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We analyze the 1D Anderson model with stealthy disorder, defined by a power spectrum that vanishes
over a continuous band of wave numbers. Perturbative expansion of the self-energy and numerical results
show that for small disorder W and prescribed stealthiness χ, the system is effectively delocalized, i.e., the
localization length ξ exceeds large system sizes. This unusual behavior follows from the systematic
cancellation of leading terms so that ξ scales as W−2n with large n. Since the underlying mechanism
depends only on the stealthy disorder, our findings also apply to photonic and phononic waves.
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Introduction—Since the seminal work by P.W. Anderson
in the late 1950s [1], the interplay between randomness and
quantum effects in noninteracting systems has received
considerable attention in the condensed matter community
[2]. The impact of space dimensionality has been addressed
in the scaling theory of localization [3] and in recent
investigations [4–6], including the infinite-dimensional limit
[7–13], relevant for the interacting case, known as many-
body localization [14–19]. In one and two dimensions and
for a random uncorrelated on-site potential, it is well-known
[3] that any small amount of disorder (whose strength W2 is
parametrized by its variance) leads to the localization of the
wave functions. In 1D, the localization length ξ at small
disorder is proportional to W−2 [20].
When introducing correlations in the potential energy,

the scenario can change and show interesting new phe-
nomena. This occurs, for instance, in the case of quasi-
periodic systems [21,22], displaying extended, critical, and
localized phases, separated by nontrivial mobility edges
[23–25]. Another example, relevant to polymer physics, is
that of random dimers [26,27], where a particle can become
delocalized in one dimension if two uncorrelated random
energies are assigned at random to pairs of lattice sites.
However, only two states are extended in this case.
A further interesting case that has received attention in
the literature, also because of its experimental relevance in
cold-atom [28,29] and photonics [30,31] experiments,
is that of speckle potentials, in which the two-point

correlation function has a high-momentum cutoff. In
one-dimensional (1D) systems, speckle correlations sup-
press backscattering and can lead to an effective suppres-
sion of Anderson localization [32–34]. The effect of
correlated disorder on Anderson localization has also been
studied previously in a series of papers [35–37], where it
has been shown that the inverse localization length is
proportional to the product of the Fourier transform of the
correlation of the disorder andW2 [35]. According to these
results, the localization length should diverge if the power
spectrum vanishes. However, these results should be
regarded as a perturbative outcome including only the
first-order term at smallW. Higher-order terms thus lead to
a finite localization length.
A special type of disorder is provided by hyperuniform

systems [38,39], which are characterized by an anoma-
lous suppression of large-scale density fluctuations. In
momentum space, they are characterized by a structure
factor SðkÞ that vanishes as k → 0. Since the first studies
in the early 2000s, hyperuniform systems have appeared
in a wide variety of systems, ranging from number theory
[40,41] to biological systems [42,43] (see Ref. [39] for a
review).
Among hyperuniform disordered systems, there is a

special class that is referred to as stealthy hyperuniformity
[44–47]. In this context, stealthy means that the structure
factor of such systems vanishes for a continuous range of
wave numbers. Therefore, a stealthy hyperuniform system
is such that

SðkÞ ¼ 0 for 0 ≤ k < k0:*Contact author: steinh@princeton.edu
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It is useful to introduce the stealthiness parameter
0 ≤ χ ≤ 1=2, defined as the relative fraction of constrained
wave vectors. For point patterns, the configuration con-
verges to a periodic lattice in the limit χ → 1=2. For
the specific case 1D systems, relevant in this Letter,
χ ¼ k0=ð2πÞ [45]. Stealthy hyperuniform systems display
remarkable properties, including isotropic photonic band
gaps [48,49], superior transport [50], elasticity [51], and
wave propagation properties [52,53] compared to non-
stealthy and nonhyperuniform isotropic amorphous states
of matter [39].
In a recent study, Klatt et al. [54] analyzed electromag-

netic transmission through disordered stealthy hyperuni-
form layered media composed of alternating high- and
low-index slabs. Using transfer-matrix calculations of the
Lyapunov exponent, they observed no signs of localization
for systems up to 104 layers, behavior reminiscent of
periodic structures. Analytically, Ref. [52] showed via
the nonlocal strong-contrast expansion [55], truncated at
third order, that such 1D stealthy hyperuniform media
exhibit perfect transparency over a range of frequencies,
implying that Anderson localization can only emerge at
fourth order or higher.
Motivated by the impact of correlated disorder on

Anderson localization and by recent findings on stealthy
hyperuniform layered media, we investigate the 1D
Anderson model with stealthy disorder. Here, the stealthi-
ness parameter χ quantifies the fraction of Fourier modes
for which the potential’s power spectrum vanishes. Unlike
quasiperiodic or dimer models, this construction remains
genuinely disordered while still supporting a continuous
energy spectrum. Correlated hyperuniform disorder is
known to qualitatively modify localization phenomena in
quantum systems [56,57], including altered Lifshitz-tail
scalings [58], and stealthy disorder has been realized in
photonic platforms with nontrivial wave-transport proper-
ties [59]; however, its implications for Anderson localiza-
tion in one dimension remain unexplored.
In this Letter, we compute the localization length for 1D

systems with stealthy hyperuniform disorder using a
perturbative expansion of the self-energy at weak disorder
W ≪ 1. Our method applies to any form of stealthy
disorder. For each energy and stealthy-region size, we
identify the power ofW governing the leading contribution
to the localization length. Crucially, for any finite system
size L, we find a value of χ for which the disorder remains
finite but the localization length exceeds L, rendering the
system effectively delocalized. Taking the thermodynamic
limit L → ∞ first restores finite localization lengths.
Numerical diagonalization up to L ¼ Oð106Þ via eigenstate
fractal dimensions confirms the perturbative predictions,
both for the scaling of the localization length and for the
locations of transitions between different scaling regimes.
Model—We consider the Anderson model in one spa-

tial dimension with the Hamiltonian H ¼ H0 þ V

obtained by summing the tight-binding Hamiltonian
H0 ¼ −

P
jðc†jþ1cj þ c†jcjþ1Þ and potential energy

V ¼ P
j wjc

†
jcj, where c†j and cj are the creation and

annihilation operators (respectively) for a particle at site j
of the chain, with periodic boundary conditions. The
disorder is contained in the random numbers wj, represent-
ing the value of the potential at site i, which is defined in
momentum representation in Eq. (4). We have set the
hopping amplitude to unity, so that the strength of the
disorder is the only relevant energy scale in the problem.
By introducing the creation and annihilation operators

(c̃†k and c̃k, respectively) for a particle of momentum k
through the relation cj ¼ ð1= ffiffiffiffi

L
p ÞPk e

ikjc̃k, we can write

H0 ¼
X
k

ϵkc̃
†
kc̃k; ϵk ¼ −2 cos k; ð1Þ

V ¼ 1

L

X
k;k0

�X
q

w̃qδk0−k;q

�
c̃†k0 c̃k ¼

X
k;q

w̃qc̃
†
kþqc̃k; ð2Þ

where we used w̃q ¼
P

j e
−iqjwj. In the following, we will

always use the Fourier-space representation of H0 and V
defined above; henceforth, we will drop the tildes to
simplify the notation.
We are interested in extracting the random numbers wj,

j ¼ 1;…; L, for a prescribed power spectrum,

SðqÞ ¼ jwqj2
W2

; ð3Þ

and do so by means of a Fourier filtering procedure. As a
first step, we define the amplitudes AðqÞ ¼ ffiffiffiffiffiffiffiffiffi

SðqÞp
, with

SðqÞ ¼ Sð−qÞ. We then extract complex Gaussian random
variables ηq, i.e., distributed according to pðηqÞ ¼ N ð0; 1Þ,
so that hηqη�q0 i ¼ δðq − q0Þ. The Fourier components of the
desired random variables are then given by wq ¼ WAðqÞηq,
with the constraint wq ¼ w�

−q. In the previous expression,
we have introduced the disorder strengthW. Following this
procedure, we get random numbers wq such that

hwqi ¼ 0; hwqwq0 i ¼ W2SðqÞδðqþ q0Þ: ð4Þ

By construction, the higher-order moments hwq1wq2…wqni
are expressed in terms of the two-point function only for
even values of n and vanish for odd values of n.
Perturbation theory—We are now interested in calculat-

ing the dependence of the localization length ξðkÞ onW at a
given momentum [or, equivalently, energy through the
dispersion relation in Eq. (1)]. In 1D systems, the locali-
zation length is proportional to the mean free path lðkÞ,
according to ξðkÞ ≃ 2lðkÞ [20], which in turn is propor-
tional to the mean scattering time τðkÞ, defined as lðkÞ ¼
ð∂kϵkÞτðkÞ [60]. At this point, it is well-known [61] that the
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mean scattering time is related to the imaginary part of the
on-shell self-energy Σðk; ϵkÞ according to

1

τðkÞ ¼ −2 ImΣðk; ϵkÞ: ð5Þ

In the weak disorder limit W ≪ 1 [corresponding to the
weak scattering limit ðklÞ−1 ≪ 1], following the standard
textbook approach [61,62], we can treat the potential V as a
small perturbation and compute the self-energy from the
perturbation theory of the propagator (see Fig. 1), and get

G ¼ G0 þ G0ΣG; ð6Þ

where G0 is the bare propagator and Σðk; EÞ is the self-
energy, i.e., it contains all diagrams without external G0

legs and such that they cannot be split in two by removing a
single G0 line [63] (see Fig. 2 for the diagrammatic
expansion of the self-energy).
According to Eq. (5), we need to take the imaginary part

of the self-energy and evaluate it on-shell, i.e., set E ¼ ϵk.
This implies we have to consider the real and imaginary
contributions to the bare propagator G0,

G0ðk0; ϵkÞ ¼ P
�

1

ϵk − ϵk0

�
− iπδðϵk − ϵk0 Þ; ð7Þ

where P denotes the principal value. By virtue of the
dispersion relation ϵk ¼ −2 cos k, the imaginary part enfor-
ces having either no scattering (k ¼ k0) or backscattering
k ¼ −k0. This is a consequence of the 1D geometry, as
there are no other angles available for scattering other than
0 and π.
For concreteness, we specify a particular form for the

stealthy potential, which we choose to be stealthy hyper-
uniform, motivated by the connection we discussed earlier
with optical transparency in layered media [54]. We thus
define, restricting to the first Brillouin zone,

SðqÞ ¼ Θðjqj − k0Þ; jqj < π; ð8Þ

where the stealthy interval size k0 is related to the χ
parameter commonly used in stealthy hyperuniformity via
χ ¼ k0=ð2πÞ. Notice that for χ ¼ 0, wq are independently
distributed Gaussian random variables, and so are the wi,
recovering the totally uncorrelated case. For χ ¼ 1=2,

wi ¼ ð−1Þi, corresponding to no disorder. The spectrum
of the Hamiltonian H with W ¼ 0 is symmetric and
double degenerate; therefore, we can focus on the interval
0 ≤ k < π=2 without loss of generality.
We can now analyze in more detail the computation of

the imaginary part of the self-energy ImΣðk; ϵkÞ (see
Fig. 2),

ImΣð1Þðk; ϵkÞ ¼ −πW2

Z
π

−π

dq
2π

SðqÞδðϵk − ϵk−qÞ: ð9Þ

As discussed before, the dispersion relation ϵk ¼ −2 cos k
imposes q ¼ 0mod 2π, corresponding to no scattering, or
q ¼ 2kmod 2π, meaning backscattering, which is respon-
sible for localization. Therefore we get

ImΣð1Þðk; ϵkÞ ¼ −
W2

4 sin k
½Sð0Þ þ Sð2kÞ�; ð10Þ

and the inverse mean scattering time, through second order
in W, is given by

1

τðkÞ ¼
W2

2 sin k
Sð2kÞ; ð11Þ

where we dropped the forward scattering contribution Sð0Þ,
which does not contribute to the localization length.
We then finally get

1

ξðkÞ ¼
W2

8sin2k
Sð2kÞ: ð12Þ

A few comments are in order. The result in Eq. (12) is
well-known, and coincides with the finding of Izrailev
and Krokhin [35]. This result can also be derived from
Boltzmann conductivity [64], and using Fermi’s Golden
Rule [65,66]. Note also that the expression in Eq. (12) is
analogous to the one found within the strong-contrast
expansion for the dynamic dielectric constant in 1D
stealthy hyperuniform two-phase media [52], where the
power spectrum at momentum 2k is replaced by the spectral
density at momentum 2k.
In the case of stealthy hyperuniform disorder we are

interested in, it is possible to have no direct backscattering
at small k, as SðqÞ ¼ 0 for q < k0 ¼ 2πχ. Therefore, if
k0 > 2k, the right-hand side of Eq. (12) vanishes, and one

FIG. 1. Graphical representation of Dyson equation; see Eq. (6)
in the main text.

FIG. 2. Self-energy Σðk; EÞ contribution up to second order in
SðqÞ: (left) first-order contribution Σð1Þðk; EÞ, (center) second-
order contribution with crossing disorder lines Σð2Þ

crossðk; EÞ,
(right) second-order contribution without crossing disorder

lines Σð2Þ
noncrossðk; EÞ.
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needs to consider higher-order contributions to the
self-energy. As a sanity check, notice that the middle of
the spectrum corresponds to k ¼ π=2, and one can avoid
single backscattering at E ≃ 0 only if χ ≃ 1=2.
Let us then consider the case k0 > 2k and study the

second-order correction to the self-energy, Σð2Þðk; ϵkÞ,
and consider the diagram Σð2Þ

crossðk; ϵkÞ—the discussion

for Σð2Þ
noncrossðk; ϵkÞ is analogous (see Fig. 2). Since we

are interested in the imaginary part of Σð2Þ
crossðk; ϵkÞ, there are

two possibilities: either we take the imaginary parts of all
three Green’s functions, or the imaginary part of one and
the real part of the other two. The former imposes
δðϵk − ϵk−q1Þδðϵk − ϵk−q2Þδðϵk − ϵk−q1−q2Þ, which can be
satisfied only if q1 ¼ q2 ¼ 0—so no backscattering—or
if q1 ¼ 2k and q2 ¼ 0—which then gives Sð2kÞ ¼ 0 since
2k < k0. We can instead obtain a nontrivial result when
considering ImG0ðk − q1 − q2; EÞ and the real part of
G0ðk − q1; EÞ and G0ðk − q2; EÞ. Therefore, one can
now get backscattering by satisfying the equation

q1 þ q2 ¼ 2kmod 2π;

where k0 ≤ jq1;2j < π and 2k < k0: ð13Þ

The first constraint comes from the stealthy hyperuniform
disorder, and the second constraint is given by the pertur-
bation theory order. Clearly, there is a solution only for
q1 > 0 and q2 < 0 or vice versa. Such an equation can
be satisfied only if k0 < π − k. It is easy to show that

Σð2Þ
noncrossðk; ϵkÞ gives the same conditions. Henceforth, one

can compute explicitly the correction to ξðkÞ at second
order, which will be of the form ξ ∼W−4. We report the
calculation in Supplemental Material [67].
We can see, however, that not all possible combinations

of k (or energy ϵk) and k0 (or χ) are included up to second
order. This means that there are values of energy and size of
the stealthiness parameter χ for which the first nonzero
contribution to the ξ occurs at third or higher order,
corresponding to ξ ∼W−2n for n ≥ 3. For instance, assume
that k0 > π − k (given by Σð2Þ ¼ 0) and, at the same time,
k0 > 2k (given by Σð1Þ ¼ 0): then computing Σð3Þðk; ϵkÞ,
one finds that, in this range of parameters, it is possible to
have backscattering if there is a solution to the equation

q1 þ q2 þ q3 ¼ 2kmod2π;

where k0 ≤ jq1;2;3j< π and π − k0 < k <
k0
2
: ð14Þ

Equation (14) can be satisfied either for ð3k0 − 2πÞ=2 <
k < k0=2 if 4π=5 < k0 < π or for π − k0 < k < k0=2 if
2π=3 < k0 < 4π=5. For this range of parameters, ξ ∼W−6.
Once again, not all possible values of k and k0 give a

nonvanishing contribution to ImΣðk; ϵkÞ up to third order.
To find the leading nonzero contribution to ξ, higher

orders need to be included. By studying the equations
corresponding to Eq. (14) up to fifth order in perturbation
theory, we can infer that the boundaries between different
regions are

k ¼
� a

2
ðk0 − πÞ þ π

2
; a ¼ nπ; n∈N;

bðπ − k0Þ; b ¼ mπ; m∈N:
ð15Þ

We can represent our findings in a diagram, showing, for
each value of k (or energy) and k0 (or stealthy parameter χ),
the scaling of the localization length ξ to leading order
in W, as shown in Fig. 3. We present the diagram for other
types of stealthy disordered potentials in Supplemental
Material [67]. Different regions represent different leading
order nonzero contributions to the localization length,
indicated by the power in the white circles. The scaling
with W−2 is the usual Anderson localization behavior that
one also gets with ordinary (nonstealthy) disorder. The
vertical line at k0 ¼ χ ¼ 0, corresponding to uncorrelated
disorder, always exhibits this behavior, as expected.
The inverse localization length can be expressed as an

asymptotic series in powers of W2 as

1

ξðk; k0Þ
∼
X∞
n¼1

a2nðk; k0ÞW2n: ð16Þ

Along the line k0 ¼ χ ¼ 0, each term in the series expan-
sion of Eq. (16) is nonvanishing. By increasing the value of
χ, one gets different scalings of the localization length
depending on the energy. This means that, for those values
of k and k0, some of the lower order terms a2nðk; k0Þ in
Eq. (16) are vanishing. In approaching the line k0 ¼ π, i.e.,
χ ¼ 1=2, which corresponds to the lattice (no disorder),
the index m such that a2n ¼ 0 for n < m is increasing,

FIG. 3. Phase diagram showing the dependence of the locali-
zation length ξðk; χÞ, or equivalently ξðk; k0Þ, on the disorder
strength W at the leading nonvanishing order in perturbation
theory. We also indicate the expression for the separatrices
between different regions, whose general expression is given
in Eq. (15). The red dotted line indicates the energy for which we
will present numerical results.
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and ultimately m → ∞ for χ → 1=2, as shown in Fig. 4.
The localization length, at leading order, is thus ξ ≃W−2m.
Note that m is an integer that labels the leading order in
perturbation theory. Therefore, it changes discontinuously
at least by unit intervals as χ increases.
The series in Eq. (16) is an asymptotic expansion in

small W2, which is diverging when nonperturbative effects
are excluded, as very often occurs in perturbative calcu-
lations [68]. Once such nonperturbative effects are taken
into account, the divergence is removed, and the result can
be written as a finite number of terms up to n ¼ N plus a
small remainder, which is of order oðW2NÞ. When doing so,
the vanishing of the lower order terms due to the stealthi-
ness condition implies a larger localization length, scaling
with the first nonzero term in W2.
In the End Matter, we numerically verify our predictions

by computing the dependence of the localization length ξ
on W at different values of χ, which properly accounts for
the remainder terms. In Supplemental Material [67], we
show that a series of transitions analogous to the one
discussed in this section occur in the level splitting of
adjacent energy levels that become degenerate as W → 0
due to the k → −k symmetry.
Discussion—Generically, disordered stealthy hyperuni-

form materials lack Bragg peaks similar to liquidlike
disordered systems and yet suppress long-range density
fluctuations as crystals. Our results show that the 1D
Anderson model with stealthy disorder is characterized
by intermediate localization regimes, as illustrated by
Fig. 3. The stealthiness parameter χ continuously tunes
between uncorrelated disorder (χ ¼ 0) and periodic poten-
tials (χ ¼ 1=2), and yields localization lengths scaling as

ξ ∼W−2n with n > 1. More precisely, for arbitrarily large
L, fixed weak W, and energy E, there exists χ < 1=2 such
that the coefficients a2n in Eq. (16) vanish for all n < m
with arbitrarily large m, allowing ξ to exceed L and
producing a finite interval of effectively extended states.
Consequently, the localization length ξ can exceed L,
producing a finite continuous range of effectively
extended states at energy E. In the limit χ → 1=2, non-
perturbative effects not captured by our approach are
expected to become important; exploring this regime is
left for future work.
This behavior follows from a perturbative expansion of

the imaginary part of the self-energy in the 1D Anderson
model with stealthy disorder, whose power spectrum
vanishes on a continuous band. For each energy and χ,
we identify the leading nonzero contribution ξ ∼W−2n

(Fig. 3) and confirm it numerically via eigenstate fractal
dimensions (see End Matter), showing that increasing χ
forces successive low-order terms in the perturbative series
for ξ to vanish and thereby allows ξ to exceed the system
size even at fixed disorder variance.
Our findings for the Anderson model mirror recent

results on the propagation of light in a one-dimensional
layered medium [52,54,55]. The disorder strength W in
the Anderson problem is analogous to the dielectric
contrast in the two-phase layered medium [55]. In the
latter case, complete transparency can be shown to occur
at least up to third order in the strong dielectric contrast
expansion [52,55] for a finite continuous range of
frequencies. This is directly analogous to the vanishing
of successive coefficients a2n in Eq. (16). Moreover, the
momentum dependence of the imaginary part of the
self-energy in the Anderson problem parallels that of
the nonlocal attenuation function in the 1D stealthy two-
phase medium [52].
From a practical perspective, the Anderson model with

stealthy disorder can be realized on currently available
experimental platforms, such as ultracold atoms in optical
lattices, waveguide arrays, photonic lattices in photore-
fractive crystals in the paraxial regime of propagation, or
other programmable quantum simulators, which provide a
high degree of tunability of the potential [29,69–73] and
could directly test the predicted crossover between ξ ∼W−2

and ξ ∼W−2n scaling as χ is varied. In addition, stealthy
hyperuniformity was recently realized and probed exper-
imentally in a two-dimensional photonic crystal slab plat-
form [59]. We leave the extension of these ideas to
interacting quantum systems for future work.
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End Matter

Exact diagonalization results—An eigenstate ψα of
the Hamiltonian H with eigenvalue Eα is exponentially
localized with localization length ξα if jψαj2 ∼ er=ξα=ξα.
The participation entropy is defined as Sα ¼
−
R∞
0 drjψαðrÞj2 ln jψαðrÞj2, and we can define the

corresponding fractal dimension,

Dα ≡ Sα
lnL

≃
1þ ln ξα
lnL

; ðA1Þ

which corresponds to the usual definition of fractal
dimension D1 found in the literature [74–76].
We compute the fractal dimension from the eigenstates

of the Hamiltonian numerically and extract the localization
length from the slope of the fractal dimension as a function
of 1= lnL for large L, according to Eq. (A1). We consider
system sizes up to L ¼ 800 000 and average the obtained
Dα over at least 1000 disorder realizations and over 20
eigenstates around the target energy Eα.

We show in Fig. 5 the localization length as a function of
χ for a few values of W, where the energy is fixed at
E ¼ −1.8, corresponding to the red dashed line in the top
panel of Fig. 3. By increasing χ, the localization length ξ
shows sudden increases, as shown in Fig. 4, in agreement
with the relation log ξ ∼m. Notice that, by decreasing W,
the transitions in numerical curves are becoming steeper
and the χ values where they occur are going toward the
perturbation theory prediction, reported as vertical black
dashed lines, corresponding to the first two red dots from
the left in the top panel of Fig. 3. Subsequent transitions are
not visible due to the limited system sizes that can be
reached numerically.
In Fig. 6, we report the scaling of ξ with W for a few

values of χ. For χ ¼ 0.1, the perturbation theory predicts
the scaling ξ ∼W−2, as indeed confirmed from the numeri-
cal results. For higher values of χ ¼ 0.2, 0.25, 0.3, the
perturbation theory predicts ξ ∼W−4, as confirmed once
again by the numerical data. Therefore, we have confirmed

FIG. 5. Localization length as a function of χ for different
values of W, obtained for eigenstates at energy E ¼ −1.8,
corresponding to the horizontal red line in Fig. 3. The vertical
lines are positioned where the perturbation theory predicts a
change in the first nonvanishing contribution (corresponding to
the first two red dots from the left in Fig. 3). Further transitions
require system sizes larger than the numerically accessible one.

FIG. 6. Localization length as a function of logW for different
values of χ, as shown in the legend, obtained for eigenstates at
energy E ¼ −1.8, corresponding to the horizontal red line in
Fig. 3. For χ ¼ 0.1, the perturbation theory predicts that ξ ∼W−2,
as confirmed by the numerical result (see red dashed line, which
is a guide for the eye). For χ ¼ 0.2, 0.25, 0.3, the perturbation
theory predicts ξ ∼W−4, as confirmed by the numerical result.
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that perturbation theory correctly predicts the scaling
ξ ∼W−2n and the transition from n ¼ 1 to n ¼ 2.

Numerial phase diagram—In Fig. 7, we show the
phase diagram obtained by numerically computing the
localization length with the transfer matrix method,
where the scaling exponent n [see Eq. (16)] is
determined with a linear fit log ξ ¼ −2n logW þ C
sweeping over the phase diagram in 25 × 25 resolution.
We obtained this full ðk; χÞ phase diagram by
automatically fitting the localization length and

extracting the value of n for each ðk; χÞ possible. To
capture phases with higher n, we choose a larger L ¼
5 × 106 here. To efficiently achieve a larger system size,
the transfer matrix method is employed. The discrepancy
between the theoretical prediction and the results shown
in Fig. 7 in the region near k ¼ 0 is a numerical artifact
due to the asymptotic scaling behavior requiring a larger
sample size to set in for this range of k. In Fig 8, we
show the data used for the fits at fixed χ ¼ 0.25 and
three values of k in distinct phases with n ¼ 1, 2, 3. Up
to 16 data points in W enter the fit; points with a
localization length larger than the system are excluded
from the fit.

FIG. 7. Numerical phase diagram, obtained by computing the
localization length with the transfer matrix method. Near k ¼ 0,
the fitting deviates from the theoretical prediction because the
asymptotic behavior sets in beyond the sample size, L ¼ 5 × 106.
In the gray region at large k, the localization length exceeds the
numerical finite size.

FIG. 8. Data used for fitting the scaling exponent n in the phase
diagram in Fig. 3 (bottom panel) for χ ¼ 0.33 and for three values
of k in phases with n ¼ 1, 2, 3.
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