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Systems of particles interacting via stealthy potentials, a family of soft, long-ranged, isotropic pair potentials,
possess infinitely degenerate disordered hyperuniform classical ground states of fundamental and practical
interest, highlighted by their novel optical and mechanical properties. The configurational dimensionality of
the ground-state manifold depends on a dimensionless parameter x that measures the number of independently
constrained degrees of freedom in a ground state. Starting from a wide class of initial two-dimensional point
configurations, we study the evolution of trajectories of the collective-coordinate optimization procedure to their
corresponding disordered stealthy hyperuniform ground states as a function of y within the disordered regime
(0 < x < 1/2). Initial conditions studied span a wide class of disordered systems, including antihyperuniform,
nonhyperuniform, and hyperuniform ones. The evolution of the trajectories is quantified by computing a trans-
lational order metric and configurational proximity metric as a function of the computational time for selected
values of x within the disordered regime. The rate at which trajectories approach the ground-state manifold is
fastest for those evolved from hyperuniform states and slowest for those evolved from antihyperuniform states.
We observe that ground-state ensembles with distinct pair statistics are sampled by different initial conditions
across a broad range of x and that these pair statistics are generally effected by higher-order spatial correlations
characterizing the initial condition. Learning how to manipulate initial conditions in the optimization procedure
to target different portions of the ground-state manifold enables one to explore structurally unique stealthy
ground states with designed short- up to intermediate-ranged spatial correlations for the purposes of materials

discovery.
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I. INTRODUCTION

Disordered hyperuniform systems are exotic states of mat-
ter that anomalously suppress infinite-wavelength normalized
density fluctuations relative to those in ordinary liquids and
structural glasses [1,2]. They arise in a variety of contexts, in-
cluding but not limited to the spatial distribution of avian pho-
toreceptors [3], the organization of antigen receptors in the im-
mune system [4], maximally random jammed sphere packings
[5-8], the distribution of eigenvalues in random matrices [9],
fermionic ground states [10,11], nonequilibrium phase transi-
tions [12—-16], vortex distribution in superconductors [17,18],
classical and quantum spin liquids [19], active matter [20,21],
quasicrystals [22], multiscale order of the prime numbers [23],
and the large-scale structure of the universe [24]. A hyperuni-
form system is one in which the structure factor S(k) vanishes
in the limit that the wave number k = |k| goes to zero [25].

Stealthy hyperuniform systems, the focus of this paper,
are a subclass of hyperuniform states in which S(k) =0
for a finite range of wave numbers 0 < k < K [26-28].
These unusual amorphous states of matter are endowed with
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novel structural and physical properties, including complete
isotropic photonic [29-31] and phononic [32—-34] band gaps,
and favorable dielectric characteristics [35-38] and transport
properties [39—42]. At low temperatures they are character-
ized by singular thermodynamic features, including negative
thermal expansion [28,43,44]. Further, these materials serve
as a platform for studying deep-subwavelength wave localiza-
tion in disordered materials [45].

Disordered stealthy hyperuniform ground states are in-
finitely degenerate with a configurational dimensionality
which depends on the density. In the simplest setting we
consider a set of N points at positions ™ =r, ..., ry within
a d-dimensional fundamental cell 2 of volume V, with pe-
riodic boundaries at number density p. Particles interact via
a bounded, integrable, and radially isotropic pair potential
v(r) such that its Fourier transform ¥ (k) exists and is positive
over the compact interval 0 < k < K, deemed the “exclusion
region,” and zero otherwise [28]. The total potential is repre-
sented in Fourier space as

N
o) =5~ Y vsk) -y vk |, ()

k<K k<K
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TABLE 1. Two-dimensional point patterns used as initial conditions for collective-coordinate optimization. Systems include configura-
tions derived from a random sequential addition (RSA) process, those with Gaussian pair statistics (GAU), uniformly randomized lattices
[UR(S/T)L], ensembles of equilibrium hard disks at different volume fractions (EHD), a Poisson point process (POS), equiluminous point
patterns (EQLS), and a hyperplane intersection process (HIP), all of which are defined in Sec. I1I. All systems consist of N particles at number
density p = 1 and cover a range of antihyperuniform, nonhyperuniform, and hyperuniform classes, which span various degrees of disorder
across length scales. The number of particles for the HIP and RSA patterns represent ensemble-average values.

Initial condition Abbreviation N Antihyperuniform Nonhyperuniform Hyperuniform
Hyperplane intersection process HIP 1021 v — —
Equiluminous point pattern (luminosity /) EQLS; 1024 — v —
Poisson point process POS 1024 — v —
Equilibrium hard disks (volume fraction ¢) EHD, 1024 — v —
Uniformly randomized

(Square/Triangular) lattice UR(S/T)L 1024 — — v
Gaussian pair statistics GAU 1000 — — v
Saturated random sequential addition RSA 1005 — v —

where summation includes all wave vectors k appropriate to expressed succinctly in terms of this parameter [28]. Ground
Q. The structure factor is expressed in terms of the collective states are disordered for x < 1/2 and crystalline otherwise
density variables 7i(k) as in dimensions d > 2 [28,47,48,51] (d = 1 is a special case,
discussed at length in Ref. [52]). There are infinite ways of

Sk) = k)| , (2) sampling configurations from the ground-state manifold, each
N with its own probability measure [28].
where the 7i(k) are defined by coefficients in the Fourier series Trajectories beginning from different initial conditions il-
of the local number density: luminate the nature of the energy landscape, which depends
v on x and determines what portions of the ground-state man-
SN . ifold are sampled [28]. Targeting different portions of the
fitle) = 21: exp (—ik -r). 3) ground-state manifold may allow one to design the functional
=

form of the structure factor S(k) of stealthy ground states
If particles are arranged such that S(k) is driven to its mini- at wave numbers outside of the exclusion region (k > K)
mum value of zero for all k within the exclusion region, then and investigate how short- up to intermediate-wavelength
from Eq. (1) it is seen that the system must be at its global density fluctuations vary across the manifold. Two types of
energy minimum, the classical ground state. Stealthy ground initial conditions have been extensively used to attain disor-

states can be obtained through collective-coordinate opti- dered stealthy hyperuniform ground states: random (Poisson)
mization, a reciprocal-space-based approach which searches configurations [26-28,43,44,46-50,53] and low-temperature
for the global minimum of (1) via numerical minimiza- equilibrated states [28,47]. The latter has been employed to

tion [26,46]. Numerically obtained configurations along the generate entropically favored ground states. Much less is
ground-state manifold can be found to within ® < 10722 of ~ known about the relationship between other types of ini-
the global minimum at the level of double-double numerical  tial conditions and the final ground states. Interestingly, it
precision of the zero of the machine [47,48]. GPU (graphical is known that only very tiny collective, almost impercepti-
processing unit)-based algorithms can be used to find stealthy ~ ble, displacements of the particles initially arranged in the
ground states within & < 107#¢ of the zero of the machine to correlated but nonhyperuniform random sequential packing

within quadruple-double precision [49,50]. [54] are required to achieve stealthy hyperuniform ground
The “stealthiness” parameter y [28], given by states [2]. While this is an intriguing outcome, a systematic
M(K) investigation of how the structural characteristics of the ini-

X =—"", 4) tial conditions biases what parts of the infinitely degenerate
diN —1) ground-state manifold are accessed has been largely lacking.

is a measure of the relative fraction of constrained degrees The purpose of this paper is to begin to address this prob-
of freedom compared to the total number of configurational lem by characterizing the trajectories of a variety of different
freedoms available to the system, d(N — 1). In Eq. (4), M(K) two-dimensional (2D) initial configurations as a function
is the number of independently constrained wave vectors. In ~ of the computational time during the optimization until the
the the thermodynamic limit, the stealthiness parameter takes ~ ground states within the disordered regime (0 < x < 1/2)
the form are reached. Specifically, we study initial conditions which
v (K) span an array of antihyperuniform, nonhyperuniform, and

=—"" (5) hyperuniform systems with varying degrees of order and dis-

p2d(27) order across length scales evolved by collective-coordinate

where v;(K) is the volume of a hypersphere of radius K optimization. The initial conditions include configurations de-
and p is the number density. For d > 2 the dimensionality = rived from a random sequential addition (RSA) process, those
per particle of the configuration space, dec = d(1 — 2yx), is with Gaussian pair statistics (GAU), uniformly randomized
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FIG. 1. Representative two-dimensional initial point patterns summarized in Table I and corresponding x = 0.1 and x = 0.4 stealthy
ground states evolved from collective-coordinate optimization. From the top left to bottom right, structural differences between initial
conditions and their associated ground states become increasingly difficult to detect visually. Similarly, stealthy ground states evolved from
different initial conditions become increasingly difficult to distinguish with increasing x. We quantify these differences using the translational

order metrics and proximity metric defined in Sec. II.

lattices [UR(S/T)L], ensembles of equilibrium hard disks at
different volume fractions (EHD), a Poisson point process
(POS), equiluminous point patterns (EQLS), and a hyperplane
intersection process (HIP), all of which are listed in Table I,
illustrated in Fig. 1, and defined precisely in Sec. III.

We characterize the trajectories from different initial con-
ditions by computing a proximity metric p, (), translational
order metric 7(¢), and normalized local number variance
o2(t;R)/R? as functions of the computational time 7 until the
associated ground state is reached for selected values of x.
The time-dependent configurational proximity metric p,(t),
defined precisely in Sec. II, is used to quantify the distance
between two different particle configurations, enabling one
to analyze the degree of structural rearrangement required
of different initial conditions to reach the ground-state man-

ifold [53]. The translational order metric 7(¢), also defined
in Sec. II, is a sensitive measure of the degree of translation
order in many-particle systems. The normalized local number
variance o%(t;R)/R?, defined in Sec. Il A, quantifies local
number density fluctuations and is intimately related to S(k)
of a point configuration [1].

We find that initial conditions with a greater degree of
infinite- down to intermediate-wavelength density fluctua-
tions are a larger configurational distance away from and
take greater computational time to reach the ground-state
manifold. Using the time-dependent proximity metric, we
show that trajectories from hyperuniform states approach the
ground-state manifold at the fastest rate among the initial con-
ditions we consider, while trajectories from antihyperuniform
states approach it at the slowest rate. The time-dependent

045310-3



SAMUEL J. DAWLEY AND SALVATORE TORQUATO

PHYSICAL REVIEW E 112, 045310 (2025)

translational order metric highlights how initial conditions
with suppressed infinite- down to intermediate-wavelength
density fluctuations require a smaller computational time to
reach a ground state. Separately, the normalized local number
variance of stealthy ground states reflects distinct pair statis-
tics in ground-state ensembles sampled by different initial
conditions and highlights the effect of higher-order corre-
lations on trajectories. Learning how to manipulate initial
conditions in the optimization procedure to target different
portions of the stealthy ground-state manifold enables one to
explore structurally unique configurations along the manifold
with designed short- up to intermediate-ranged spatial cor-
relations (i.e., wave numbers k > K outside the constrained
exclusion region) for the purposes of materials discovery.

The paper is organized as follows: In Sec. II we pro-
vide basic definitions of the pair statistics, translational order
metric, and proximity metric that are used to analyze point
patterns. We define hyperuniform point processes and briefly
summarize the numerical collective-coordinate optimization
procedure for generating stealthy hyperuniform ground states.
In Sec. III we expand on the initial conditions listed in Ta-
ble I and describe their characteristic spatial correlations and
algorithms to generate each configuration. The simulation
procedure and algorithm we employ to minimize the poten-
tial (1) during collective-coordinate optimization is detailed
in Sec. IV. The structure factor, translational order metrics,
proximity metric, and local number variance of stealthy hyper-
uniform ground states evolved from different initial conditions
at various x < 1/2 are reported in Sec. V.

II. DEFINITIONS AND PRELIMINARIES

A point process in d-dimensional Euclidean space R is
a distribution of an infinite number of points in R¢ with
the configuration ™ =r, ..., ry at a well-defined number
density (number of points per unit volume). For a statistically
homogeneous point process in R¢ at number density p, the
quantity p"g,(r") is the probability density associated with
simultaneously finding n points at locations r* =ry,...,r,
in R? [55]. With this convention, each n-particle correlation
function g, approaches unity when all of the points becomes
widely separated from one another. Statistical homogeneity
implies g, is translationally invariant and hence depends only
on the relative displacement of the positions with respect to
any chosen system origin, e.g., g, = g,(r12, ..., r1,) where
rij=r; —r.

The pair correlation function g, (r) is a particularly impor-
tant quantity. If a point process is also rotationally invariant
(statistically isotropic), then g, depends on the radial distance
r = |r| only, i.e., g2(r) = g>(r). The total correlation function
h(r) is trivially related to g»(r) as follows [55]:

h(r) = g>(r) — 1. (6)

When there are no long-range correlations in the system,
h(r) — O or, equivalently, g,(r) — 1 as |[r| — oo. The struc-
ture factor S(k), which plays a prominent role in this paper, is
related to the Fourier transform of k(r), denoted by h(k), via
the expression [55]

Sk) =1+ ph(k). (7)

A useful scalar positive order metric that captures the de-
gree of translational order is the t order metric [28] defined

as
1

T=og /Rd (g (r) — 11%dr

1
~ (2nD)p?

where D is a characteristic microscopic length scale. In this
paper, we take D = p~'/2, which is a rough measure of the
average separation between pairs of points. The T order metric
measures deviations of two-particle statistics from that of the
Poisson distribution for which v = 0. Note that because both
positive and negative correlations contribute to the integral,
since the deviations of either g,(r) or S(k) from unity are
squared, this generally positive metric measures the degree of
translational order across length scales. The t order metric is
closely related to the two-particle excess entropy [56], which
accounts for a large proportion of the total configurational
entropy of a point pattern. For the purpose of analyzing time-
dependent trajectories, we study the time-dependent order
metric 7(¢) which corresponds to an integral over the time-
dependent structure factor, S(k;1).

For our analysis of the evolution to stealthy ground states,
we also consider the decomposition of the 7(¢) order metric
within and beyond the exclusion radius K separately:

/ [S() — 1Pdk, ®
R¢

1 K
Tk (1) = m/{) [S(k;t) — 117dk, (9a)

[e¢]

1
Tk () = m/}(

The quantity tx<x(00) will converge to the same value for all
initial conditions definition. By contrast, 7. g (0c0) will vary
depending on both x and the initial conditions from which it
evolves.

The time-dependent configurational proximity metric
pr(t) is defined [53]

[Stk;t) — 11°dk.  (9b)

1/2
N /

pr@)y=p [ Y @) —r@H’ | . 0

j=1

where r;(t) is the position of the jth particle of the configu-
ration at time ¢ during collective-coordinate optimization. We
use p~!/2 as a characteristic length scale of the system. The
value of p,(¢) quantifies the distance of a time-evolving point
pattern at time ¢ to a reference state from the same trajectory
at time ¢'. This metric is applied a posteriori and requires the
complete trajectory of an initial condition brought to a stealthy
ground state. The configurational distance from the ground-
state manifold is defined to be the difference between the total
proximity metric and the proximity metric with reference to
the initial condition, denoted po(c0) — po(?).

A. Hyperuniform point processes

Consider uniformly sampling the number of points that are
contained within a spherical window of radius R of a point
process in R?. A hyperuniform point process has the property
that the local number variance o2(R) = (N(R)?) — (N(R))?
grows more slowly than RY [1]. Because o>(R) is exactly
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related to a d-dimensional volume integral of the structure
factor S(k), this implies that hyperuniform states of matter
posses infinite wavelength density fluctuations (appropriately
normalized) that vanish, i.e., S(k) obeys the condition

lim S(k) — 0, (11)

|k|—0
which means they are poised at an “inverted” critical point
with associated scaling exponents [1]. For a Poisson (spa-
tially uncorrelated) point process, including typical liquids
and structural glasses, the number variance grows like the
volume of the window, i.e., o2(R) ~ R?, implying that S(k)
is positive at k = 0. All perfect crystals and quasicrystals
are hyperuniform such that o>(R) ~ R4"!; in other words,
the number variance grows like the window surface area [1].
In recent years, evidence has been emerging that disordered
hyperuniform many-particle systems can be regarded as new
distinguishable states of disordered matter (see examples from
Torquato [2] and references therein).

Whenever the structure factor goes to zero with the power
law form S(k) ~ |k|%, the number variance has the following
large-R asymptotic scaling that depends on the value of the
exponent « [57,58]:

R4, a>1 (Class I)
o’(R)~ {R“ '"InR, a=1 (Class II) (12)
R, 0<a <1 (Class ).

Since disordered as well as ordered stealthy states can be
viewed as systems in which « tends to infinity [28], we
see from Eq. (12) that they have the asymptotic scaling
o%(R) ~ R4,

By contrast, for any nonhyperuniform system, the local
number variance has the following large-R scaling behaviors
[59]:

o*(R) ~ {

R, o =0 (typical nonhyperuniform)

R, —d <a <0 (antihyperuniform).

13)

For a “typical” nonhyperuniform system, S(0) is bounded [2].
In antihyperuniform systems, S(0) is unbounded, i.e.,

lim §(k) — +oo, (14)

and hence are diametrically opposed to hyperuniform systems
[59]. Antihyperuniform systems include fractals, systems at
thermal critical points [60-64], as well as certain substitution
tilings [65].

B. Collective-coordinate optimization

As detailed in the Introduction, we simulate point pro-
cesses in periodic fundamental cells with the total potential
given by a sum of pairwise potentials as in Eq. (1). The total
potential can be simplified as

N
1) = @) = o = 55 Y o vSk),  (15)

k<K

with &9 = —Nv(0)/2Vg, the structure-independent contribu-
tion to the total energy that depends on (k) [28]. The
global minimum of ®*(rV) is zero, and convergence is
achieved below an arbitrary tolerance that we make ®* <

10722, The family of “stealthy” pair potentials are defined
[26,27,44,46,52,53],

(k) = {g(k)

where V (k) is a positive isotropic function and K is the radius
of the exclusion region. In this paper we always take V (k) =
1. Taking the gradient of (15) yields the force on particles:

if k<K,

otherwise, (16)

1
F;=-V;o"@") = Ve > kv(k)Imlii(k) exp (ik - r))].
k<K
A7)

This relation enables us to perform energy minimizations
which we do using Newton’s method,

P == V(). 18)

The dimensionless step size y p'/? is related to the time step
as At = yp'/? at each iteration m of the algorithm. The total

computational time T = ) j Atj required for a trajectory to

reach a stealthy ground state (defined to be when ®* < 107%2;

see Sec. II B below) will be used to make time dimension-
less. Numerical evidence [44] has shown that for x < 1/2
the stealthy energy landscape is devoid of local minima and
the ground-state manifold is the only outcome for gradient
descent trajectories. The ground states we study are limited to
x < 1/2, and, indeed, our optimization procedure only ever
converges to a disordered stealthy ground state.

III. INITIAL CONDITIONS

A. Hyperplane intersection processes

The hyperplane intersection process (HIP) is a point pro-
cess originating from a tessellation formed by a collection
of intersecting randomly oriented and uniformly distributed
hyperplanes in Euclidean space [66]. Since hyperplanes span
the entire space, infinitely long-ranged correlations are in-
duced between points and arbitrarily large density fluctuations
persist as the system size grows arbitrarily large [2]. Conse-
quently, S(k) diverges as k — 0, and these configurations are
antihyperuniform [59]. Point patterns derived from the hyper-
plane intersection process are generated using the simulation
procedure described in the supporting information provided
by Klatt et al. [67].

B. Equiluminous point patterns

An equiluminous point pattern with luminosity 7 (EQLS;)
is one in which the structure factor is a constant [ for a
range of wave vectors [27]. The equiluminous point patterns
we consider have S(k) = 0.5 and S(k) =2 for 0 <k < Q
and are unconstrained otherwise, where Q is the radius of
the exclusion region of the stealthy ground states with the
largest x we consider, corresponding to y = 0.45. We use
these configurations as initial conditions because they are non-
hyperuniform with strong clustering due to constraints applied
to the structure factor. Equiluminous configurations are gen-
erated using the collective-coordinate optimization procedure
while targeting a nonzero S(k) within the exclusion region.
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C. Poisson point patterns

The simplest initial condition we consider is a statistically
homogeneous and isotropic Poisson point process (POS) at
number density p. We use these point patterns as initial con-
ditions because they are spatially uncorrelated across all of
space and, since S(k) = 1 for all k, are therefore nonhyperuni-
form. Configurations derived from a Poisson point process are
generated by uniformly distributing points at number density
p =1 within the simulation box without regard for other
particles or overlaps.

D. Uniformly randomized lattices

Uniformly randomized lattices (URLs) are perturbed lat-
tices that uniformly randomly displace each lattice point in a
rescaled unit cell of the lattice )C = {x € R : x/b € C}, with
C the unit cell and b > 0 a scalar controlling the strength of the
perturbation [68,69]. The scattering intensity of a URL config-
uration contains a diffuse contribution and typically inherits
the Bragg peaks (long-ranged order) of the progenitor lat-
tice while preserving hyperuniformity: the angular-averaged
structure factor behaves like S(k) ~ k% as k — 0 [70]. As
such, they are class I hyperuniform. Klatt er al. showed that
when b takes on integer values all Bragg peaks of the URL
vanish and the resultant configuration is “cloaked” in the sense
that the progenitor lattice cannot be reconstructed from pair
statistics alone [69]. In what follows we consider only cloaked
URL initial conditions. We use different URL configurations
as initial conditions because they are hyperuniform and inherit
periodicity in certain higher-order correlation functions from
their progenitor lattices [69]. In this paper we study two kinds
of uniformly randomized lattice, one derived from the square
lattice Z> (URSL) and another derived from the triangular
lattice (URTL), each with rescaled unit cells of strength b = 1
centered at the lattice points. The rescaled unit cell of Z? is a
square of side length b. The rescaled unit cell of the hexagonal
lattice is a rhombus of side length b and acute angle 7 /3.

E. Gaussian pair statistics

As another initial condition, we consider a class I hyper-
uniform system in which the total correlation function is the
following Gaussian:

h(r) = —exp (= pr?), (19)
with a corresponding structure factor given by
S(k) =1 —exp (—k? /47 p). (20)

Point patterns with Gaussian pair statistics (GAU) are gen-
erated using the inverse algorithm described by Wang and
Torquato [71]. In what follows we set the number density of
these configurations to o = 1. Such pair statistics are exactly
achieved by the one-component plasma at a special value
of the coupling constant [72]. We employ these systems as
initial conditions because they are hyperuniform and can be
generated without reference to a progenitor lattice, unlike the
URL systems. This model represents the low-density, high-
temperature limit of S(k) for the Gaussian-core model, known
to exhibit anomalous phase behaviors such as negative ther-
mal expansion and reentrant melting [73,74]. Gaussian pair

statistics incorporate soft-core short-ranged repulsions found
in macromolecules and are commonly used to model polymer
systems [75,76].

F. Equilibrium hard disks

We consider identical hard disks of radius a at a vol-
ume fraction ¢ in equilibrium (EHDy) [54]. We use this
initial condition because it is nonhyperuniform with signif-
icant short-ranged spatial correlations. Long-ranged spatial
correlations become significant only at sufficiently large vol-
ume fractions [54]. This model exhibits rich phase behavior
and effectively approximates the structure of dense particle
systems with more complicated potentials [55]. Ensembles
of equilibrium hard disks are generated using Monte Carlo
methods [54] at two different volume fractions, ¢ = 0.3 and
¢ = 0.5, given by ¢ = pv;(a) in terms of the number density
o and area of the circle of radius a, v{(a).

G. Saturated random sequential adsorption

Random sequential adsorption (RSA) is a time-dependent
process that irreversibly, randomly, and sequentially places
nonoverlapping particles into a prescribed volume [54,77,78].
In the infinite-time limit, the system becomes saturated at a
volume fraction ¢ ~ 0.5470735 [78,79]. Point patterns de-
rived from RSA processes are nonhyperuniform, though the
hard core constraint induces a significant degree of short-
ranged order in these configurations: In the thermodynamic
limit, the structure factor at the origin is S(0) ~ 0.05 [80]. We
use this initial condition because it is nearly hyperuniform.
An ensemble of initial conditions derived from the centroids
of disks in 2D saturated RSA packings was generated using
the algorithm detailed by Zhang and Torquato [79].

IV. SIMULATION PROCEDURE

Generating disordered stealthy hyperuniform systems in-
volves finding true ground states of ® in Eq. (1). The pair
potential (16) we use is

o [w i k<K,
”(k)—{o if k>K,

with Vp = 1. To minimize the potential we employ a
derivative-based algorithm. The first term on the rightmost
side of (15) is provided to the algorithm as the objective
function and the negative of the force in (17) is provided as
the gradient. In order to minimize energy we employ a local
gradient descent algorithm with the following steps [47]:

a. Start from an initial point pattern x and evaluate the
objective function ®*(x) and associated gradient V ®*.

b. Beginning from a relatively large step size yp!/? =
1073, calculate the vector Ax = —yV®*/|V®*|. Find the
function value at the next step ®*(x 4+ Ax). Calculate the
change of function value A®* = ®*(x + Ax) — P*(x).

c. When a downhill step is successful the step size y is
increased by a factor of two. Otherwise, the algorithm back-
tracks and the step size is decreased by a factor of two.

d. Repeat the above steps until a minimum is found with
enough precision.

21
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FIG. 2. Characteristics of the initial conditions summarized in Table 1. (a) Structure factor S(k) versus dimensionless wave number ko~

12

for each initial condition. Shaded in blue is the exclusion region corresponding to the x = 0.4 ground-state manifold and dotted lines
correspond to dimensionless wave numbers kp~'/2 =2.242..., 3.171..., 3.883..., and 4.484.... (b) Potential energy of each initial condition
for various 0.05 < x < 0.45. Dotted lines coincide with values of x corresponding to exclusion radii at the dimensionless wave numbers

indicated in (a).

For x < 1/2 the objective function always ends up being
very close to zero (the minimum) [47]. The maximum ending
objective function for this algorithm is as high as 10~'® for the
evolution of different initial conditions to a x = 0.45 stealthy
ground state. For the evolution to ground states with y <
0.45, the final objective function does not exceed 10720, We
find that the temporal dependence of trajectories evolved from
different initial conditions to stealthy ground states with x <
0.5 are insensitive to the energy tolerance for ®* < 10710,
With this scheme, simulations to record trajectories take no
longer than 24 hours on an Intel CPU for the largest x we
consider. Computing the time-dependent structure factor and
local number variance for these trajectories takes around 6
hours on an NVIDIA A100 GPU.

V. RESULTS AND DISCUSSION

In this section we present the analysis of trajectories to
stealthy ground states evolved from the initial conditions sum-
marized in Table I for with 0.05 < x < 0.45. Representative
configurations from the x = 0.1 and x = 0.4 ground-state en-
sembles sampled by each initial condition are shown in Fig. 1.
In the Supplemental Material [81], we provide a movie that
shows the evolution of HIP, POS, and GAU initial conditions
to their respective stealthy ground states with y = 0.4. The
structure factors of each initial condition as well as the ex-
clusion regions for certain values of x are illustrated in Fig. 2.
The time-dependent proximity metric, translational order met-
ric, and local number variance, all defined in Sec. II, are used
to study trajectories to the stealthy ground-state manifold.

A. Potential energy of initial conditions

Figure 2 demonstrates that density fluctuations contained
only within the exclusion region (infinite down to intermediate
wavelengths), where the structure factor S(k) must be zero in
the ground state, contribute to the potential energy of an initial
condition. For fixed yx, the potential (®*(0)) increases as the

area under S(k) for k < K of an initial condition increases,
seen by comparing Figs. 2(a) and 2(b). Figure 2(b) shows that
the ensemble-averaged energy of the initial condition ($*(0))
increases as x increases for all initial conditions due to the
exclusion radius K increasing with x to include a greater num-
ber of wave vectors in the summation of Eq. (1). Since S(k)
must be zero in the exclusion region, it is reasonable to expect
that initial conditions with larger (®*(0)) will take a longer
computational time to reach the ground-state manifold. Since
S(k) is unconstrained for wave numbers outside the exclusion
region, density fluctuations at wave numbers k > K in the
initial conditions of Fig. 2(a) will influence S(k) for k > K
in stealthy ground states and enable one to design the short-
and intermediate-wavelength density fluctuations of stealthy
configurations. Intersections between curves of (®*(0)) ver-
sus x in Fig. 2(b) reflect differences in the infinite- down to
intermediate-wavelength scaling of S(k) versus kp~'/? across
the different initial conditions we consider. The relative in-
crease in (®*(0)) between the x = 0.05 and 0.45 ground-state
manifolds is largest for the hyperuniform initial conditions
(URSL, URTL, and GAU), due to their small-k behavior
S(k) ~ k%, while it is smallest for the antihyperuniform HIP,
since S(k) diverges as k — 0 and decreases as k increases. In
Sec. VB we quantify the relationship between the energy of
an initial condition and its configurational distance from the
ground-state manifold.

B. Time-dependent configurational distance from a stealthy
ground state

Figure 3 highlights how initial conditions with a larger
potential energy are a larger configurational distance from
the ground-state manifold. Figures 3(a) and 3(b) show at
t = 0, both pg(c0) — po(t) and ©*(¢) increase as the degree of
intermediate- and long-range disorder of an initial condition
increases for trajectories to the x = 0.4 ground-state mani-
fold. We note that this result is true in general for x < 0.5
even though it is x-dependent. The effect of infinite- down to
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FIG. 3. Plots of the time-dependent configurational distance from a stealthy ground state po(co) — po(¢) and the potential energy ®*(¢)
versus the dimensionless computational time ¢ /7 of trajectories from various initial conditions to x = 0.4 stealthy ground states, where T is
the total computational time defined in Sec. II. (a) The distance po(c0) — po(¢) as a function of #/T'. (b) The potential ®*(¢) as a function of
t/T. (c) The potential ®*(¢) versus [py(00) — po(t)]?, both parameterized by ¢, for trajectories to stealthy ground states that are a small distance
away from the manifold. Qualitative trends observed in this plot, including the rates at which each initial condition approach the ground-state
manifold, are true of trajectories to ground states for all x < 0.5 we investigate.

intermediate-wavelength density fluctuations on pg(co) and
®*(0) is reflected in Fig. 2(a) and indicates that the compu-
tational time required to reach a ground state increases as the
potential energy increases. As ¢/7 increases in Figs. 2(a) and
2(b), with T the total computational time of the trajectory
defined in Sec. II, both py(c0) — po() =0 and O*(z) =0
and correspond to when the trajectory has reached a ground
state. At large ¢/T, both py(00) — po(t) and ®*(¢) sharply
decrease for all initial conditions and signal that topography
of the energy landscape close to the ground-state manifold
is much steeper than it is farther away from the manifold.
Intersections between curves in both plots indicate that trajec-
tories approach the ground-state manifold at different rates,
highlighted by the insets of Figs. 3(a) and 3(b). We specifi-
cally observe in these plots that at large t /T, po(c0) — po(t)
and ®*(¢) decrease the fastest for the hyperuniform initial
conditions (URSL, URTL, and GAU), a result of preexisting
infinite-wavelength structural order in these point patterns.
Figure 3(c) shows that at small distances from the ground-
state manifold ®*(¢) scales quadratically with py(co) — po(t)
and is fastest for the hyperuniform initial conditions (URSL,
URTL, and GAU) and slowest for the antihyperuniform initial
condition (HIP). This result persists for trajectories evolved
to stealthy ground states for all 0.05 < x < 0.45 we consider,
although the rate at which ®*(¢) scales with [pg(c0) — po(t)]?
for each initial condition differs for different y. This behavior
suggests that topography of the energy landscape surround-
ing trajectories evolved from hyperuniform initial conditions
is steepest while that surrounding trajectories evolved from
antihyperuniform initial conditions is shallowest.

C. Time-dependent translational order
and number density fluctuations

Figure 4 demonstrates how the time-dependent transla-
tional order originating from the exclusion region and local
number variance at large length scales quantitatively captures
the differences between spatial correlations that character-
ize an initial condition and corresponding stealthy ground
state. Figure 4(a) shows at /T = 0, tx<x(¢) increases as the

strength of intermediate and long-ranged spatial correlation
increases and corresponds to the extent to which S(k) deviates
from unity within the exclusion region for each initial condi-
tion in Fig. 2(a). The deviation of Ty« (¢) from a straight line
between /T = 0 and /T = 1 increases as py(co) increases
in Fig. 3(a), reflecting how initial conditions with spatial
correlations similar to those of a stealthy configuration are a
smaller configurational distance away from the ground-state
manifold. Between t =0 and t = T, <k (t) corresponding
to EQLS, ; initially decreases because positive spatial corre-
lations due to clustering in the initial condition are reduced,

— HIP
EQLS»0
— POS
— EQLSy5
—— EHDg3
=== URSL
URTL
--- GAU
=== EHDg;
=== RSA

Tr<k (1)

o2 /K)/@2n/K)?

0.25 0.50 0.75 1.00
t/T

FIG. 4. Time-dependent translational order metric Ty<x(¢) and
normalized local number variance o%(¢; Ry)/R; for trajectories from
each initial condition evolved to the x = 0.4 ground-state manifold.
(a) Time-dependent translational order originating from the exclu-
sion region T;<k(t) versus the dimensionless time /7. (b) Local
number variance evaluated at 27 /K = 1.4 versus the dimensionless
time t/T.
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FIG. 5. Semilog plots of the normalized local number variance o?(R)/R* versus the dimensionless distance Rp
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12 in (a) each initial

condition and their corresponding (b) x = 0.1 and (c) x = 0.4 stealthy ground states. Oscillations in o>(R)/R? in ground states with x = 0.4

evolved from the URL configurations in (c) indicate long-ranged order.

while at later times it increases because negative spatial cor-
relations emerge as the stealthy ground state is approached.
The values of Ty<x(t) att = 0 and r = T for this initial con-
dition are identical because this metric does not discriminate
between positive and negative spatial correlations between
pairs of points. The value of <k (¢) at t/T =1 is the same
in stealthy configurations evolved from different initial con-
ditions, since S(k) of ground states are identical for k£ < K.
Figure 4(b) shows o(t; Ry)/R} at Ry = 27 /K, chosen since
it is a characteristic length scale of stealthy ground states
independent of the initial condition, decreases monotonically
with the dimensionless time ¢ /7, reflecting the emergence of
long-ranged order as a trajectory approaches a ground state.
The value of o(t; Rg)/R% at t/T = 0 increases as the degree
of intermediate- and long-ranged disorder of an initial condi-
tion increases, while when ¢/T = 1, it achieves a value that
depends on K. As a consequence of their dependence on K,
the values of t4<x(t) and o(t; Ry)/R3 att /T = 1 will depend
on x (the latter is reported for stealthy ground states with
x = 0.1 and 0.4 in Sec. VD).

D. Differences in ground-state ensembles sampled by different
initial conditions

Figures 5 and 6 illustrate that stealthy ground states
evolved from different initial conditions are distinguished
by their number density fluctuations at intermediate- down
to small-length scales. Comparing Figs. 5(a) and 5(b), one
sees that the large-R value of o2(R)/R? (at the right edge
of the plots) rank-orders the degree of disorder in the ini-
tial conditions similarly to how it rank-orders that of their
corresponding stealthy ground states. This is a reflection of
the observation in Fig. 3 that initial conditions with a small
potential energy (®*(0)) are a small configurational distance
away from the ground-state manifold. Figure 5(c) further
demonstrates that when x = 0.4, the reduced dimensional-
ity of the ground-state manifold causes o>(R)/R? in stealthy
configurations evolved from different initial conditions to
converge onto a single curve, except for those evolved from
both URL configurations, which each oscillate at large-R,
indicating long-ranged order [82]. Indeed, Fig. 6 shows S(k)
in ground states evolved from URL configurations have peaks
that grow increasingly pronounced as y increases and occur

at values of kp~!/? which coincide exactly with those of the
first Bragg peak in S(k) of their corresponding progenitor
lattices. Although the GAU and URL are in the same hyper-
uniformity class and share similar pair statistics across short-,
intermediate-, and large-length scales, S(k) in stealthy con-
figurations evolved from the former are absent of sharp peaks.
This contrast suggests trajectories to ground states are affected
by correlation functions beyond the two-point level, since
periodicity in the four-point correlation function of a URL is
inherited from periodicity in the progenitor lattice [69].

VI. CONCLUSIONS

Starting from a wide class of initial two-dimensional point
configurations, we studied the evolution of trajectories of

=== URSL —— Square Lattice
- URTL Triangular Lattice
-== GAU
34 (a) x=0.1 (c) x=03
=]
0N
h
[
1 1 » ; T T e
4 | [/ ‘
” [
’ | ! |
I | H \
0 z | 1
34 (b)) x=02 (d) x =04
2 1, 1M
Al //'/“‘\
11 T i =1 -1
P i } l'/ ]*T
I | I
I | I
0 +—— r— e
0o 3 6 9 12 15 180 3 6 9 12 15 18
kp_ 1/2 kﬂ_ 1/2

FIG. 6. Structure factor S(k) versus the dimensionless wave
number kp~'/? for stealthy ground states with x = 0.1, 0.2, 0.3, and
0.4 evolved from URSL, URTL, and GAU configurations as well
as the first few Bragg peaks of the URL progenitor lattices. The
dashed vertical line indicates a Bragg peak common to the square
and triangular lattices.
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the collective-coordinate optimization procedure to their cor-
responding disordered stealthy hyperuniform ground states
as a function of y in the disordered regime (0 < x < 0.5).
We showed that the time-dependent proximity metric po(t)
illuminates how topography of the energy landscape far
from the ground-state manifold is relatively shallow, com-
pared to very close to the manifold where the landscape
drops abruptly, and that infinite-wavelength density fluctu-
ations characterizing an initial condition are reflected in
the landscape topography. Trajectories from different initial
conditions are distinguished by temporal evolution of the
translational order metric ty<g(t) and the number density
fluctuations o 2(¢; Ry) /R(z) at an intermediate length scale Ry =
27 /K. In conjunction with ground-state pair statistics from
these trajectories, these metrics quantify how different ini-
tial conditions sample portions of the disordered ground-state
manifold with unique structure factors for wave numbers
outside of the stealthy exclusion region (k > K), i.e., from
intermediate down to short wavelengths. The behavior of each
of po(t), tkck(?), and UZ(I;RO)/R(Z) reflects density fluctua-
tions contained within the exclusion region characterizing an
initial condition. As S(k) increases for k < K, the difference
between the values of both py(¢) and oz(t;RO)/R% between
t =0and ¢t =T increases and the deviation of Tx<x(¢) from
a straight line along the same interval of time increases. In
stealthy ground states with x > 0.4, although trajectories re-
main distinguishable, different initial conditions sample from
ground-state ensembles with nearly identical number density
fluctuations across short, intermediate, and large length scales,
except for those evolved from the URL, which follow trajec-
tories affected by spatial correlations beyond the two-point
level.

Figure 7 presents a schematic of a projection of the
stealthy energy landscape with x < 0.5, which is adapted
from Ref. [43], but with added detail to reflect topography
of the landscape surrounding trajectories evolved from differ-
ent initial conditions. Dark lines represent the ground-state
manifold running through the square lattice, denoted by a
white square, and the triangular lattice, denoted by a white
triangle. Dashed gray lines represent equipotential curves and
indicate steepness of the energy landscape, information of
which was not included in Ref. [43]. Each initial condition is
represented with a white circle and its trajectory to a stealthy
ground state with a blue arrow; straight red lines indicate
the displacement of each initial condition from the portion
of the ground-state manifold it samples and represent p(c0)
and hence the evolution of both 7;<x(¢) and UZ(Z;R())/R%
between the initial and ground-state configurations for each
trajectory. The energy landscape is steepest in regions around
the hyperuniform URSL due to the infinite-wavelength struc-
tural order that characterizes this configuration. The portion
of the ground-state manifold sampled by the URSL is close
to that which contains the square lattice, reflected in Fig. 6,
and suggests that trajectories to a stealthy ground state are
influenced by higher-order correlation functions beyond the
two-point level [69]. By contrast, the energy landscape is
shallowest in regions around trajectories from the antihyper-
uniform HIP because infinite-wavelength density fluctuations
that characterize this initial configuration diverge. The hy-
peruniform, nonhyperuniform, and antihyperuniform initial

POS

FIG. 7. Schematic of the stealthy energy landscape with x < 0.5
adapted from [43]. Dark lines represent the ground-state manifolds
including the square lattice (white square) and triangular lattice
(white triangle). Dashed gray lines are equipotential curves. White
circles represent initial conditions, blue arrows represent their tra-
jectories to a ground state, and straight red lines represent py(co)
and hence the evolution of both 7,<x(¢) and o2(¢; Ry)/R% between
the initial and ground-state configurations for each trajectory. The
value of py(c0) is smallest when topography of the energy landscape
surrounding a trajectory from the initial condition is steepest, repre-
sented by the trajectory evolved from the URSL, while it is largest
when the landscape is most shallow, seen in trajectories evolved from
the HIP.

conditions (not shown in this figure) occupy regions of the
energy landscape near the URSL, POS, and HIP, respectively,
and are a distance away from the ground-state manifold that
increases as the area under S(k) for k < K increases in Fig. 2.

With unique structure factors beyond the exclusion region,
stealthy ground states evolved from different initial conditions
provide insight into the frequency with which structurally
unique configurations occur along the ground-state manifold
and, in turn, the nonuniform probability measure with which
different initial conditions sample the manifold [28]. Manip-
ulating the initial condition hence provides a route to the
inverse design of stealthy hyperuniform media with tunable
short- and intermediate-ranged spatial correlations for materi-
als discovery [83].
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