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ABSTRACT

To be used as an analysis tool, it is important that a spatial network’s construction algorithm reproduces
the structural properties of the original physical embedding. One popular method for converting a two-
dimensional (2D) point pattern into a spatial network is the Delaunay triangulation. Here, we apply
the Delaunay triangulation to seven types of 2D point patterns, including hyperuniform systems (i.e.
systems characterized by completely suppressed normalized infinite-wavelength density fluctuations). We
demonstrate that the quartile coefficients of dispersion of multiple centrality measures are capable of rank-
ordering hyperuniform and nonhyperuniform systems independently, but they cannot distinguish a nearly
hyperuniform system from hyperuniform systems. Thus, in each system, we investigate the local densities
of the point pattern ρP(ri; ℓ) and of the network ρG(ni; ℓ). We reveal that there is a strong correlation
between ρP(ri; ℓ) and ρG(ni; ℓ) in nonhyperuniform systems but no such correlation in hyperuniform
systems. Similarly, when calculating the pair-correlation function and local density covariance function on
the point pattern and network, the point pattern and network functions are similar only in nonhyperuniform
systems. In disordered (i.e. isotropic) hyperuniform systems, the network has a positive local density
covariance at small distances; such covariance is not present in the corresponding point patterns. Thus, we
demonstrate that the Delaunay triangulation accurately captures the density fluctuations of the underlying
point pattern only when the point pattern possesses a positive local density covariance at small distances.
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Such positive correlation is seen in most real-world systems but is not seen in disordered hyperuniform
systems. Generally, the Delaunay triangulation is an effective tool for building a spatial network from a
2D point pattern to reproduce the underlying density of the point pattern, but there are situations (i.e.
disordered hyperuniform systems) where we caution that the Delaunay triangulation would not be effective
at capturing the underlying physical embedding.

KEYWORDS: spatial networks; hyperuniformity; Delaunay triangulation; graph theory; complex
networks.

1. INTRODUCTION
When the elements of an interacting system are embedded in physical space, one can represent
the system as a spatial network [1–3]. Spatial networks have helped model and analyze a wide
range of real-world systems, including power grids, transportation, the internet, granular media,
and the brain [4–12]. An area of interest in spatial network analysis is how to build a network that
reproduces properties of the physical embedding [13–15]. Here, we focus on 2D point patterns (i.e.
a simple physically embedded system) composed of N points R = {r1, r2, . . . rN} where ri is the
coordinate of point i. During the conversion of a 2D point pattern into a network, we define the
nodes of the network as the points of the point pattern, and aim to define edges in such a way as to
capture the properties of the point pattern such as the local density surrounding each point. That
is, for a spatial network G(N , E) built from the point pattern R, we are interested in how each node
ni ∈ N compares to the point at position ri that originates it. Multiple ways of converting a 2D point
pattern into a network have been studied [1, 3, 8, 16–19]. For example, geometric graphs are spatial
networks formed by adding an edge between every pair of points whose distance is smaller than a
specified connection distance. The mathematical and statistical properties of geometric graphs built
from point patterns distributed uniformly at random have been substantially researched, and these
graphs have been used in a variety of modeling contexts [8, 9, 17, 20, 21].

Another technique for obtaining a network from a 2D point pattern is constructing the Delaunay
triangulation of the point pattern [22–24]. The Delaunay triangulation connects the points into a
planar, triangular network such that the circumcircles of every triangle do not contain any other
points. This triangulation algorithm is typically preferred because the angles of the triangles in the
resulting network are maximized (i.e. the construction avoids the creation of sliver triangles). The
Delaunay triangulation is parameterless and creates a planar network from the point pattern. As
a result, this construction algorithm captures the interactions between a point and its immediate
neighbors in space, which makes this method a popular choice in certain modeling situations of
2D point patterns [25–27]. This manuscript aims to investigate the Delaunay Triangulation as
an algorithm for constructing a spatial network from a 2D point pattern, where we are especially
concerned with the extent to which the triangulation algorithm preserves key spatial and density
information of the underlying point pattern.

Previous work investigating the structural properties of the Delaunay triangulation has provided
insight into its theoretical limitations [28–31]. One problem is identifying the maximum possible
tortuosity (i.e. the stretch factor) of the triangulation. In graph theory, this open problem is also
known as identifying the spanning ratio t of the Delaunay triangulation (i.e. for a set of points
defined in space, a t-spanner is a network in which every path through the system has tortuosity ≤ t)
[32–37]. The tortuosity is the ratio of the network distance (i.e. the geodesic distance [38]) and
the Euclidean distance between a pair of points. Previous research has aimed to put bounds on the
Delaunay triangulation’s maximum possible tortuosity. Over the past few years, the upper bound on
the maximum tortuosity of the Delaunay triangulation has steadily decreased; currently it is shown
that for a convex point pattern the upper bound is 1.84 [35]. The lower bound of the maximum
tortuosity has also increased from its original value of π/2 to its current value of 1.5932 [32].
Because there is still a gap between these two values, the question of the Delaunay triangulation’s
maximum tortuosity remains an open problem for computational geometry.
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Delaunay triangulation’s reproduction of density · 3

Figure 1. Illustrative example comparing local density in the point pattern and network. (a) The local
point pattern density ρP(ri; ℓ) of a point at position ri (indicated in blue) is the number of points
(indicated in red) within a circle of radius ℓ (indicated by the dotted circle). (b) The local network density
ρG(ni; ℓ) of a node ni corresponding to the point at position ri (indicated in blue) is the number of nodes
within a distance of ℓ along the edges in the network (indicated in red). The inset in each panel indicates
the local density, and the point pattern has a greater local density than the network. This is because
distance in the network is restricted to the edges of the system, so ρP(ri; ℓ) ≥ ρG(ni; ℓ). In this figure,
ℓ = 0.05 was chosen make the differences between the point pattern and network local densities easily
interpretable.

This previous work is important for better understanding the worst-case scenarios of the Delau-
nay triangulation’s distortion of distance, but it does not address how effective the Delaunay triangu-
lation is in typical situations. Here, we investigate the properties of the Delaunay triangulation when
constructed for various 2D point patterns that reflect real systems. We determine how the underlying
structure of each point pattern affects the structures of the triangulations. We specifically compare
the Delaunay triangulations constructed on two classes of systems: hyperuniform point patterns
and nonhyperuniform point patterns. Hyperuniform systems are a state of matter characterized by
the suppression of long-range density fluctuations [39–47]. They consist of ordered hyperuniform
systems, such as crystals, and the exotic state of disordered hyperuniform systems, which possess
properties of crystals (e.g. suppression of infinite-wavelength density fluctuations) and also proper-
ties of liquids (e.g. isotropy). Because of these dual properties, disordered hyperuniform systems
are thought to have a “hidden order” [48, 49]. We are interested in the degree to which spatial
network methods reproduce the complexity of these exotic states of matter, if they are able to
capture the hidden order of disordered hyperuniform systems, and how the results of spatial network
methods applied to disordered hyperuniform systems compare to the results of their application to
better-studied (e.g. Poisson) systems.

We show that various centrality measures are able to correctly sort triangulations based on their
level of order, but they are unable to completely differentiate between structurally similar hyper-
uniform and nonhyperuniform systems. To uncover the reasons for this imperfect sensitivity, we
investigate whether the Delaunay triangulation distorts the density of these systems (i.e. investigate
how using the network distance measure changes our measurements of density when compared
to the Euclidean distance between points) and, if there is distortion, what mechanisms cause
this distortion. We perform this density investigation by studying the local point pattern density
ρP(ri; ℓ) of every point at position ri and local network density ρG(ni; ℓ) of every node ni for each
system. The local density ρP(ri; ℓ) of a point ri is the number of points within Euclidean distance
ℓ from the point (i.e. the number of points within a circle of radius ℓ centered at ri), and the local
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density ρG(ni; ℓ) of a node ni is the number of points within a network distance ℓ (i.e. a traversal
along the edges that is smaller than ℓ) (see Fig. 1 and Section 2 for more details). Because distance is
only measured along the edges of the network, distances between points in the network differ from
the distances in the point pattern. As a result, local densities are not equivalent between the points
and their respective nodes ρP(ri; ℓ) ̸= ρG(ni; ℓ). We are interested in understanding how these
different measures of distance distort the density, which will affect the triangulation’s reproduction
of structural properties.

Our analysis of local densities indicates distinct differences between nonhyperuniform and
hyperuniform systems. We find that in nonhyperuniform systems ρP(ri; ℓ) is highly correlated
to ρG(ni; ℓ), yet it is uncorrelated in hyperuniform systems. Comparison of the network pair-
correlation function to the pair-correlation function of the point pattern indicates that density
distortions are slightly larger in hyperuniform systems. That is, in the hyperuniform systems,
the tortuosities of the Delaunay Triangulation are slightly larger (i.e. the paths are less direct)
than nonhyperuniform systems. We investigate the ability of the Delaunay triangulation to cap-
ture the density fluctuations of each system using local density covariance functions Cρ(r; ℓ)
(see Section 2). For nonhyperuniform systems, the local density covariance function is similar
between the point pattern and the network. On the other hand, we find that, in the point pattern,
hyperuniform systems have little to no correlation between ρP(ri; ℓ) for pairs of points at any
distance, but, in the network, hyperuniform systems have a positive correlation of ρG(ni; ℓ) for
pairs of nodes separated by short distances. This indicates that the connected nature of the network
prevents the network density from fluctuating as quickly as in the point pattern. Thus, the derived
network’s density does not reflect the density of its underlying point pattern. In summary, we show in
this manuscript that the Delaunay triangulation reproduces the point pattern’s density information
in nonhyperuniform systems, which reflect more typical real-world systems, but it is ineffective
at capturing the unique density properties of disordered hyperuniform systems. Thus, in most
applications, the Delaunay triangulation is an effective tool for utilizing a network-based approach
to study physically embedded data.

This manuscript is organized in the following manner. In section 2, we present key concepts:
hyperuiformity, graph definitions, local density, and the various network measures we employ
to study the triangulations. In section 3, we present the various models that we studied in our
investigation. In section 4, we present the results of our applications of these network measures to
the triangulations. Finally, in section 5, we interpret our results and discuss the conclusions we draw.

2. KEY CONCEPTS
2.1. Hyperuniformity and nonhyperuniformity

Hyperuniformity is a novel state of matter that is currently studied in physical space [39–41, 50].
Hyperuniform many-particle systems are characterized by the suppression of the system’s long-
range density fluctuations [39, 41]. For a many-particle system in d-dimensional Euclidean space,
we can determine the class of system based on the following variance scaling:

lim
v(R)→∞

σ 2
N(R)

v(R)
=


0 Hyperuniform
C Nonhyperuniform
∞ Antihyperuniform

(2.1)

Here, v(R) is the volume of a d-dimensional sphere of radiusR. That is, in hyperuniform systems the
variance in the number of particles inside a d-dimensional sphere of radius R increases slower than
the volume of the hypersphere, in nonhyperuniform systems the number of particles and volume of
the hypersphere increase at the same rate, and in anti-hyperuniform systems the number of particles
increases faster than the volume of the hypersphere. Here we focus on point patterns defined in 2-
dimensional space, so we compare the variance in the number of points that fall within circles of
radius R to the areas of these circles. Hyperuniformity can also be defined in terms of the structure
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Delaunay triangulation’s reproduction of density · 5

factor S(k), which is calculated based on the Fourier transform of the pair-correlation function g2(r)
[41], i.e.

S(k) = 1 +

∫
Rd

[g2(r) − 1] exp(−ik · r)dr. (2.2)

Each system is defined based on limk→0S(k), with hyperuniform systems having limk→0S(k) = 0,
nonhyperuniform systems having limk→0S(k) = const., and antihyperuniform systems having
limk→0S(k) = ∞. The hyperuniform systems are categorized into three classes based on the
large-R scaling behavior of the number variance [41]:

σ 2(R) ∼


Rd−1, α > 1 (Class I)
Rd−1 lnR, α = 1 (Class II)
Rd−α , 0 < α < 1 (Class III).

(2.3)

Here α is the scaling exponent of the structure factor, which is a radial power-law of the form
S(k) ∼ |k|α as |k| approaches zero. For this investigation, all hyperuniform point patterns belong
to Class I.

2.2. Graphs and networks
A graph, or synonymously, network G(N , E) is defined by a set of nodes N of size N and its set
of connecting edges E where an edge indicates a local interaction or relationship between a pair of
nodes. Here, we create weighted networks from point patterns, where every edge E ∈ E possesses
a weight attribute equivalent to the Euclidean distance between the two nodes connected by the
edge. This weight allows us to compare the network to the underlying point pattern. We use these
weighted networks for our analysis.

2.3. Local density
The local density ρ(r; ℓ) around the location r in the point pattern is the number of points within a
distance ℓ from that location. Since we are interested in comparing the points of the point pattern ri
to the corresponding nodes in the network ni, we focus on calculating the local density around each
point in the network ρ(ri; ℓ). It can be represented mathematically as:

ρP(ri; ℓ) =

∑
j∈R

2(ℓ − d(ri, rj)) (2.4)

Here, 2(x) is the Heaviside step function, and d(ri, rj) is the distance between point i and point j.
The definition of the local network density is similarly:

ρG(ni; ℓ) =

∑
j∈N

2(ℓ − d(ni, nj)) (2.5)

However d(ni, nj) is slightly different from the point pattern definition of distance. In the point
pattern d(ri, rj) is the Euclidean distance between the two points. In an unweighted network, the
network distance between two nodes d(ni, nj) is the fewest edges needed to traverse from ni to nj.
In our weighted systems, the distance d(ni, nj) is instead the smallest sum of edge weights (i.e. the
Euclidean distances between the edges’ points) along a path in the network between these two nodes
(i.e. the geodesic distance). As a result, the local network density ρG(ni) of every node is slightly
distorted because of this different definition of distance.

The differences between the point pattern and network density are presented in Fig. 1, which
shows the local point pattern density ρP(ri) (a) and local network density ρG(ni) (b) for a point ri
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and its corresponding node ni (blue point in the panels). The points included in the calculation of
local density are highlighted in red in each panel. In the point pattern (a), the points included in the
local density calculation are all points within a circle of radius ℓ. In the network (b), only the paths
highlighted in red have a network distance less than ℓ from the central node. There are fewer points
within distance ℓ in the network than the point pattern. Here, we use an ℓ of 0.05 for illustrative
purposes.

2.4. Computational implementation
We computationally implement these analysis methods in Python, utilizing the scipy, numpy,
and networkx packages to perform our analysis. Euclidean and network distance matrices are
calculated and saved as pickle files, which can then be recalled to enhance the efficiency of our
other analysis. The Euclidean distance matrix is calculated using the pdist function in the spatial
distance package of scipy with a Euclidean distance metric that incorporates the periodic boundary
condition of the point patterns. This takes O(n2) time. For the network distance matrix, we
use the networkx function all_pairs_dijkstra_path_length, which takes O(n2 log(n)) time for our
Delaunay triangulations. The code used for the analysis within this manuscript is available at:
https://github.com/EliNewby/NetworkHyperuniformity

2.5. Centrality metrics
The nodes of a network can be characterized by a variety of centrality measures, each representing
a different flavor of importance. Below, we present the formalization of the seven node centrality
measures we calculate on each Delaunay triangulation. Along with investigating the distributions of
these seven node centrality measures across all nodes in the network, we also report the distribution
of edge weights; this can be considered an edge centrality measure, with shorter edges being more
central.

2.5.1. Strength
The strength T(ni) of a node ni is a measure of how connected a node is to its surrounding nodes in
the network [11]. It is an extension of the degree to weighted systems. It is calculated as

T(ni) =

∑
nj∈Ei

1
d(ni, nj)

(2.6)

where Ei is the set of nodes that are connected with an edge to node ni, and d(ni, nj) is the distance
between nodes ni and nj (i.e. the weight of the edge). This is calculated for all nodes in O(n) time.

2.5.2. Nodes within distance ℓ
The nodes within distance ℓ on the network is equivalent to the local network density of the node,
so for a node ni the number of nodes within distance ℓ is ρG(ni; ℓ). This is calculated for all nodes
in O(n) time.

2.5.3. Closeness centrality
The closeness centrality C(ni) is a centrality measure that measures how close a node ni is to the
rest of the network [51]. It is calculated by finding the sum of the reciprocal of the network distance
between ni and every other node in the network. That is,

C(ni) =

∑
j∈N

1
d(ni, nj)

(2.7)

After the network path matrix is calculated, this metric can be calculated in O(n) time.
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2.5.4. Betweenness centrality
The betweenness centrality B(ni) measures how important a node ni is for traversing the network
[52]. It is calculated as:

B(ni) =

∑
nj,nk∈N
ni ̸=nj ̸=nk

σnj,nk(ni)
σnj,nk

(2.8)

where σnj,nk is the number of shortest paths (i.e. the number of equivalent paths that have a smaller
network distance than any other path) between nodes nj and nk, and σnj,nk(ni) is the number of
shortest paths that pass through ni. In other words, the betweenness centrality is a calculation of
the fraction of shortest paths between a pair of nodes that pass through ni summed over all pairs of
nodes. This is calculated in O(n2log(n)) time.

2.5.5. Eccentricity
The eccentricity E(ni) identifies the maximum distance between ni and every other node in the
network [53]. That is,

E(ni) = max
nj∈N

d(ni, nj) (2.9)

This is calculated in O(n) time.

2.5.6. Katz centrality
The Katz centrality K(ni) is a measure that incorporates all of the paths in the system to determine
the centrality of a node ni [54]. It is calculated in two equivalent ways, both using the weighted
adjacency matrix:

K(ni) = α
∑
nj∈N

AninjK(nj) + 1 =

∞∑
k=0

∑
nj∈N

αk(Ak)ninj (2.10)

where the adjacency matrix A is defined such that the element Aninj = 1 if there is an edge between
nodes ni and nj and otherwise Aninj = 0. We use a the weighted adjacency matrix, which still sets
Aninj = 0 if there is no edge between nodes ni and nj, but when an edge does exist between the
nodes it setsAninj to the weight of the edge connecting ni and nj. α is an attenuation factor that must
be less than the reciprocal of the largest eigenvalue of A (i.e. α < 1/λmax).

The Katz centrality can be interpreted as a measure of a node’s importance by determining how
connected it is to all of the other nodes in the network through every possible path. Longer paths
are considered less important according to the value of α. Thus, in this calculation, the importance
of each path is dependent on both the weights on each edge in the path and on the number of edges
in the path, with larger weights and smaller numbers of edges both being more important. This can
be calculated in O(n) time.

2.5.7. PageRank
The PageRank algorithm is an extension of the random walk that was originally designed by Larry
Page to work as a search algorithm for Google [55, 56]. It measures the likelihood that a random
walker will end up at any given node. It differs from a standard random walk because at each step
there is only a probability α that the walker traverses an edge and a probability 1−α that the walker
instead randomly jumps to any other node in the network. Mathematically, we can define a vector
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−−→
π(t) where each element πi(t) represents the probability that a random walker is at node ni at time
step t. Thus, the PageRank algorithm is defined as:

−−−−−→
π(t + 1) = αP

−−→
π(t) + (1 − α)

J
N

−−→
π(t) (2.11)

where P is a normalized weighted adjacency matrix that is left stochastic (i.e. each column is
normalized to sum to 1) and J is a NxN matrix where every element is 1.

The values of the PageRank are calculated by finding the steady state of the PageRank algorithm
−→π∗. That is, finding the vector such that:

−→
π∗

= [αP + (1 − α)J/N]
−→
π∗ (2.12)

The values of this steady state vector are used as the centrality values of the nodes of the network.
This is calculated in O(n2) time.

2.6. Pearson correlation coefficient
The Pearson correlation coefficient (PCC) [57] is a statistical measurement of how linearly corre-
lated two data sets are. The PCC is a value between –1 and 1, where a value of 1 indicates that the
two sets are perfectly linearly correlated (i.e. the value of one set is a positive linear transformation
of the other set) and a value of –1 indicates that the two sets are perfectly linearly anticorrelated. It
is calculated as the ratio of the two sets’ covariance and the product of their standard deviations. We
represent this mathematically for two sets X and Y as:

rX,Y =
cov(X, Y)

σXσY
=

E[(X − µX)(Y − µY)]

σXσY
(2.13)

where cov(X, Y) is the covariance function, σX is the standard deviation of X, σY is the standard
deviation of Y , µX is the mean of X, µY is the mean of Y , and E is the expected value function.

2.7. Network pair correlation function
In particle systems embedded in Euclidean space, the pair-correlation function (i.e. radial distri-
bution function) g2(r) is a normalized measure of the density surrounding a given particle by
measuring the probability that two particles are at a distance r apart [41, 58]. We can define the
pair-correlation function mathematically in 2-D using the cumulative coordination number Z(r)
(i.e. the expected number of points within distance r from a given point in the system) as:

Z(r) = ρ2π

∫ r

0
xg2(x)dx, (2.14)

where ρ is the overall density of the system. The pair-correlation function indicates the probability,
relative to the infinite Poisson distribution, of two particles having a distance r between their centers.
In other words, an infinite Poisson distribution has a constant g2(r) = 1, so a system that is more
dense at distance r has g2(r) > 1 and a system less dense at distance r has g2(r) < 1. We translate
this idea into network science by replacing the Euclidean distance between points with the distance
based on network paths (i.e. x in Equation (2.14) is measured on the network instead of in Euclidean
space). For the network pair-correlation function, we utilize the same normalization scheme as the
point pattern pair-correlation function. That is, we still normalize Z(r) by the overall density of the
point pattern ρ and the volume of a Euclidean ring 2πrdr. Although this normalization scheme may
not accurately capture the density evolution of the network, it can be used to compare g2(r) of the
network to g2(r) of the point pattern.
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Delaunay triangulation’s reproduction of density · 9

2.8. Local density covariance function
The local density covariance function is related to the pair-correlation function in that it provides
a description of the density of the system, but instead of measuring the local density around a
single point, it measures the correlation between the local densities of two points that are located at
positions r1 and r2 with respect to the average local density. This is a specific case of the covariance
function between two variables in space [59]. It can be described as:

CρP(r1, r2; ℓ) =
⟨ρP(r1; ℓ)ρP(r2; ℓ)⟩ − ⟨ρP(r1; ℓ)⟩⟨ρP(r2; ℓ)⟩

σρP(r1|r2;ℓ)σρP(r2|r1;ℓ)
(2.15)

Here, ⟨·⟩ represents the ensemble average, and σρP represents the standard deviation of the distri-
bution of local point pattern densities. Like the pair-correlation function, because our systems are
isotropic, we can collapse this function to depend on the distance between the two pointsCρP(r) for
r = |r1 − r2|. Qualitatively, this function allows us to observe if on average two points a distance r
apart have similar local densities, which informs how density fluctuates throughout the system. We
also calculate a network version of this density function CρG(r; ℓ) where the local network density
around every node ρG(ni; ℓ) is used instead of the local point pattern density ρP(ri; ℓ) and the
distance between points is determined based on the network distance r= d(ni, nj).

3. MODELS
We determine the Delaunay triangulation of seven different classes of point patterns. We analyze
one antihyperuniform system obtained from the hyperplane intersection process (HIP) [60], two
standard nonhyperuniform systems obtained respectively from Poisson and random sequential
addition (RSA) [61, 62] processes, four disordered hyperuniform point patterns: one nonstealthy
hyperuniform point pattern [63, 64] and three stealthy hyperuniform point patterns [65–67]. In
applicable cases, we also use the triangular lattice as a benchmark. Figure 2 presents representative
images of these eight point patterns. Each image is also labeled with the zero-wavenumber limit
value of the structure factor limk→0 S(k) for that point pattern, to indicate the different classes of
systems. These structure factor limits indicate how well each system suppresses infinite wavelength
density fluctuations, which can be used in conjunction with hyperuniform order metrics, such as
those shown in Table 3 of [41], to rank-order these systems.

The hyperplane intersection process (HIP) is the point process resulting from the intersection
points of random, independent placements of hyperplanes. To generate this process in 2D, we
find the intersections of a Poisson distribution of lines with random orientation and distance from
the center of the unit cell. The resulting point process is hyperfluctuating. That is, the system
is antihyperuniform because the number variance increases faster than the size of observation
windows, which results in limk→0S(k) = ∞.

A Poisson point process of N points in 2D is generated by placing the N points within a unit
box with uniformly chosen points from R2. This results in a point pattern with structure factor
S(k) = 1 for all k, which is nonhyperuniform. A random sequential addition (RSA) process in d-
dimensions is a process of sphere packing in Rd. Within the unit cell, hard d-dimensional spheres
of fixed radius are sequentially added to the system in random positions, where the sphere is not
placed if it would overlap with any previously placed spheres. Spheres are added until the unit cell is
maximally saturated. The structure factor of the 2D RSA packing has been numerically determined
to be limk→0 S(k) ≈ 0.05869. This value, while nearly zero, shows that the RSA packing is a
nonhyperuniform system.

The nonstealthy hyperuniform point process is generated using a Gaussian pair statistic, with
g2(r) = 1 − exp(−πr2). This model has α = 2, which is a Class-I hyperuniform system,
with S(k) ∼ k2 for small k values. Stealthy hyperuniform systems are a special subset of
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10 · Newby et al.

Figure 2. Representative plots of the model point configurations. The inset of each figure indicates the
structure factor of the point configuration at the zero-wavenumber limit limk→0 S(k).

Class-I hyperuniform systems possessing a zero structure factor for a range of wavevectors around
the origin, i.e.

S(k) = 0, for k ∈ �, (3.1)

excluding the forward scattering. Stealthy hyperuniform systems include all crystals and certain
special disordered systems, which are characterized by a parameter χ reflecting the fraction of the
constrained degrees of freedom in the system [41, 68], i.e.

χ = N�/(N − d) (3.2)

whereN� is the number of constrained degrees of freedom in the systems andN is the total number
of degrees of freedom. We note d degrees of freedom associated with the trivial overall translation
of the entire system are subtracted in Equation (3.2). In the case of point configurations, it has
been shown that increasing χ leads to increased degree of order in the systems [41, 68]. Disor-
dered stealthy hyperuniform point configurations can be geneated using the so-called “collective
coordinates” approach [41, 68].

For each of these seven types of systems, we generated a set of 10 different realizations for HIP,
RSA and the stealthy hyperuniform systems, 6 different point patterns for the Poisson case, and
9 different point patterns for the nonstealthy hyperuniform case. Each point pattern consists of
∼ 10000 points within a unit square box. We subsequently generated the Delaunay triangulations
of these point patterns using periodic boundary conditions (PBC). Because our point patterns are
2D and have a periodic boundary condition, every Delaunay triangulation has an average degree
of 6, which follows from the Euler characteristic of a torus being zero. This property allows a
comparison to the triangular lattice (i.e. an ordered hyperuniform system). Furthermore, to capture
the information on the local neighborhood around each node, we characterize each edge of the
networks with a weight indicating the Euclidean distance between the corresponding two points
in the system.
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Delaunay triangulation’s reproduction of density · 11

4. RESULTS
We analyze Delaunay triangulations built from seven different types of point patterns: HIP, Poisson,
RSA, nonstealthy hyperuniform, and three stealthy hyperuniform. These systems are detailed in
Section 3. We first determined the maximum tortuosity (ratio of the network distance and Euclidean
distance) for each system. The highest tortuosity found across our systems was 1.46, the smallest
maximum tortuosity of any system was 1.40, and the maximum tortuosities average to 1.42. Analysis
of the maximum tortuosities indicates that these tortuosities result from network paths containing
between 2 and 4 edges. That is, the largest difference between the network distances and the
Euclidean distances occurs for short paths, which indicates that the high tortuosity is due to the
short-range jaggedness of these triangular networks. The tortuosity decreases as the path gets larger
because high tortuosity paths are combined with low tortuosity short paths, lowering the overall
tortuosity. Thus, our systems do not reach tortuosities near the theoretical maximum (i.e. between
1.59 and 1.84), which indicates that these systems are structurally different from the typically
studied Delaunay triangulation extremes. Despite this distinction, the networks do distort the
underlying Euclidean distances of the point pattern.

4.1. Centrality metrics correctly rank-order non-hyperuniform and hyperuniform
systems separately

The point patterns analyzed in this manuscript can be ordered based on their measured suppression
of infinite-wavelength density fluctuations. We can use the limit of the structure factor as the
wavenumber approaches zero limk→0 S(k) to order the antihyperuniform and nonhyperuniform
systems. Because the limit of the structure factor is zero for all hyperuniform systems, we also
utilize the scale-independent surface-area coefficient (see Table 3 in [41]), which is a hyperuniform
order metric, to order the hyperuniform systems. Thus, when ordering the point patterns based on
their suppression of long-range density fluctuations, we get the following order: HIP, Poisson, RSA,
Nonstealthy Hyperuniform, Stealthy χ = 0.20, Stealthy χ = 0.40, Stealthy χ = 0.49, where the HIP
point pattern is the suppresses long-range density fluctuations the worst and the Stealthy χ = 0.49
point pattern suppresses long-range density fluctuations the best. Here, we assess whether network
measures can recapitulate this order, which would indicate a one-to-one correspondence between
the point patterns and the Delaunay triangulation networks.

On these networks we investigate a variety of network centrality metrics (see Section 2) to
describe the degree of order in the Delaunay triangulations. Specifically, we interpret the dispersion
of the centrality metric’s distribution as a descriptor of the network’s position on a spectrum
between order (i.e. low dispersion) and disorder (i.e. high dispersion). We test a variety of centrality
measures to investigate how successful various measures are at ordering the Delaunay triangulation
networks based on the expectation from the point patterns. These centrality measures are chosen
to have varying length scales to attempt to capture the various length scales of order present in
our systems. We specifically investigate weighted centrality measures because the inclusion of edge
weights assists in capturing the local neighborhoods of the original point pattern. The dispersions
of each system’s triangulations are compared to each other to determine if a given centrality metric
can recapitulate the known placement of the underlying point patterns on the spectrum between
disorder and order (i.e. in the following sequence: HIP, Poisson, RSA, Nonstealthy Hyperuniform,
Stealthy χ = 0.20, Stealthy χ = 0.40, Stealthy χ = 0.49, triangular lattice). The extent of success of
each centrality metric also provides insight into what aspects of the point pattern are reproduced by
the triangulation.

For each centrality metric, we calculate every system’s quartile coefficient of dispersion
(QCD = (Q3−Q1)/(Q3+Q1)), whereQ1 andQ3 are the first and third quartile of the distribution
respectively, based on the distributions of centrality values of every node in every network of a
given type. The QCD is a robust measure of scale that is used to compare the amount of dispersion
between distributions. To act as a point of comparison, we calculate the QCD of each centrality
measure on the triangular lattice (i.e. an ordered hyperuniform system). Figure 3 presents the QCDs
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12 · Newby et al.

Figure 3. Quartile coefficient of dispersion (QCD) for the distributions of various centrality measures
values. QCDs are calculated for each of the seven network types, and we include the triangular lattice as a
point of comparison. Hyperuniform networks are represented with a triangular symbol, and
nonhyperuniform networks are represented with a circular symbol. We note that because each metric has
a different algorithm, the QCD values are not comparable between the different metrics. We also not that
the y values of these points have no inherent meaning and are only used to visually separate the points.

for every centrality measure. Hyperuniform systems are represented with triangular symbols, and
the nonhyperuniform systems are represented as circles. We note that each of the centrality metrics
are calculated using a different algorithm, so the values of the QCDs of different metrics should not
be compared.
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Delaunay triangulation’s reproduction of density · 13

Because the triangular lattice is a regular network, it receives a QCD of 0 for every centrality
measure (i.e. there is no dispersion because every node is equivalent). Among the centrality
measures, all, except the betweenness centrality, correctly place the HIP triangulation as the most
heterogeneous (i.e. least suppression of long-range density fluctuations) of the systems and the
Poisson triangulation as the second most heterogeneous. The reason for this discrepancy in the
betweenness centrality is likely the fact that the betweenness centrality depends on a network
sharing many equal-length paths, which does not occur as often when calculating weighted paths.
Indeed, the HIP does have the highest QCD for the unweighted betweenness centrality. Many
of the centrality measures—strength, betweenness centrality, Katz centrality, PageRank, and edge
centrality—place the three stealthy hyperuniform systems in order. That is, the stealthy hyperuni-
form systems with lower χ values have higher QCDs. This ranking recapitulates the analogous
result for point patterns [39]. These centrality measures all measure short to moderate length-scales,
and three of them—betweenness centrality, Katz centrality, and PageRank—involve measuring the
variety in paths through the systems. In the cases where the three stealthy hyperuniform systems are
incorrectly placed—closeness centrality, eccentricity, nodes within distance 0.05, and nodes within
distance 0.20—, the deficiency is in distinguishing between the χ = 0.40 and χ = 0.49 systems. We
conclude that the placements of the QCDs of some centrality measures can provide a means for
rank-ordering the hyperuniformity of these various triangulations, but this is not universally true
for all centrality measures.

Despite generally following the expected ranking of QCD values, the centrality metrics do
not fully capture some of the more subtle differences between the systems. Specifically, the RSA
system, while nonhyperuniform, always has a QCD that lies within the hyperuniform systems. The
RSA point pattern is considered a nearly-hyperuniform system (i.e. the RSA’s normalized variance
becomes very small in the infinite limit, but it approaches the constant 0.0589 instead of zero [69,
70]), so this placement within the hyperuniform systems is not surprising. The fact that the RSA is
placed in this location for all the centrality metrics indicates that the centrality metrics are incapable
of fully differentiating between hyperuniform and nonhyperuniform systems. That is, for a system
that is very similar to, but has subtle differences from hyperuniform systems, we get a triangulation
that is statistically identical, based on the centrality values, to the triangulation of hyperuniform
systems. This result, along with the errors in the placements of hyperuniform systems for some
centrality metrics, suggests that the Delaunay triangulation may not sufficiently capture density
information of the underlying point pattern, leading to a loss of the subtle differences between the
properties of the hyperuniform point patterns and of the RSA. Indeed, our comparisons between the
network density and density of the underlying point pattern, which we describe in the next section,
demonstrate that the Delaunay triangulation distorts density in hyperuniform point patterns to
reduce the suppression of density fluctuations and inversely distorts the density in the RSA systems
to increase the suppression of density fluctuations. These distortions render the hyperuniform
triangulations more similar to the RSA system’s triangulation.

4.2. Non-hyperuniform systems have correlated local densities
To investigate the degree of the Delaunay triangulation’s reproduction of the density fluctuations
of the system, we compare the local Euclidean density ρP(ri; ℓ) around each point ri to the local
network density ρG(ni; ℓ) around the corresponding nodeni. Figure 4 showcases these comparisons
as scatterplots of ρG(ni; ℓ) vs ρP(ri; ℓ) for ℓ= 0.20 for every point/node in each system. From Fig. 4,
it is clear that the antihyperuniform and nonhyperuniform systems have a correlation between
the point pattern density and network density, but no correlation is evident for the hyperuniform
systems. We provide a visual of this difference of densities in Fig. 5, which shows the local densities of
the point patterns on the top and the local network densities on the bottom for the Poisson system,
RSA system, and the stealthy χ = 0.40 system. The correlation is visually apparent in the Poisson
and RSA systems, with the dense sections of the point pattern also being dense in the triangulation,
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Figure 4. Density comparison between the Delaunay triangulation and its underlying point pattern. For
each point in a system, we find the number of points within a Euclidean distance of 0.20 in the point
pattern ρP(ri; 0.20) (x-axis) and plot it against the number of nodes within a network distance of 0.20 of
the corresponding node in the Delaunay triangulation ρG(ni; 0.20) ( y-axis). The network distance is
calculated only along the weighted edges of the network, which is why it does not have the same density
values as the point pattern. The nonhyperuniform systems are in the top row, and the hyperuniform
systems are in the bottom row. We have chosen 0.20 for ℓ in this figure to achieve a long-range
measurement that will not have boundary effects from the periodic boundary conditions.

but this is not true for the hyperuniform system, where there is no relationship between the densities
in the two representations.

We note that the hyperuniform systems cover a smaller range of values in both densities than
the nonhyperuniform systems. The limited range of both densities may contribute to, but does not
explain, the lack of correlation. To assess if the lack of correlation in hyperuniform systems is a result
of this smaller range of values, we calculate the Pearson correlation coefficient (PCC) between the
densities of the triangulations ρG(ni) and of the point patterns ρP(ri) at various selection radii ℓ.
Figure 6 shows the evolution of the PCC for each system type over ℓ values from 0 to 0.5. We do
not consider ℓ values greater than 0.5 because radii larger than 0.5 begin to see the boundary effects
of these finite systems. It is clear from Fig. 6 that the trend in the PCCs for hyperuniform systems
is qualitatively different from the trend of nonhyperuniform systems. Every system begins with a
PCC of 1 because the triangulation’s weighted edges preserves the local information in the nearest
neighbors of the point pattern. The PCC of the HIP, Poisson and RSA systems remains high over the
whole range of ℓ. In contrast, the PCC of hyperuniform systems quickly decreases to 0, indicating
that the triangulation’s density is not correlated to its underlying point pattern beyond the local
level. This result indicates that the weighted Delaunay triangulation does not accurately capture the
density of hyperuniform point patterns beyond the local length scale.

We also note that the correlations of the stealthy hyperuniform systems in Fig. 6 show damped
oscillations around the correlation of zero. This feature indicates that at certain ℓ values the
stealthy hyperuniform Delaunay triangulation is worse at capturing the denser parts of the point
pattern, causing the two densities ρP(ri) and ρG(ni) to be anticorrelated. At larger ℓ values this
anticorrelation becomes a slight correlation because the system is connected, causing the newly
included nodes to be anticorrelated with the original anticorrelated nodes. Because of the long-
range order of these systems, as ℓ increases the local densities ρP(ri) and ρG(ni) become more
uniform, which causes the oscillations to dampen. This result indicates that further investigation
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Delaunay triangulation’s reproduction of density · 15

Figure 5. Illustrative examples of the point pattern density (top row) and network density (bottom row)
of the Poisson, RSA, and stealthy χ = 0.40 systems. In each plot, the local density within a distance of 0.05
(i.e. ρP(ri; 0.05) and ρG(ni; 0.05) for the point pattern and network, respectively) is indicated. We note the
high degree of similarity of the point pattern and network plots for the nonhyperuniform systems, which is
not present in the hyperuniform system. We have chosen ℓ = 0.05 in this figure because it best illustrates
the local density differences between the different types of systems.

Figure 6. Pearson correlation coefficients (PCC) of the network and point pattern densities for increasing
distances ℓ. For each system, we calculate the PCC between the network densities (i.e. the number of
nodes with a network distance ≤ ℓ for each node) and the point pattern densities (i.e. the number of
points with a Euclidean distance ≤ ℓ for each point). We calculate these PCC values for ℓ values between
0 and 0.5 because for ℓ > 0.5 we begin to see finite size effects.
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Figure 7. Network pair-correlation function for each system. The pair-correlation function provides the
conditional probability of finding a point at distance r from a given point at the center. We extend this
concept to networks by finding the probability that a node will be at network distance r from another
node. To normalize the network pair-correlation function, we use the same normalization as the Euclidean
pair-correlation function; this normalization causes the functions to approach values slightly less than 1.

of the network density ρG in comparison to the underlying point pattern ρP is needed to reveal how
the structure of the stealthy triangulations affect their ability to capture the density of the original
point pattern.

4.3. The network pair correlation function highlights that hyperuniform systems have
larger distortions in distance

To determine why the Delaunay triangulation is unsuccessful at reproducing the density of hy-
peruniform point patterns, we investigate a variety of correlations on our various systems. The
first function that we investigate is the network pair-correlation function. This function reveals
the general density distribution around nodes within the network. The triangulation, by nature,
stretches the distance between points in comparison to the point pattern, so we expect that the
network pair-correlation function g(r) can be used to understand how the triangulations distort
density when compared to the point pattern pair-correlation function g2(r). Figure 7 shows the
network pair-correlation functions (blue) and point pattern pair-correlation functions (orange)
for each system. From these plots, we can see that initially the network function is equivalent
to the point pattern function, but these curves begin to differentiate as r increases. Over all r,
every network pair correlation function maintains the same form as its corresponding point pattern
function. The antihyperuniform HIP system’s pair correlation decreases from infinity as r increases,
the Poisson system’s is nearly constant for any r, the nonstealthy hyperuniform system’s pair
correlation increases to a constant as r increases, and the RSA and stealthy hyperuniform systems
showcase damped oscillations. The damped oscillations are a result of the more binned nature
of the distances between points. Furthermore, traversing the network on edges of similar lengths
more rigidly bins the distances causing the oscillations in the network pair correlation function
to be larger.

Despite the network correlation functions having the same functional form, there are differ-
ences that result from the network structure. The network pair-correlation function ultimately
decreases below the point pattern pair-correlation function. This happens because the network
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Table 1. Limits of network pair-correlation functions as r approaches infinity for each
Delaunay triangulation

Non-Stealthy Stealthy Stealthy Stealthy
Network HIP Poisson RSA Hyperuniform χ = 0.20 χ = 0.40 χ = 0.49

limr→∞ g(r) 0.9443 0.9134 0.9173 0.9139 0.9120 0.9131 0.9125

pair-correlation function is normalized using the same ring area as the original pair-correlation
function. The stretching of the distances in the triangulation effectively reduces the measured
network density. This causes the network pair-correlation function to approach values slightly
lower than 1 at large r, which is the limit of the point pattern pair-correlation functions. When
analyzing the limits of the network functions as r approaches infinity (Table 1), we see that the
stealthy hyperuniform systems have the lowest limits and the antihyperuniform HIP system has the
highest limit. This indicates that the hyperuniform systems have a slightly higher distortion between
the Euclidean distance and the network distance between points. We note that the differences
between these limits are not significant enough to indicate large structural differences between
the different networks. Nevertheless, this slight difference is expected because a lattice (which the
stealthy hyperuniform systems resemble) constrains the directions that can be traversed, which
causes more tortuous paths (e.g. in a square lattice all edges are horizontal or vertical, but pairs of
nodes separated by both horizontal and vertical edges have a much shorter Euclidean distance on
the inaccessible diagonal between the two nodes). This increased stretching in the hyperuniform
systems is indicative that these systems create larger distortions of the underlying density in the
construction of the triangulation, which, in turn, causes the density fluctuations in the hyperuniform
systems to be masked.

4.4. Hyperuniform networks and their corresponding point patterns exhibit different
local density covariances at short distances

Calculating local density covariance Cρ(r; ℓ) functions allows us to compare the density fluctu-
ations of the point pattern with those of the network. Figure 8 plots each system’s local density
covariance function for the point pattern CρP(r; 0.10) (panel a), local density covariance function
for the network CρG(r; 0.10) (panel b), and the difference between the point pattern local density
covariance function and network local density covariance function CρP(r; 0.10) − CρG(r; 0.10)
(panel c). For these plots, we choose a ℓ value of 0.10, to be large enough to capture the surrounding
density of each point without having too much noise and small enough that the number variance
of the hyperuniform systems is not too small. The point pattern and network local density covari-
ance functions both showcase a qualitative difference between the hyperuniform systems and the
nonhyperuniform systems: the hyperuniform systems have much lower covariance values across
all r. These near zero covariance values at almost all distances indicate the suppression of density
fluctuations in the hyperuniform systems. For the HIP, Poisson, and RSA systems, the local density
covariance is positive and decreasing with distance in both the point patternCρP(r) and the network
CρG(r). For the HIP and Poisson systems, these functions are are very similar with a small difference
between the network and point pattern functions. While still similar overall, the RSA system is less
similar, and it is the only system in which the local density covariance is smaller in the network
than in the point pattern. These positive difference values in Fig. 8c indicate that the triangulation
suppresses density fluctuations more than the point pattern. The local density covariance functions
for the hyperuniform systems have a different shape when comparing the point pattern covariance
function CρP(r) and the network covariance function CρG(r). For the hyperuniform systems the
point pattern local density covariance function CρP(r) has very small values across all r while the
network’s local density covariance function CρG(r) begins with positive correlations that decrease
to zero as r increases. The negative values of the differences for the hyperuniform systems indicate
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Figure 8. Local density covariance function for the point pattern CρP(r; 0.10) (a) and the network
CρG(r; 0.10) (b). We also calculate the difference between the point pattern local density covariance
function and network local density covariance function CρP(r; 0.10) − CρG(r; 0.10) (c). The local density
covariance function quantifies the correlation of local densities ρP(ri) (ρG(ni)) between two points
(nodes) at a distance r apart. Here, we calculate the local density using ℓ= 0.10, which is large enough to
avoid the initial noise of small distances while also still being local to each point (node).

that the triangulation is worse at suppressing density fluctuations than the point pattern. Thus, in
the construction of the Delaunay triangulation an added covariance at small r is manufactured.

This result elucidates why the Delaunay triangulation is ineffective at capturing the density fluctu-
ations of hyperuniform systems. Because disordered hyperuniform point patterns are characterized
by suppression of normalized large-scale density fluctuations while also being statistically isotropic
with no Bragg peaks, the local densities of neighboring points in the point pattern are not correlated.
That is, the immediate neighbohood (i.e. small r) of each point can have very different local density
values ρP(ri) in the point pattern. This property can be seen in Fig. 5, where the stealthy χ = 0.40
system has points of opposite density neighboring each other. On the other hand, in the triangu-
lation, each node is connected to its immediate neighbors, so the local network density ρG(ni)
of one node cannot be substantially different from its neighbor, which manifests as the positive
local density covariance for small r in the networks. The rapid decay of the network covariance
functions for hyperuniform systems indicates that the triangulation effectively suppresses large r
density fluctuations. In summary, the rapid density fluctuations between neighbors of the point
pattern cannot be replicated in the Delaunay triangulation by nature of the construction of the
network, which results in the density of the triangulation not mirroring the density of the point
pattern. Conversely, because the other, nonhyperuniform point patterns have positive covariance at
small r, the network is capable of reproducing the density fluctuations of these systems.

5. DISCUSSION
In this manuscript, we provide a detailed investigation of the Delaunay triangulation as a means
of translating point patterns into spatial networks. Because the distance metric is changed in
the translation of the point pattern into a network, we specifically investigated how effective the
Delaunay triangulation is at capturing the local densities ρP(ri) of the point patterns by analyzing
the correlations between ρP(ri) and the local network density ρG(ni) and how effective the trian-
gulation is at reproducing the fluctuations in local densities between points by analyzing the local
density covariance of the point pattern CρP(r) and the network CρG(r). We studied seven different
types of point patterns, which can be sorted into three classes, antihyperuniform, nonhyperuniform,
and hyperuniform. We were interested in better understanding whether, and how the Delaunay
triangulation distorts the local densities of the point pattern. Understanding these distortions
determines the efficacy of using the Delaunay triangulation as a spatial network tool to investigate
embedded systems. Because density distortion is inherent to the translation from a point pattern
to a network, it is pertinent that this same investigation be carried out on other spatial network
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construction algorithms, so we can assess how effectively these tools preserve key properties of the
point pattern. We plan to carry out these investigations in future work.

We were motivated to do this investigation of the Delaunay triangulation because our analysis
of the heterogeneity of centrality measures was not able to identify a centrality measure that reca-
pitulated the results of a number variance analysis of the point patterns. Some centrality measures
were unable to accurately sort hyperuniform networks into the expected sequence, and none of
the centrality measures were able to completely differentiate hyperuniform triangulations from
nonhyperuniform triangulations. Specifically, the nonhyperuniform RSA system achieved QCD
values similar to the stealthy hyperuniform systems in every centrality measure. Thus, while some
centrality measures were effective at rank-ordering the various hyperuniform and nonhyperuniform
systems within their own class (e.g. the Katz centrality and PageRank), they were all ineffective at
separating the QCD values of the RSA system from the hyperuniform systems. Since we tested a
diverse population of centrality metrics with a variety of length scales, we believe that the inability
of any of these metrics to classify the systems indicates that there is a systematic error of the Delaunay
triangulation. This error prevents the triangulation from accurately capturing the subtle density
features of the hyperuniform systems.

We applied a variety of measures to our systems to elucidate how the local densities of each point
are distorted in their respective networks. We first investigated how the local density of each point
ri in the point pattern ρP(ri) correlates with the local density of the corresponding node ni in the
network ρG(ni). This initial analysis confirmed that the Delaunay triangulation does not accurately
capture the density of the hyperuniform systems. As shown in Fig. 6, when comparing densities
at small ℓ there is a correlation between the network density and the density in the point pattern
because the Delaunay triangulation captures local information in the edge weights of the system, but
as ℓ increases, the hyperuniform systems’ correlations rapidly decrease to a nearly uncorrelated state.
The stealthy hyperuniform systems also display interesting oscillations around the correlation value
of 0, systems with higher χ values having a higher frequency. The determinants of this frequency
and their relationship to the Delaunay triangulation in stealthy systems provides a future avenue
to explore. Overall, these correlation results indicate that there is a stark difference in the ability
of the Delaunay triangulation to capture the density of point patterns, with a high fidelity for
nonhyperuniform systems and a low fidelity (i.e. no correlation at large ℓ) for hyperuniform systems.

To further explore the density of these systems, we utilized two different functions. First, the
network pair-correlation function allowed us to probe how the overall density of the system is dis-
torted by the Delaunay triangulation, and second, the local density covariance function allowed us to
probe how the density’s fluctuations are distorted by the Delaunay triangulation. The network pair-
correlation function indicated that the hyperuniform systems are distorted slightly more than the
nonhyperuniform systems, with this increased distortion likely contributing to the loss of density
information of the underlying point pattern. Along with this increased distortion, comparison of the
local density covariance functions Cρ(r) indicated that in the hyperuniform networks, two nodes
that are close together (i.e. small r) have correlated local densities (i.e. CρG(r) > 0), while their
corresponding points’ local densities are not correlated in the point pattern (i.e. CρP(r) ≈ 0). This
indicates that a major contributor to the density distortion is the fact that the network is a connected
entity, in contrast to the independent points of the point pattern, so the neighbors of a node cannot
have drastically different densities.

Through this density analysis we show that the construction of the Delaunay triangulation is
ineffective at capturing the local densities and density fluctuations of disordered hyperuniform sys-
tems, but it is still effective at capturing these properties in other systems. Disordered hyperuniform
systems are similar to liquids or glasses in that they are statistically isotropic and possess no Bragg
peaks, and yet they completely suppress normalized large-scale density fluctuations, like crystals,
and in this sense, possess a hidden long-range order. As evidenced by our results, the Delaunay
triangulation cannot replicate this unique structural property of hyperuniform systems because
the network connects neighboring points. This causes the disordered hyperuniform systems to
have local network densities that are correlated, which differs from the point patterns that have
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Table 2. Euclidean density assortativity of the Delaunay triangulations

nonStealthy Stealthy Stealthy Stealthy
Network HIP Poisson RSA Hyperuniform χ = 0.20 χ = 0.40 χ = 0.49

Euclidean Density Assortativity 0.993 0.958 0.823 0.179 –0.0277 0.0167 0.0559

no local point pattern density correlations at small r. In contrast, nonhyperuniform systems have
point patterns that have correlations at small r (i.e. CρP(r) > 0 for small r). Thus, the edges
of the Delaunay triangulation connecting points that have similar local point pattern densities
ρP(ri) results in nodes that have similar local network densities ρG(ni), which makes the Delaunay
triangulation of nonhyperuniform systems capable of reproducing the density fluctuations of the
underlying point pattern.

While this result shows that information derived from a Delaunay triangulation is not sufficient
to determine if a system is hyperuniform, there is still a rich potential for the intersection of network
methods with hyperuniformity. Current work is being done to use network information in conjunc-
tion with the point pattern to study hyperuniformity [71]. Networks can provide alternative ways to
study hyperuniformity, resulting in a better understanding of the unique properties of these systems.
For instance, our centrality analysis did showcase that path-based metrics were more successful
than other centrality measures, which indicates that hyperuniformity is likely related to transport
through the network. We expect further analysis of the paths in other spatial networks built from
hyperuniform systems, for example geometric networks, will reveal properties of efficient transport
in hyperuniform systems, which is a question that is currently being studied in point patterns
and two-phase materials [72–76]. Analysis of the triangulation’s Euclidean density assortativity
(i.e. the Pearson correlation coefficient of the local point pattern densities ρP(ri) between points
attached by an edge), shown in Table 2, indicates that the disordered hyperuniform networks do
not showcase Euclidean density correlations with their direct neighbors, which contrasts with the
nonhyperuniform systems. This property, which is only calculable on the network, is useful in better
understanding how each point in a disordered hyperuniform system interacts with its neighbors.
Further study of similar properties will yield a better understanding of these systems. An especially
relevant topic of investigation is understanding the exclusionary zones that are present in multi-
hyperuniform systems [77]. Thus, we believe that while network measures may not be useful
classifiers, the novel study of disordered hyperuniform systems using network-based analyses is an
interesting prospect with many open questions that require further investigation and the potential
to better understand this unique state of matter.

We conclude that the Delaunay triangulation is an effective model of the underlying point pattern
only when the local densities ρP(ri) of points that are located close together in the point pattern are
correlated (i.e.CρP(r) > 0 for small r). Fortunately, a point pattern having correlated local densities
is a general property, and the exotic state of matter of disordered hyperuniform systems is the first
discovered and currently the only system that is an exception from it. As we previously mentioned,
it is of future interest how this approach performs for other spatial network algorithms, such as
geometric networks, to further determine the applicability of spatial networks in density-based
analyses. Overall, the Delaunay triangulation is a useful tool for many real-world applications and it
is appropriate for spatial network analysis in most systems because it will reproduce the underlying
density of the point pattern.
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