known
kinds of two-phase media as summarized in Table I. The gen-
eral form of the asymptotic expansion series can be inferred
from Table I based on the linearity of Eq. (1).

By incorporating correction terms in the asymptotic ex-
pansion to the fitting function, we can extract information
from the long-time sex(t ) data much more accurately and
efficiently, which is the main focus of Secs. IV and V. In
the next subsection, we extend our long-time spreadability
analysis to other times to obtain accurate approximants of
sex(t ) for all times.

B. Approximants of the spreadability for all times

The long-time asymptotic expansion of the spreadability
sex(t ) = t− d+α

2
∑∞

i=0 Cβi/2t−βi/2, together with its short-time
counterpart sex(t ) = ∑∞

j=0 Ajt j/2, allow us to construct ac-
curate approximants for all times. The most straightforward
approximants are the one-point polynomials P(n)

∞ (t ) and
P(n)

0 (t ), defined as simple truncations of the long- and short-
time expansions of sex(t ) at the order n, i.e.,

P(n)
∞ (t ) = t− d+α

2

n∑
i=0

Cβi/2t−βi/2 (long times), (16)

P(n)
0 (t ) =

n∑
j=0

Ajt
j/2 (short times), (17)

where the coefficient A0 ≡ 1, since P(n)
0 (0) = sex(0) ≡ 1.

Clearly, P(n)
∞ (t ) approximates sex(t ) well at long times, while

P(n)
0 (t ) approximates sex(t ) well at short times. Note that

neither of the polynomials is very accurate at intermediate

times. Particularly, the asymptotic expansion may sometimes
be divergent, causing the deviation of P(n)

∞ (t ) or P(n)
0 (t ) to grow

rather than diminish with the order n after the order exceeds
an optimal order np(t ) at time t .

One well-known way to improve the accuracy of the
polynomial approximants is to use them to form Padé approx-
imants [89], i.e., rational functions. Specifically, the one-point
Padé approximants R(n)

∞ (t ) and R(n)
0 (t ) are given as

R(n)
∞ (t ) = t− d+α

2 Rt→∞[Cβi/2t−βi/2] (long times), (18)

R(n)
0 (t ) = Rt=0

⎡
⎣ n∑

j=0

Ajt
j/2

⎤
⎦ (short times), (19)

where Rx=x0 [p(x)] denotes the operation of converting the
polynomial p(x) into a Padé expression around x = x0.
More details about the Padé approximants are presented in
Appendix B. The key conclusion is that the one-point Padé
approximants R(n)

∞ (t ) and R(n)
0 (t ) can present much better

approximation for the intermediate-time behaviors of sex(t )
while maintaining the correct long-/short-time behaviors, re-
spectively.

Importantly, we can approximate sex(t ) for all times by
combining the long-time Padé approximant R(n)

∞ (t ) and the
short-time Padé approximant R(n)

0 (t ) into the following two-
point Padé approximant:

R(m,n)
0;∞ (t ) = R(m)

0 (t )

1 + (t/t0)ν
+ R(n)

∞ (t )

1 + (t/t0)−ν
,

ν >
d + α + m + βn

2
. (20)
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FIG. 2. (a) The numerical results of the truncated series P(n)
0 (t ) and P(n)

∞ (t ) [Eqs. (17) and (16)] against the exact sex(t ). The small-,
intermediate-, and large-t regions distinguished by different shadows are settled semi-quantitatively based on the agreement between P(n)

0 (t ),
P(n)

∞ (t ), and sex(t ). (b) Padé approximants R(n)
0 (t ) and R(n)

∞ (t ) [Eqs. (19) and (18)] in contrast to the exact sex(t ). (c) The two-point Padé
approximant R(1,1)

0;∞ (t ) [Eq. (20)] that resumes the correct short- and large-t behaviors up to the same order as R(1)
0 (t ) and R(1)

∞ (t ). In all three
plots, (a)–(c), both the diffusion coefficient D and the characteristic heterogeneity length scale a are set to be unity, i.e., D = a = 1.

Similarly, one can further improve these estimates in the
intermediate-time region by incorporating intermediate-time
terms to get a three-point Padé approximant. In this way, we
can approximate sex(t ) with just a few parameters while con-
straining it to match the most important short-, intermediate-,
and long-time features. Our parametrization scheme of the
spreadability can improve the efficiency of time-dependent
diffusive transport property engineering [90]. Specifically, it
can be useful in the inverse design of self-assembly patterns
that manifest desired spreadability properties.

Figure 2 contrasts the one-point polynomials P(n)
∞ (t )

and P(n)
0 (t ), the corresponding one-point Padé approximants

R(n)
∞ (t ) and R(n)

0 (t ), as well as the two-point Padé approxi-
mant R(1,1)

0;∞ (t ) for Debye random media (DRM). (Additional
information about this specific example model can be found in
Appendix C 1.) Not surprisingly, due to the divergent nature of
P(n)

∞ (t ) for DRM, its deviation from the exact sex(t ) decreases
at first but eventually grows with the order n at any fixed t in
Fig. 2(a), limiting its accuracy as an approximant, especially
at the short and intermediate time range. This divergence
effect of P(n)

∞ (t ) is demonstrated more explicitly in Fig. 3,
where we explicitly show the decrease and increase of its
deviation from the exact sex(t ). Despite being a convergent
series, P(n)

0 (t ) converges rather slowly and also deviates dras-
tically from sex(t ) at the intermediate times, not to mention
the long-time region. By contrast, the corresponding Padé
expression R(n)

∞ (t ) exhibits superior convergence and accuracy
in Fig. 2(b), especially at the intermediate-time region. Finally
and importantly, the two-point Padé approximant R(1,1)(t ) in
Fig. 2(c) provides an excellent approximation of the exact
sex(t ) at any time t , despite involving only three independent
coefficients A1, C0, and C1 (A0 ≡ 1).

IV. LONG-TIME ASYMPTOTIC FITTING SCHEME

Given the lessons learned about getting accurate approx-
imations of the asymptotic behavior of sex(t ) (Sec. III), we
now proceed to estimating such long-time behaviors when
sex(t ) is extracted from numerical or experimental data, which
often occurs in practice. The ensuing fitting procedure applies
to the restricted class of microstructure described by long-time

spread that involves the power law, i.e, nonhyperuniform as
well as nonstealthy hyperuniform disordered microstructure
described in Table I. Clearly, such estimates require fitting the
spreadability data at sufficiently long times. All such previ-
ous works [19,79] estimate the exponent α in the asymptotic
power law sex(t ) ∼ Ct− d+α

2 , t → ∞ by taking the logarithm
of both sides to get

ln
[
ŝex

0 (t )
] = ln Ĉ − d + α̂

2
ln t, (21)

and then fitting this form at sufficiently large times t using
a standard least-squares regression, i.e., minimizing the sum
of (ln[sex(t )] − ln[ŝex

0 (t )])2 for all data points. We use the hat
symbol above quantities to distinguish the fitting function and
fitting parameters from the raw data and fixed parameters. In
what follows, we propose three types of fitting functions by
incorporating correction terms to the original fitting function
ln[ŝex

0 (t )].

FIG. 3. The relative error of the truncated long-time asymptotic
expansion P(n)

∞ (t ) [Eq. (16)] against the exact sex(t ) of different
order n at different times t . Both the diffusion coefficient D and the
characteristic heterogeneity length scale a are set to be unity, i.e.,
D = a = 1.
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A. Three types of improved fitting functions

We intend to improve the fitting function ln[ŝex
0 (t )] by

incorporating correction terms in the long-time asymptotic
expansion of sex(t ). However, the most general form (9) of
the asymptotic expansion is unstable as a fitting function if all
the exponents α and βi are set to be free fitting parameters.
In order to strike a balance between the generality of the
fitting procedure and numerical stability, we propose three
types of fitting functions by adding three different types of
corrections to the fitting function ln[ŝex

0 (t )] based on different
assumptions about the exponents α and βi.

(1) Type I. Assume that βi = i = 1, 2, 3, ..., and thus the
spectral density expansion takes the form

χ̃V (k) = kα (B + B1/2k + B1k2 + ...), (22)

which, if α is not an integer, corresponds to an autocovariance
function of the form

χV (r) = r−d−α (K + K1/2r−1 + K1r−2 + ...). (23)

The corresponding spreadability asymptotic expansion is
given by sex(t ) = t− d+α

2 (C + C1/2t−1/2 + C1t−1 + ...), and so
we have the first type of fitting function

ln
[
ŝex

1 (t )
] = −d + α̂

2
ln t + ln

(
n∑

i=0

Ĉi/2t−i/2

)
. (24)

When n = 0, ln[ŝex
1 (t )] reduces to the original fitting function

ln[ŝex
0 (t )] [Eq. (21)]. We can improve the fitting by consider-

ing n � 1.
(2) Type II. Still assuming that βi = i = 1, 2, 3, ..., if α

takes an integer value, the Fourier transform of the same
autocovariance function form

χV (r) = r−d−α (K + K1/2r−1 + K1r−2 + ...), (25)

involves generalized power-law terms like ln k, k2 ln k,
k4 ln k, ..., which shall thus be taken into account in the spec-
tral density expansion, i.e.,

χ̃V (k) = kα

∞∑
i=0

Bi/2ki + k2�α/2�+ ln k
∞∑
j=0

Fjk
2 j, (26)

where α ∈ Z. Correspondingly, the spreadability asymptotic
expansion is given by

sex(t ) = t− d+α
2

∞∑
i=0

Ci/2t−i/2

+ t−d/2−�α/2�+ ln t
∞∑
j=0

Ejt
− j . (27)

TABLE II. The expressions of the three types of fitting functions,
where α̂ and Ĉβi/2 denote the fitting parameters to be determined from
the fitting, n is the fitting order, while t , d , α, � = �α/2�+ − α/2,
and m = 
(α + n)/2� − �α/2�+ are fixed parameters set to be the
input of the fitting.

The three types of fitting functions

Type I ln[ŝex
1 (t )] = − d+α̂

2 ln t + ln(
∑n

i=0 Ĉi/2t−i/2)

Type II
ln

[
ŝex

2 (t )
] = − d+α

2 ln t + ln
( ∑n

i=0 Ĉi/2t−i/2

+t−� ln t
∑m

j=0 Ê jt− j
)

Type III ln
[
ŝex

3 (t )
] = − d+α

2 ln t + ln
(∑n

i=0 Ĉit−i
)

The second type of fitting function is then given by

ln
[
ŝex

2 (t )
] = − d + α

2
ln t + ln

(
n∑

i=0

Ĉi/2t−i/2

+ t−� ln t
m∑

j=0

Ê jt
− j

)
, (28)

where � = �α/2�+ − α/2 and m = 
(α + n)/2� − �α/2�+.
The integer α assumption eliminates the possibility of Class
III hyperuniform media.

(3) Type III. If we assume βi = 2i = 2, 4, 6, ..., meaning
that the spectral density is analytic at the origin, i.e.,

χ̃V (k) = kα (B + B1k2 + B2k4 + ...), α/2 ∈ N, (29)

then the autocovariance function χV (r) decays faster than any
power law at large distance r so that all of the moments
Mn(χV ) exist, and the regular expansion (8) applies, i.e.,
sex(t ) = t− d+α

2 (C + C1t−1 + C2t−2 + ...). Thus, the third type
of fitting function takes the form

ln
[
ŝex

3 (t )
] = −d + α

2
ln t + ln

(
n∑

i=0

Ĉit
−i

)
, (30)

where α/2 ∈ N. The non-negative even integer α assumption
narrows the possibilities down to typical nonhyperuniform
and Class I hyperuniform media.

For convenience, we summarize the three types of fitting
functions in Table II and the classes of microstructures to
which they apply in Table III.

B. Fitting procedure

In practice, we often have no prior knowledge about the
functional form of the expansion of the spectral density χ̃V (k)
of the heterogeneous medium of interest. In those cases, we
propose the following systematic procedure:

(1) Fit with Type I ln[ŝex
1 (t )] (24) first, which makes the

weakest assumption and thus applies to the broadest range of
media among the three.

(2) According to the fitting results α̂ and Ĉi of ln[ŝex
1 (t )],

attempt to fit with Type II or III if one of the following criteria
is met:

(a) fit with Type II ln [ŝex
2 (t )] (28) if |α̂ − α| � 1 for an

integer α.
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TABLE III. Applicability of the three types of fitting functions
for different two-phase media. Note that only a subset of the clas-
sification given by Table I is covered, namely, nonhyperuniform
disordered media as well as hyperuniform disordered media that are
not stealthy.

Classes of microstructures to which
the fitting functions apply

Disordered

Regular
(α/2 ∈ N )

Singular
(α = ζ )

Class I
(α > 1)

Type III Types I and II

Nonstealthy
hyperuniform
(0 < α < ∞)

Class II
(α = 1)

Type II

Class III
(0 < α < 1)

Type I

Typical
nonhyperuniform

(α = 0)
Type III Type IINonhyperuniform

(−d < α � 0)
Antihyperuniform

(−d < α < 0)
Types I and II

(b) fit with Type III ln [ŝex
3 (t )] (30) if |α̂ − α| � 1 for

a non-negative even integer α and |Ĉi/2| ≈ 0 for odd i

(Quantitatively, if |Ĉ1/2| �
√

|ĈĈ1|, |Ĉ3/2| �
√

|Ĉ1Ĉ2|,...).
The fitting procedure is summarized in the following flow

chart:

sex(t ) data ⇒ Type I fitting ⇒ fitting results α̂&Ĉi/2

⇒

⎧⎪⎪⎨
⎪⎪⎩

if α̂ ≈ 0, 2, 4, ...

&Ĉ 1
2 , 3

2 ,... ≈ 0 → switch to Type III fitting
else if α̂ ≈ integer → switch to Type II fitting
else → keep the Type I fitting

For each of the three fitting functions we propose, the
fitting order n determines the number of fitting parameters.
Additional fitting parameters should be able to improve the
accuracy of the fits; still, too many tend to lead to overfit-
ting, i.e., the fitting accuracy degrades rather than improves
by incorporating additional fitting parameters. Consequently,
there should be an optimal fitting order no separating the
underfitting and overfitting regions, which shall be settled by
comparing the fits across different orders. In the underfitting
region (n < no), as the order n increases to approach the opti-
mal fitting order no, the fits should exhibit a converging trend,
which stabilizes in the vicinity of the optimal order n = no. In
the overfitting region (n > no), as the order n further increases,
the fits demonstrate a (usually abruptly) different trend than in
the underfitting region, or simply become unstable.

V. APPLICATIONS TO NONHYPERUNIFORM,
HYPERUNIFORM, AND ANTIHYPERUNIFORM MEDIA

Here, we demonstrate the accuracy of our fitting proce-
dure to ascertain the long-time asymptotic behaviors of the
spreadability for three different models: (1) Debye random
media, (2) hyperuniform media, and (3) antihyperuniform
media. These models are purposely chosen because they span
the possible range of large-scale structural properties of two-

FIG. 4. Results of the fitting functions (a) ln[ŝex
1 (t )] [Eq. (24)]

and (b) ln [ŝex
3 (t )] [Eq. (30)] for DRM spreadability [Eq. (C3)].

Positive and negative coefficients are indicated by filled circles and
crosses, respectively. The underfitting region (n < no) and the over-
fitting region (n > no) are forward slash and backslash hatched,
respectively, while the optimal fitting (n = no) is left blank.

phase media. Debye random media are an example of typical
nonhyperuniform media with α = 0, the disordered hyperuni-
form model is Class I media with α = 2 (possessing some
vanishing coefficients (C2i+1 = 0 for 2D and C3i+2 = 0 for
3D), and the antihyperuniform model with α = −1. We be-
gin by generating exact (noise-free) discrete data sets of the
spreadabilities for these models by substituting exact analyti-
cal forms for their two-point statistics, given in Appendix C,
into Eq. (1). Such fits yield the highest possible accuracy
that we can achieve with our fitting scheme. Then, we add
Gaussian noise of varying magnitudes to the data to test its
robustness to random noise in real data. In what follows, sex(t )
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FIG. 5. Relative fitting errors of (a) ln[ŝex
1 (t )] [Eq. (24)] and (b)

ln [ŝex
3 (t )] [Eq. (30)] compared to the exact values for Debye random

media [Eq. (C3)]. Positive and negative relative errors are indicated
by filled circles and crosses, respectively. The underfitting region
(n < no) and the overfitting region (n > no) are forward slash and
backslash hatched, respectively, while the optimal fitting (n = no)
is left blank. The fit with n = 0 in (a) is equivalent to Wang and
Torquato’s fitting method proposed in [19].

is computed for 1000 data points evenly distributed on the log
scale from tmin = 100 to tmax = 10000, where, as noted earlier,
we set both the diffusion coefficient D and the characteristic
heterogeneity length scale a to be unity, i.e., D = a = 1.

A. Fitting with exact representations of sex(t )

1. Debye random media

We first implement the Type I fitting procedure for De-
bye random media, and the results are shown in Fig. 4(a).

FIG. 6. (a) Type I [Eq. (24)] and (b) Type III [Eq. (30)] fits of
sex(t ) for 2D disordered hyperuniform media [Eq. (C9)]. Positive
and negative coefficients are indicated by filled circles and crosses,
respectively. The underfitting region (n < no) and the overfitting re-
gion (n > no) are forward slash and backslash hatched, respectively,
while the optimal fitting (n = no) is left blank.

As can be seen from the figure, |δα̂| = |α̂ − 0| continuously
decreases down to ∼10−6 as the order n increases up to the
optimal order no = 5 and keeps decreasing even in the overfit-
ting region n > no, so one can conclude that α = 0 within the
error range. Also, the absolute values of half-integer-indexed
coefficients (namely, Ĉ1/2 and Ĉ3/2 plotted in dashed lines)
are systematically smaller than those of integer-indexed co-
efficients (Ĉ0, Ĉ1, and Ĉ2 plotted in solid lines); quantitatively,
we can verify the dimensionless |Ĉ1/2|/

√
|Ĉ0Ĉ1| ∼ 10−4 � 1

and |Ĉ3/2|/
√

|Ĉ1Ĉ2| ∼ 10−1 � 1. We can thus conclude that
C1/2 = C3/2 = 0 within the prescribed margin of error, and
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then reasonably assume the analyticity of the spectral density
at the origin.

Consequently, we then fit the same data with the Type III
fitting function ln [ŝex

3 (t )], the results of which are shown in
Fig. 4(b). As the fitting order n increases from 0 to no = 3, the
fits steadily converge. Then the overfitting effect kicks in, and
the fits become increasingly inaccurate. The final optimal fit
(no = 3) is given by

ŝex(t ) = t− d
2 (Ĉ + Ĉ1t−1 + Ĉ2t−2 + Ĉ3t−3), (31)

agreeing perfectly with the exact expansion (C3) truncated at
the same order. In addition to the exponent α = 0 and the
coefficients Ĉi, whose relative errors compared to the exact
values are plotted in Fig. 5, this fit indicates the analyticity of
the spectral density χ̃V (k) at the origin up through kα+β3 = k6,
or equivalently, the existence of the moment Md−1+6/2(χV ) =
M5(χV ), i.e., χV (r) = o(r−6) as r → ∞.

2. Disordered hyperuniform media

Figure 6(a) plots the results of the Type I fitting func-
tion ln[ŝex

1 (t )] for d = 2, where |δα̂| = |α̂ − 2| continuously
decreases down to � 10−5 as the order n increases up to
the optimal order no = 4, implying α = 2 within the error
range. Notice that the magnitudes of Ĉ1/2, Ĉ1, and Ĉ3/2 are
systematically much smaller than those of Ĉ0 and Ĉ2, and their
signs constantly flip across different orders n in contrast to
order coefficients, implying that Ĉ1/2 = Ĉ1 = Ĉ3/2 = 0 within
the error range. We thus assume that the spectral density is
analytic at the origin with α = 2 and fit the sex(t ) data with
the Type III fitting function ln [ŝex

3 (t )], the results of which
are plotted in Fig. 6(b).

At the optimal fitting order no = 3, we have
|Ĉ1|/

√
|Ĉ0Ĉ2| ∼ 10−6 � 1, agreeing again with our

assumption that C1/2 = C1 = C3/2 = 0. The final optimal
fit (no = 3) is given by

ŝex(t ) = t− d+2
2 (Ĉ + Ĉ1t−1 + Ĉ2t−2 + Ĉ3t−3), (32)

where |Ĉ1|/
√

|Ĉ0Ĉ2| ∼ 10−6 � 1 and |Ĉ3|/
√

|Ĉ3
2/Ĉ0| ∼

10−1 < 1, agreeing with the exact expansion at the same
order

sex(t ) = t− d+2
2 (C + C2t−2 + ...). (33)

In addition to the exponent α = 2 and the coefficients
Ĉi themselves, we can infer that the spectral density χ̃V (k)
is analytic at the origin up to the order of kα+β3 = k8.
Equivalently, the moment Md−1+8/2(χV ) = M5(χV ) exists, i.e.,
χV (r) = o(r−6) as r → ∞. The inferences that α = 2, |Ĉ1| =
0, and |Ĉ3| ≈ 0 further imply that Md−1(χV ) = 0, Md+1(χV ) =
0, and Md+3(χV ) ≈ 0.

Similarly, we fit the spreadability data of the 3D hyperuni-
form medium to the Type I fitting function ln[ŝex

1 (t )] and plot
the results in Fig. 7(a). We find that |δα̂| = |α̂ − 2| ∼ 10−5

and |Ĉ1/2|/
√

|Ĉ0Ĉ1| ∼ 10−4 � 1 at the optimal order no = 4,
and thus infer that the spectral density is analytic at the origin
with α = 2. Figure 7(b) shows the results of the Type III
fitting function ln [ŝex

3 (t )]. The large variance of Ĉ2 compared
to Ĉ0, Ĉ1, and Ĉ3 around the optimal order no = 3 and the
fact that |Ĉ2|/

√
|Ĉ1Ĉ3| ∼ 10−3 � 1 indicates that C2 = 0. The

FIG. 7. (a) Type I [Eq. (24)] and (b) Type III [Eq. (30)] fits of
sex(t ) for 3D disordered hyperuniform media [Eq. (C9)]. Positive
and negative coefficients are indicated by filled circles and crosses,
respectively. The underfitting region (n < no) and the overfitting re-
gion (n > no) are forward slash and backslash hatched, respectively,
while the optimal fitting (n = no) is left blank.

final optimal fit (no = 3) is given by

ŝex(t ) = t− d+2
2 (Ĉ + Ĉ1t−1 + Ĉ2t−2 + Ĉ3t−3), (34)

where |Ĉ2|/
√

|Ĉ1Ĉ3| ∼ 10−3 � 1, agreeing perfectly with the
exact expansion at the same order

sex(t ) = t− d+2
2 (C + C1t−1 + C3t−3 + ...). (35)

In addition to the exponent α = 2 and the coefficients Ĉi

themselves, we can conclude that the spectral density χ̃V (k)
is analytic at the origin up to the order of kα+β3 = k8, or
equivalently, the moment Md−1+8/2(χV ) = M6(χV ) exists, i.e.,
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FIG. 8. (a) Type I [Eq. (24)] and (b) type II [Eq. (28)] fits of
sex(t ) for 3D antihyperuniform media [Eq. (C13)]. Positive and
negative coefficients are indicated by filled circles and crosses, re-
spectively. The underfitting region (n < no) and the overfitting region
(n > no) are forward slash and backslash hatched, respectively, while
the optimal fitting (n = no) is left blank.

χV (r) = o(r−7) as r → ∞. The inferences that α = 2 and
|Ĉ1| ≈ 0 further imply that Md−1(χV ) = 0 and Md+1(χV ) = 0.

3. Antihyperuniform media

Figure 8(a) plots the results of the Type I fits of ln[ŝex
1 (t )],

where |δα̂| = |α̂ + 1| continuously decreases down to �10−2

as the order n increases up to the optimal order no = 8, imply-
ing α = −1 within the error range. Since α = −1 is negative
and odd, the spectral density cannot be analytic at the origin.
We then fit the same sample data to the Type II fitting function
ln [ŝex

2 (t )] and plot the results in Fig. 8(b). The final optimal

FIG. 9. The fitting error δα̂ = α̂ − α with respect to the relative
noise amplitude η = σ

sex (tmax ) for Debye random media (DRM), dis-
ordered hyperuniform media (DHM), and antihyperuniform media
(AHM), at their respective optimal order no. Positive and negative
errors are indicated by filled circles and crosses, respectively.

fit (no = 3) is given by

ŝex(t ) = t− d−1
2 (Ĉ + Ĉ1/2t−1/2 + Ĉ1t−1

+ Ĉ3/2t−3/2) + t− d
2 ln t (Ê + Ê1t−1), (36)

matching the exact expansion truncated at the same order
perfectly. In addition to the exponent α = −1 and the coef-
ficients Ĉi/2 and Êi, we can also infer from the fitting that
the autocovariance function behaves like χV (r) ≈ r−d−α (K +
K1/2r−1 + K1r−2 + K3/2r−3) ∼ Kr−2 as r → ∞.

B. Robustness to random noise

Next, we carry out our analysis by adding random noise to
the exact spreadability data to mimic real data. Specifically,
we add independent and identically distributed truncated
Gaussian noise ξ (t ) for each exact spreadability sex(t ) datum,
i.e., the noise amplitude at each time step is independently
sampled from a normal distribution N (0, σ ), but truncated to
lie in the interval [−3σ, 3σ ]. This ensures that the noise at
each datum does not exceed three standard deviations from
the mean, preventing unrealistic outliers in the simulation. For
each σ , we run 50 independent realizations and compute the
mean and standard deviation of the fits.

The error of the exponent α̂ computed this way for the Type
I fit of the examples in the last subsection is shown in Fig. 9.
Clearly, the fitting error δα̂ = α̂ − α is about the same order
of magnitude as the relative noise amplitude η = σ

sex (tmax ) , i.e.,
|δα̂| ∼ η, unless the intrinsic error (without noise) is greater
by itself. As can be seen from Fig. 5, the fitting errors of
the coefficients essentially synchronize with δα̂. Therefore, as
long as the magnitude of random noise is sufficiently smaller
than the normalized excess spreadability, i.e., η = σ

sex (tmax ) �
1, it only adds to the fitting error but, importantly, does not
affect the fitting procedure and the qualitative conclusions.

For an ensemble of sex(t ) data obtained experimentally
or numerically, the noise amplitude σ can be estimated by
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the standard deviation of the measured sex(t ) value at the
fixed time t . The relative error η = σ

sex (tmax ) can be calculated
accordingly and used for error analysis. If η is comparable
to the estimated error of α̂, the random noise will be the
main limitation of the precision. On the other hand, if the
estimated δα̂ is much greater than η, the precision is likely
to be improved simply by acquiring data for longer times.

VI. DISCUSSION AND CONCLUSION

In summary, we have developed an improved asymp-
totic fitting scheme based on our theory of the long-time
asymptotics of the normalized excess spreadability sex(t ) for
disordered two-phase random media that are not stealthy hy-
peruniform. We theoretically classified the asymptotics of all
known kinds of two-phase media based on the mathematical
properties of their correlation functions χV (r) and χ̃V (k), and
numerically show the accuracy of the asymptotic expansion
truncated at different orders for the DRM test case. Based
on the analyticity properties of χ̃V (k) at the origin [equiva-
lently, the long-distance decay rate of χV (r)], we proposed
three types of fitting functions for the long-time spreadabil-
ity fitting. We then demonstrated their ability to accurately
extract large-scale two-point correlation information from
spreadability data with typical nonhyperuniform (Debye), hy-
peruniform, and antihyperuniform example models. From our
asymptotic fitting procedure, we not only obtained accurate
values of the exponent α and the coefficients Cβi/2 with high
precision, but also gained insights into certain mathematical
constraints of the correlation functions, including analyticity
of χ̃V (k) at the origin, existence of the moment Ml (χV ), and
long-distance decay rate of χV (r).

Our asymptotic fitting scheme can be readily implemented
to analyze real data of sex(t ) obtained from NMR experiments
[17] and numerical simulations [74], and thus helps character-
ize microstructures in these realistic and practical cases. There
are also microstructures of interest requiring separate con-
siderations that are not fully covered in this work, including
those whose spectral density cannot be expanded as powers
of k at the origin. Examples involve quasicrystalline media
due to the dense Bragg peaks in their spectral density [79],
and stealthy hyperuniform media characterized by χ̃V (k) ≡ 0
for k < K . Disordered stealthy hyperuniform materials have
unusual structural characteristics (hidden order at large length
scales) and physical properties, including desirable photonic
and transport properties [82,91]. Generalizing our asymptotic
fitting procedure to these exotic microstructures is an open and
intriguing problem. Indeed, in future work, we will use our
fitting procedure that includes correction terms to estimate the
exponent α for quasicrystals, going beyond the use of just the
leading term as done in [79].

A useful byproduct of our long-time asymptotic analysis is
the two-point Padé approximants of sex(t ) given by Eq. (20),
which approximate the spreadability well for all times. We
note that the accuracy of such expressions for all times can be
further improved by forming three-point Padé approximants,
as noted in Sec. III B. These accurate approximants can then
be used to target desired spreadability behaviors at short,
intermediate, and long times. This parametrization scheme
for the spreadability for all times could be fruitfully applied
in the inverse design of microstructures [92] with targeted

spreadabilities [90], which can then be fabricated using mod-
ern additive manufacturing techniques [93–96] and colloids
with tailored interactions [97,98].
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APPENDIX A: FOURIER TRANSFORM
OF POWER-LAW TERMS

When −d < �[ζ ] < 0, it can be proven that [87,88]

F[r−d−ζ ](k) ≡
∫
Rd

r−d−ζ e−ik·rdr = Gd (ζ )kζ ,

Gd (ζ ) = πd/2�(−ζ/2)

2ζ�[(d + ζ )/2]
. (A1)

Gd (ζ )kζ is a meromorphic function on the complex plane,
so we can easily extend this result to any ζ > −d and ζ 
=
0, 2, 4, ... via analytic continuation. Around the poles ζ0 = 2l ,
l = 0, 1, 2, ..., we have the Laurent expansion

Gd (ζ ) = g(−1)
d,l

ζ − ζ0
+ g(0)

d,l + O[ζ − ζ0],

kζ = kζ0 [1 + (ζ − ζ0) ln k + O[(ζ − ζ0)2]], (A2)

so that

Gd (ζ )kζ = g(−1)
d,l kζ0

ζ − ζ0
+ g(0)

d,l k
ζ0 + g(−1)

d,l kζ0 ln k

+ O[ζ − ζ0]. (A3)

At the poles ζ0 = 0, 2, 4, ..., the finite part gives the meaning-
ful result

F[r−d−ζ0 ](k) = f.p.
[
Gd (ζ0)kζ

0

]
= g(0)

d,l k
ζ0 + g(−1)

d,l kζ0 ln k, (A4)

and it thus contains a generalized power-law term kζ0 ln k.

APPENDIX B: PADÉ APPROXIMANT

The Padé approximant technique is a well-known proce-
dure to approximate a function f (z) as a rational function and
often provides a superior approximation than its correspond-
ing Taylor series [89]. Specifically, given the Taylor series
f (z) = ∑∞

k=0 ckzk , one constructs the rational function R(z)
that matches the Taylor series up to that order, i.e.,

R(z) =
∑M

k=0 akzk

1 + ∑N
k=1 bkzk

, (B1)

such that it obeys the condition

R(k)(0) = f (k)(0), k = 0, 1, ..., M + N. (B2)
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We refer to R(z) as the [M, N] Padé approximant of f (z). We
can generalize its use by substituting z → (x − x0)s.

APPENDIX C: EXACT TWO-PHASE MEDIUM MODELS

1. Debye random media

The Debye random medium (DRM) is a prototypical
model of “typical” nonhyperuniform two-phase media [99],
for which the autocovariance function

χV (r) = φ1φ2 exp(−r/a), (C1)

and the spectral density

χ̃V (k) = φ1φ22dπd−1ad

ωd−1[1 + (ka)2](d+1)/2
, (C2)

are known exactly [17]. Without loss of generality, we set D =
a = 1. The exponential decay of the autocovariance function
guarantees the existence of all its moments, i.e., Mn(χV ) =
φ1φ2�(n + 1) < ∞, and the spectral density is clearly ana-
lytic at the origin, i.e., χ̃V (k) = ∑∞

n=0 Bnk2n containing only
even powers of k. Correspondingly, the asymptotic expansion
of sex(t ) takes the form of

sex(t ) =
∞∑

n=0

2
(−1)n

n!

�(d + 2n)

�(d/2)
(4t )−d/2−n

=
∞∑

n=0

Cnt−d/2−n (t → ∞). (C3)

Similarly, we can find its small-t expansion

sex(t ) =
∞∑

n=0

(−1)n

n!

�( n+d
2 )

�(d/2)
(4t )n/2

=
∞∑

n=0

Antn/2 (t → 0). (C4)

2. Disordered hyperuniform media

To model hyperuniform two-phase media in Rd , Torquato
[82] proposed the following family of autocovariance func-
tions:

χV (r) = φ1φ2 exp(−r/a)
cos(qr + θ )

cos θ
, (C5)

where the parameters q and θ are the wave number and phase
associated with the oscillations of χV (r), respectively, and a
is a correlation length. In the special case in which θ = 0,
Torquato showed that the corresponding autocovariance func-
tion satisfies all of the necessary realizability conditions and
hyperuniformity constraint for d = 2 if (qa)2 = 1 and for
d = 3 if (qa)2 = 1/3. Thus, the spectral densities for d = 2
and d = 3 are, respectively, given by

χ̃V (k)

φ1φ2
=

⎧⎨
⎩

2πa2[
√

(ka)4+4+4]
[(ka)4+4]3/2 [A(k) − A−1(k)] (d = 2),

216πa3[3(ka)2+8](ka)2

[9(ka)4+12(ka)2+16]2 (d = 3),
(C6)

where A(k) =
√√

(ka)4+4+(ka)2

2 .

We again set D = a = 1. As with DRM, the exponentially
decaying autocovariance function (C5) guarantees the exis-
tence of all its moments and the analyticity of the spectral
density (C6) at the origin. Specifically, we have

Mn(χV )

φ1φ2
=

{
n!

2(n+1)/2 cos[(n + 1)π/4] (d = 2),

n!3(n+1)/2

2n+1 cos[(n + 1)π/6] (d = 3),
(C7)

and

χ̃V (k)

φ1φ2
=

{
k2

(
3π
4 − 35π

128 k4 + 693π
8192 k8 + ...

)
(d = 2),

k2
(

27π
4 − 243π

32 k2 + 3645π
512 k6 + ...

)
(d = 3),

=

⎧⎪⎪⎨
⎪⎪⎩

k2 ∑∞
i=0

i even

Bik2i (d = 2),

k2 ∑∞
i=0

i mod 3
=2

Bik2i (d = 3).
(C8)

Correspondingly, the long-time asymptotic expansion of
sex(t ) is given by

sex(t ) =
⎧⎨
⎩

t−2
(

3
16 − 105

256 t−2 + 10395
4096 t−4 + ...

)
(d = 2),

t− 5
2
(

81
64

√
π

− 3645
1024

√
π

t−1 + ...
)

(d = 3),

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

t− d+2
2

∑∞
i=0

i even

Cit−i (d = 2),

t− d+2
2

∑∞
i=0

i mod 3
=2

Cit−i (d = 3).
(C9)

Note that we have C2i+1 = 0 for d = 2 and C3i+2 = 0 for d =
3 because Md+2i+1(χV ) = 0 for d = 2 and Md+3i+2(χV ) = 0
for d = 3, respectively.

3. Antihyperuniform media

Here, we examine a 3D antihyperuniform model proposed
by Torquato [17], which is defined by the autocovariance
function

χV (r)

φ1φ2
= (1 + r/a)−2, (C10)

which meets all known necessary realizability conditions on a
valid autocovariance function [82]. The corresponding spec-
tral density is given by

χ̃V (k)

φ1φ2
= 4πa2

ka
{Ci(ka)[ka cos(ka) + sin(ka)]

+ Ssi(ka)[ka sin(ka) − cos(ka)]}, (C11)

where Ci(x) ≡ − ∫ ∞
x dt cos(t )/t is the cosine integral,

Ssi(x) ≡ Si(x) − π/2 is the shifted sine integral, and Si(x) ≡∫ x
0 dt sin(t )/t is the sine integral. We see that χ̃V (k) ∼ 2π2a/k

in the limit k → 0, which is consistent with the power-law
decay a2/r2 of the χV (r) in the limit r → ∞.
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We again set D = a = 1. Clearly, any n-th order moment
Mn(χV ) for n � 1 is unbounded. This result implies that the
spectral density is not analytic at the origin, but this function
can be expanded about k = 0 as

χ̃V (k)

φ1φ2
= 2π2

k
+ 4π (2 ln k + 2γe − 1) − 3π2k

− 2

9
πk2(12 ln k + 12γe − 19) + 5

12
π2k3 + ...

= k−1(B + B1/2k + B1k2 + ...)

+ ln k(F + F1k2 + F2k4 + ...). (C12)

This, in combination with Eq. (1), means that the long-time
sex(t ) can be expanded as

sex(t ) = 1

2t
+ − ln t + γe + 1 − 2 ln 2

2
√

πt3/2
− 3

4t2

+ 2 ln t − 2γe + 1 + 4 ln 2

8
√

πt5/2
+ 5

24t3
+ ...

= t−1(C + C1/2t−1/2 + C1t−1 + ...)

+ t−3/2 ln t (E + E1t−1 + E2t−2 + ...), (C13)

where γe is the Euler-Mascheroni constant.
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