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Stealthy hyperuniform (SHU) many-particle systems in d-dimensional Euclidean space are distinguished by
a structure factor that vanishes not only at zero wave number (as in “standard” hyperuniform systems) but also
across an extended range of wave numbers near the origin. We generate disordered SHU packings of identical
and “nonoverlapping” spheres in two and three dimensions using a modified collective-coordinate optimization
algorithm that incorporates a soft-core repulsive potential between particles in addition to the standard stealthy
pair potential. Compared to SHU packings without soft-core repulsions, these SHU packings are ultradense with
packing fractions ranging from 0.67 to 0.86 for d = 2 and 0.47 to 0.63 for d = 3, spanning a broad spectrum of
structures depending on the stealthiness parameter x. We consider two-phase media composed of hard particles
derived from ultradense SHU packings (phase 2) embedded in a matrix phase (phase 1) with varying stealthiness
parameter x and packing fractions ¢. Our main objective is the estimation of the dynamical physical properties
of such two-phase media, namely the effective dynamic dielectric constant and the time-dependent diffusion
spreadability, which is directly related to nuclear magnetic relaxation in fluid-saturated porous media. We show
through spreadability that two-phase media derived from ultradense SHU packings exhibit faster interphase
diffusion due to the higher packing fractions achievable compared to SHU media obtained without soft-core
repulsion. The imaginary part of the effective dynamic dielectric constant of SHU packings vanishes for a
range of small wave numbers, implying perfect transparency for the corresponding wave vectors. While a larger
packing fraction yields a smaller transparency interval, we show that it also displays a reduced height of the
attenuation peak. We also obtain cross-property relations between transparency characteristics and long-time
behavior of the spreadability for such two-phase media, showing that one leads to information about the other
and vice versa. Our results demonstrate that disordered two-phase media derived from ultradense SHU packings

exhibit advantageous transport and optical behaviors of both theoretical and experimental significance.
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I. INTRODUCTION

Since the paper by Torquato and Stillinger [1], hyperuni-
formity has found a wide variety of contexts and applications
and has been at the center of intense studies since the mid-
2000s [2—4]. Roughly defined as the anomalous suppression
of large-scale density fluctuations in a many-body system,
the notion of hyperuniformity provides a framework to dis-
tinguish and characterize a wide variety of systems, including
crystals, quasicrystals, and special disordered point configura-
tions. A hyperuniform many-particle system in d-dimensional
Euclidean space R? is defined so that the number variance
a]%,(R) = (N(R)*) — (N(R))? of particles within a spherical
window of radius R grows slower than the volume of the
window R?, for large R.

For instance, typical nonhyperuniform systems have num-
ber variance with an asymptotic volume scaling o2(R) ~ R?
[1], while crystals and many perfect quasicrystals [4,5] have
an asymptotic surface-area scaling o(R) ~ R‘~! and are
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therefore hyperuniform. Nowadays there are many known ex-
amples of disordered hyperuniform systems, including perfect
glasses [6], one-component plasmas [7], critical absorbing
states of random organization models [8-10], maximally
random jammed states [11,12], random matrices and num-
ber theory [13,14], cold atom processes [15], active particle
systems [16,17], biological systems [18-21] and multihy-
peruniform systems [22,23] (see Ref. [3] for a review and
references therein).

For all crystals and disordered hyperuniform systems, hy-
peruniformity can be equivalently stated as the vanishing of
the structure factor S(k) as the wave number k = |k| goes to
zero, i.e., lim0 S(k) = 0. A special class of hyperuniform
systems is the stealthy hyperuniform (SHU) variety [24-27],
defined by a structure factor that vanishes for a range of wave
numbers around the origin, i.e.,

Sk)=0 for 0<k<K. (1)
SHU systems can be ordered (e.g., perfect crystals) or dis-
ordered (i.e., statistically isotropic with no Bragg peaks)
[24,26,27]. The latter are of central interest in the present

©2025 American Physical Society
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work for their exotic properties. In particular, we will consider
disordered SHU particulate composites, that is, monodisperse
sphere packings embedded in a matrix, a special class of two-
phase media. Stealthy configurations are characterized by the
stealthiness parameter x [see Eq. (4)], corresponding to the
fraction of independently constrained wave vectors relative to
the total degrees of freedom [25].

Disordered SHU materials are isotropic and have no
Bragg peaks. Yet they have characteristics of crystals, in-
cluding no single scattering from intermediate to infinite
wavelengths [see Eq. (1)] and disallow arbitrarily large holes
in the thermodynamic limit [3,28,29]. Consequently, the hy-
brid crystal/liquid nature of disordered SHU materials endows
them with unprecedented and superior transport, elasticity,
and wave propagation properties among isotropic amorphous
states of matter [3]. Examples include wave transparency
[30-37], enhanced wave absorption [38], improved solar cell
efficiency [39], tunable localization and diffusive regimes
[31,40,41], phononic characteristics [42—44], Luneberg lenses
with minimized back-scattering [45], extraordinary phased
arrays [46,47], optimal sampling arrays for three-dimensional
(3D) ultrasound imaging [48], high-quality optical cavities
[49], and network materials achieving nearly maximal ef-
fective electrical conductivities and elastic moduli [50], and
particulate media with nearly maximal effective diffusion
coefficients [51].

Our primary interest in this paper is the study of the dynam-
ical physical properties of specific two-phase media consisting
of highly dense disordered SHU sphere packings within a
continuous matrix. In particular, we examine the diffusive
transport properties as quantified by the time-dependent dif-
fusion spreadability [52], and optical properties as quantified
by the effective dynamic dielectric constant [32]. In addition,
we identify cross-property relations between these two prop-
erties in ultradense disordered SHU particulate composites.
We follow the recent investigation by Kim and Torquato [53]
to generate ultradense SHU monodisperse sphere packings
by using a modified collective-coordinate optimization pro-
cedure to study the aforementioned properties. This recent
optimization scheme incorporates a two-body short-range
soft-core repulsive potential between particles in addition to
the standard stealthy potential, as detailed in Sec. II B. This
modification leads to packings whose packing fractions far
exceed those achieved without the soft-core repulsion; see
Fig. 1 for a vivid comparative illustration. The packing frac-
tion ¢ = p v;(R), is defined to be the fraction of space covered
by the spheres, where p is the number density and v;(R) the
volume of a d-dimensional sphere of radius R, defined in
Eq. (9).

The time-dependent diffusion spreadability S(¢) quantifies
the efficiency of a two-phase medium in diffusing a substance
from one phase to the other. The larger the value of S(¢), the
faster the diffusion of the substance in the medium [52]. It
has been shown that, in the long-time limit, hyperuniform
media have considerably larger spreadability compared to
nonhyperuniform systems, and such a difference becomes
exponentially large in disordered SHU systems [37,52], as
summarized in Fig. 2. Compared with previous works that
were limited in the packing fraction that could be achieved,
our results show that the addition of the soft-core repulsion

FIG. 1. Stealthy disordered hyperuniform packing of N = 400
identical disks, with stealthiness parameter y = 0.35, as adapted
from Ref. [53]. (a) The packing configuration is generated using
the collective coordinate optimization procedure without soft-core
repulsion, leading to a packing fraction ¢ ~ 0.095. (b) For the same
value of y, adding the soft-core repulsion allows achieving ultra-
dense packings, in the present case with ¢ = 0.76.

allows us to tune the rate of such exponential decay by ad-
justing the radius o of the repulsive potential. Specifically,
the larger the packing fraction, the faster the diffusion. As
a consequence, the addition of soft-core repulsion provides
a way to design SHU microstructures with extremely effi-
cient spreadability. Moreover, we show that for fixed values
of the stealthiness parameter y and packing fraction ¢, the
microstructure of configurations obtained with larger o leads
to faster interphase diffusion.

The effective dynamic dielectric constant tensor €,(Kk, w)
relates the externally applied electric field to the field inside
the medium. Recently Torquato and Kim [32] derived ex-
act general nonlocal strong-contrast expansions for a linear
fractional transformation of the effective dielectric constant
tensor €. (K, w). This expansion offers the significant benefit of
leading to the rapid convergence of the series and hence their
lower-order truncations can accurately approximate higher-

Anti-hyperuniform Hyperuniform

S(c0) — (1) ~ =@l S(c0) — S(1) ~ 17¢
<«— §(00) — S(t) ~ const.
Stealthy Hyperuni

S(o0) —S() ~e
Nonhyperuniform =——

S(c0) — S ~ 174

a
—d 0 00

FIG. 2. Schematic phase diagram of the excess spreadability
S(00) — S(t) spectrum [52], as a function of «, the hyperunifor-
mity exponent. For ¢ = 0 the system is neither hyperuniform nor
antihyperuniform, and the usual behavior is recovered. The excess
spreadability decays as a power law for all finite values o > —d, ap-
proaching a constant in the extreme antihyperuniform limit « = —d.
In the other limit & — o0, the system is hyperuniform and the decay
of the excess spreadability is exponential.
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order functionals of the exact series across all orders using
lower-order diagrams. In the present work, we will consider
specific fully 3D isotropic media consisting of 3D SHU sphere
packings and transversely isotropic media, whose cross sec-
tions are obtained from the 2D disk packings as detailed in
Sec. ITE. We then apply the truncated strong-contrast formu-
las to estimate €.(k, w) and compare disordered SHU media
generated with and without soft-core repulsion. We find that,
in agreement with previous results [32,35,54], the smaller
the packing fraction, the larger the size of the transparency
interval for a range of small wave numbers. On the other hand,
the height of the attenuation peak decreases for increasing
packing fraction, as the medium becomes progressively more
ordered.

We find that disordered ultradense SHU two-phase me-
dia present advantageous physical properties compared to
SHU obtainable without soft-core repulsion, such as in-
creased diffusion spreadability and reduced attenuation of
electromagnetic waves. Furthermore, SHU packings gener-
ated with soft-core repulsion with larger values of o, for
fixed stealthiness parameter and packing fraction, exhibit the
same favorable physical properties compared to smaller val-
ues of o, emphasizing the importance of the microstructural
arrangement.

Importantly, the diffusion spreadability and the effective
dynamic dielectric constant are determined by the microstruc-
tural information contained in the spectral density only,
as explained in Sec. IID and IIE. The spectral density
can be obtained from scattering data of two-phase me-
dia and allows us to determine the exact result for the
spreadability [52] and highly accurate approximations for
the effective dynamic dielectric constant [32]. It is note-
worthy that our property predictions enable the tuning and
design of material properties by selecting the desired spectral
densities.

A previous study showed that the imaginary parts of the
effective dynamic dielectric constant at small wave numbers
and the spreadability at long times are positively correlated
as the structures span from nonhyperuniform, nonstealthy
hyperuniform, and stealthy hyperuniform media [37]. In
this work, we explore how the unprecedented possibility of
achieving ultradense disordered SHU packings enables new
cross-property relations between analogous quantities and re-
veals remarkable effects of high packing fractions on physical
properties not reported in Ref. [37]. In particular, we will
show correlation between the decay rate of the excess dif-
fusion spreadability and the size of the optical transparency
interval. The existence of such cross-property relations will
be linked to the dependence of the physical properties we
will investigate on the spectral density only, as we will
detail.

The rest of the paper is organized as follows. In Sec. II
we provide an introduction to the fundamental concepts
that will be necessary to understand our results, and in partic-
ular, we will give a background on SHU systems in Sec. I A,
we will describe the collective-coordinate optimization pro-
cedure in Sec. IIB, and in Sec. IIC we will give a brief
discussion of two-phase media, focusing on diffusion spread-
ability in Sec. IID and effective dynamic dielectric constant
in Sec. ITE. We will discuss the results for the spectral den-

sity in Sec. IIT A, time-dependent diffusion spreadability in
Sec. III B, and the effective dynamic dielectric constant in
Sec. III C. We will then draw our conclusions in Sec. IV. In
the Supplemental Material (SM) [55], we discuss the effect
of different microstructures, obtained using different soft-core
repulsion potentials.

II. BACKGROUND AND METHODS

In this section, we provide some background materials that
are useful to understand the results presented in subsequent
sections of the paper.

A. Hyperuniformity

As noted in the Introduction, a hyperuniform system is
characterized by a suppression of the large-scale density fluc-
tuations compared to those of typical disordered systems.
To be more precise, let us consider a many-particle system
in d-dimensional Euclidean space R? and consider a hyper-
spherical observation window 2 of radius R. The large-R
behavior of the number variance o (R) = (N(R)?) — (N(R))?
of particles within € is used to distinguish hyperuniform
systems from typical disordered systems.

The structure factor S(k) is directly related to the number
variance through the integral equation [1,3]

2 _ 1 ~ 7.
oF(R) = <N(R>>[—(2,,)d [R d S(k)oe(k,R)dk} @

where @(k; R) = 2¢7%’T'(1 +d/2) [Jd/z(kR)]z/kd.
According to Eq. (2), the large-R behavior of the number
variance o,% (R) is governed by the small-k scaling of structure
factor S(k). Specifically, if we consider hyperuniform systems
for which S(k) ~ |k|* at small wave numbers, then the corre-
sponding large-scale behavior of o2 (R) [3,56] is given by

RA-1 ifa > 1 (ClassT),
o2(R)= {R*'"InR, ifa=1 (ClasslI),
R, if0<a <1 (ClassII).

Among the class I hyperuniform systems, stealthy hyperuni-
form systems formally correspond to the o — oo limit. In
SHU systems the structure factor does not vanish only for
k| — O but rather for a finite interval 0 < |k| < K at small
wave number,

Sk)=0 for 0<k<K 3)

Notice that perfect crystals are SHU systems, as their structure
factor vanishes for all wave numbers |K| < |Kppage| smaller
than the position of the first Bragg peak.

Such systems display another important feature called the
bounded-hole property. In a many-particle system, a “hole”
is a spherical region of the Euclidean space R? of a certain
radius without particle centers. It has been conjectured [28]
and subsequently rigorously proved [29] that disordered SHU
configurations across any dimension cannot tolerate arbitrar-
ily large holes in the infinite system-size limit. On the other
hand, in a typical disordered system, the probability of finding
a hole of arbitrarily large size in the thermodynamic limit is
nonvanishing.

The properties of disordered SHU systems depend on
the value of K, i.e., the number M(K) of independently
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constrained wave vectors. It is convenient to introduce the
stealthiness parameter yx, defined as

_ MK)

XA =1y
which gives a measure of the relative fraction of constrained
degrees of freedom compared to the total number of degrees of
freedom d(N — 1), once the translational degrees of freedom

are removed. In the thermodynamic limit, Eq. (4) becomes
[26]

“4)

) ®) = n!?
X=o0dend "I Taxdn)

where v (R) is the volume of a d-dimensional hypersphere of
radius R, and p is the number density. As we will discuss in
Sec. I B, SHU configurations can be obtained as ground states
of a potential energy. Such ground states are highly degenerate
and markedly disordered for small values of x 2 0, as few
constraints are applied to the system. For larger values of
X, the dimensionality d¢ of the configuration space reduces
and becomes zero for x = 1/2, according to the equation
de =d(1 —2yx) for 0 < x < 1/2 [26]. For x = 1/2, there
can be transitions to a crystal phase, depending on the value
of d. Notice that periodic configurations belong to the ground-
state manifold but constitute a zero-measure set, and therefore
cannot be reached through the collective-coordinate optimiza-
tion procedure discussed in the next section.

(&)

B. Collective-coordinate optimization with additional
soft-core repulsion

In the present work, we will obtain disordered SHU
configurations by using a modified version of the collective-
coordinate optimization procedure [26]. Following Ref. [28],
we consider the following potential energy:

N

(V) = T Xk: (k)S(k) + ij u(rij), (6)
with (k) = V(k)®(K — k). In the above equation, S(k) is
the single-configuration structure factor, which by definition is
always positive, and ®(x) is the Heaviside step function. The
pair potential u(r) penalizes any configuration possessing par-
ticles closer than o. We will choose the pair potential u(r) =
uy(1 —r/o)?> ®(c —r). By choosing V(k) > 0 [e.g.,V(k) =
1], we have that ®(r") > 0 and, in particular, ®(r") = 0 only
if S(0 <k < K) =0 and the minimum pair distance is o.
Therefore, the ground states of the potential ®(r") are SHU
configurations with the desired value of K and minimum pair
distance o.

In this work, we will employ the same potential used in
Ref. [53], although the specific form of the potential is not
expected to change the qualitative properties of the ground-
state configurations. However, different choices of u(r) could
change the numerical efficiency of the procedure. With our se-
lection, the potential is continuous and differentiable at r = o.

The addition of the repulsive potential adds a constraint
to the ground-state manifold, and therefore not all values of
o are allowed: For a given value of x, by increasing o the
dimensionality of the ground-state manifold reduces and can
ultimately become zero at 0 = o,.. The dependence of o, on x

3.0 — $=0.35
— ¢ =045
2.51 — $ =055
¢ =0.64
90 /\ —== NoSC, ¢ = 0.29
3 ] [
& 1.5 ‘
1 0‘ / \__’———\-—
0.5
0.04 ==
0 5 10 15 20 25 30
k

FIG. 3. Structure factor for disordered 2D SHU packings with
x = 0.45 and different values of the packing fraction ¢. All the
curves are obtained using the collective-coordinate optimization
procedure: The solid curves are generated with the addition of a
soft-core repulsion, allowing tuning of the packing fraction, whereas
the dashed red curve has no soft-core repulsion.

and spacial dimension d has been investigated in Ref. [53]. In
particular, o, decreases with increasing x, meaning that pack-
ing fraction monotonically increases with decreasing y. This
dependence arises because a decrease in x (or, equivalently,
the degrees of freedom M(K) constrained by the stealthy
hyperuniform condition) increases the maximum number of
constraints from particles that are effectively in contact. Such
a change consequently leads to a decrease in the void space
between particles and a higher maximum packing fraction; see
Ref. [53] for details.

As in previous implementations of the collective-
coordinate procedure [26,27,53], we numerically obtain the
point configurations by minimizing the potential energy &
in Eq. (6) using the low-storage Broyden-Fletcher-Goldfarb-
Shanno (L-BFGS) algorithm [57]. For given values of d, y,
N, and o, we draw a random initial configuration and run the
minimization algorithm to ® < 7y x 10720,

The statistical properties of the ground-state configu-
rations obtained through the optimization procedure are
affected by the choice of V (k) and initial condition [27].
For example, ordered periodic configurations belong to the
ground-state manifold but cannot be reached from random
initial conditions (often denoted as high-temperature initial
configurations), as they are entropically suppressed. In this
work, we will consider random initial conditions with unit
number density p = 1. Given a point configuration, we then
obtain a sphere packing by decorating all points with spheres
of radius a = o /2.

Kim and Torquato [53] showed that, without soft-core re-
pulsion, the average maximum packing fraction ¢p,x vanishes
as N — oo, while the inclusion of the soft-core repulsion
allows one to achieve unprecedented large values of @,
independently of N. In this work, we make use of this result
and, for a given value of d and x, we consider the max-
imal packing fraction ¢n.x = p vi(0o./2) for fixed number
density p. Figure 3 demonstrates the structure factors of such
2D SHU packings with a fixed value of y = 0.45 for a range
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of packing fractions up to the maximal value. When ¢ is
sufficiently small, the structure factor of such a packing be-
comes nearly identical to those of SHU point patterns without
soft-core repulsion.

C. Two-phase media

In the following, we briefly introduce the two-phase media
formalism, which will be instrumental in the study of particu-
late composites. Let us consider a medium constituted of two
phases i = 1, 2. In our case, phase i = 1 will be the matrix
filling the space between spheres and phase i = 2 the spheres
themselves, but the discussion presented in this section is valid
in general. We define the indicator function

1 ifxe V,‘
0 otherwise ’

I0(x) = { (7)
where V; is the region of space occupied by phase i, with
volume fraction ¢; [58]. We can then define the n-point cor-
relation function for phase i as S = ([T}_; Z”(x,)), where
the average is performed over the realization ensemble. For
statistically homogeneous media, it follows immediately that
Si’) = ¢;. The autocovariance function yx, (r) for statistically
homogeneous systems is defined through the two-point func-
tion as

X, (1) = 80(r) — ¢ = SP(r) — 43, (8)

which is the same for both phases. Notice that x, (0) = ¢1¢».
The spectral density is defined as the Fourier transform of the
autocorrelation function

% (k) = /R Ldrx, () e kT 9)

and %, (k) > O for all k.

Let us now specialize to the case of isotropic packings of
identical spheres of radius a; the spectral density is directly
related to the structure factor S(k) [58,59] and depends only
on the wave number k = |k|

Xy (k) = ¢p aa (ks a) S(k), (10
where
B 1 27a\? 5
a(k;a) = @ <T) Jip(ka), an

where v;(a) = 7%%a?/T'(1 4+ d/2) is the d-dimensional vol-
ume of a sphere of radius a and ¢, = p v;(a). Consequently,
in SHU packings, %,(k) =0 for 0 < k < K. The large-k
behavior is given by %, (k) ~ y(d)s/k?T! [52], where y (d) is
a dimension-dependent constant and s is the specific surface.

D. Diffusion spreadability

Consider a two-phase medium and suppose a solute is
present initially only in phase 2—the spheres in our case—and
that, as time passes, the solute diffuses from phase 2 to a
liquid phase (phase 1). Also, for simplicity, we consider the
case in which the diffusion coefficie—D is the same in both
phases at any time ¢ [60]. The time-dependent spreadability
S(t) is defined as the fraction of the total amount of solute
present that has diffused into phase 1 at time 7. Given two

different microstructures, the one with a larger value of S(7)
at time ¢ spreads diffusion information more rapidly. From the
definition, it follows immediately that S(c0) = ¢;.

It was demonstrated by Torquato [52] that the excess
spreadability S(co) — S(¢) of a two-phase medium in d-
dimensional Euclidean space R? can be expressed exactly as

S(00) = 8(1) = %, K)e ¥ Pdk.  (12)

1
Qr)i¢y Jra
Note that only the one-point (i.e., ¢;) and two-point [i.e.,
X, (K)] correlations are involved in Eq. (12).

As shown in Fig. 2 (see also Ref. [52]), if %, (k) ~ B|k|*
in the limit |k| — O, then the long time excess spreadability is
given by

S(00) — S(t) = i (13)
+o((Dt/a®)~ 2 Dr/a® > 1, (14)
where
_ d+a o)
C_BF< 2 >2dnd/2r(d/2)' (15)

Consequently, the larger the value of « for fixed space di-
mensionality d, the faster the power-law approach of the
spreadability to its asymptotic value ¢;. In stealthy systems,
as we discussed, @ = +00, and the asymptotic value is ap-
proached exponentially fast [52]:

dui(1) _ e KD
5(00) = S(t) ~ [ 20y a2<K,a>S<K>} o5 (16)
for Dt /a®> > 1.

Remarkably, the spreadability is closely related to nuclear
magnetic resonance (NMR) and diffusion magnetic reso-
nance imaging (dMRI) measurements. Indeed, it has been
shown by Torquato [52] that the NMR pulsed field gradi-
ent spin-echo amplitude M(Kk, ¢) of a fluid-saturated porous
medium [61-63] can be related to the excess spreadability in
Eq. (12) via the mapping S(c0) — S(t) — M(0,1) — ¢, and
D — D(t), where D(¢) is the effective time-dependent dif-
fusion coefficient of the porous medium. In addition, the
transverse relaxation rate dR, /d¢ shows long-time asymptotic
behaviors analogous to S(oco0) — S(¢) [64]. In the context of
dMRI, it has been argued [65] and then experimentally ver-
ified [66] that the time-dependent diffusion coefficient D(t)
scales as D(t) — D, ~ C/t"9+¥)/2_Such a long-time behavior
coincides with that of the excess spreadability, suggesting
the mapping S(t) — D(¢) and S(c0) — D, = D(o0). These
remarkable connections show the experimental relevance of
the diffusion spreadability in NMR and dMRI measurements
in physical and biological porous media.

E. Effective dynamic dielectric constant

In this section, we will briefly review the nonlocal strong-
contrast expansion of the effective dynamic dielectric constant
tensor €,(k,, @) in 3D anisotropic two-phase media. We de-
note with Eq(x) the incident electric field, which is assumed to
be a plane electric wave with frequency w and wave vector k,
in phase g. We will also assume that both phases are nonmag-
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netic, have real-valued and frequency-independent dielectric
constants, and are dielectrically isotropic. Consequently, we
have the dispersion relation k(w) = |k, (w)| = NG w/c. We
can thus drop the dependence on w of the effective dynamic
dielectric constant tensor, €.(k;, w) = €.(ky).

The nonlocal strong-contrast expansion is obtained starting
from the dyadic Green’s function G (r) for the electric field
in the reference phase g of the time-harmonic vector wave
equation. It can be written as [58]

G9(r) = —DWs(r) + H(r), (17)

where the singular part at r = 0 has been isolated from the
regular part H(r), and the source dyadic tensor D ac-
counts for the contribution around the singularity. The regular
part of the Green’s function, for isotropic media, takes the
form

ikr
H?(r) = L(=1 + ikr + (kr)")I
edmr
+ (3 = 3ikr — (kr)®)Ef], (18)

with  =r/|r|.
The nonlocal strong-contrast expansion is not a series ex-
pansion for the effective dielectric constant €.(k,) but rather

for the effective tensor [qu)(k'[l )]~!, where

L9 (kq) = [€.(kKg) — €,1] - {I+ DY - [e,(kq) — €,11} .

19)
The expansion reads
oo
@ . [[@ - @ — ¢ 1@ »)
$pL D - [P (k)] - $pL? = ¢, L0 =)~ AP (k).
n=2
(20)

where we have defined
LY = (e — €)1+ DV (e, — )] . 1)

The advantage of the expansion Eq. (20) for a linear fractional
transformation of €,(k,) compared to a standard series ex-
pansion for €,(k,) is due to the rapid convergence obtained
by truncating the left-hand side of Eq. (20) at low order.
It provides good approximations for the exact series to all
orders of higher-order functionals in terms of lower-order
diagrams [32].

In the following paragraphs, we provide a brief review of
the second-order approximations that we used in this work.
We refer the reader to Refs. [32,37] for the analytical deriva-
tions and further details.

1. Transversely isotropic media

Let us consider first the case of 3D transversely isotropic
media [see Fig. 4 (left)], whose transverse sections are a
realization of a 2D packing of disks. We report the results
for the effective dynamic dielectric constant of a normally
incident wave with k, = k¥, where ¥ is the unit vector in the y
direction. The label ¢ = 1, 2 denotes the phase in the medium.
As a consequence of the symmetries of the problem, the effec-
tive dielectric constant tensor can be decomposed as €,(k;) =
eM(k,)22 + € (k,)(I — 22) into two orthogonal components
eM(k,) and €F(k,), denoting the transverse magnetic (TM)
and transverse electric (TE) polarizations, respectively.

FIG. 4. Left: Three-dimensional transversely isotropic medium,
obtained from a 2D SHU packing. Right: Three-dimensional fully
isotropic medium, consisting of a 3D SHU packing.

By considering contributions only up to the
second-order terms, the components of e.(k,) take the
form

EeTM(kq) -1 4 ¢12;[(6p + 6q),qu]
€ B bp — AEM(kIM» (eNl(ep +€4)Bpg] + 2¢127,3pq
(22)

€5 (kg) 1 ¢p(1 — pPpq) _A;E(kZE;el(s%)))[zeqﬁpq]

€q 2¢4Bpq

(23)

where B,, = (€, —€,)/(e, +(d — 1)e;) (we set d =2),
KTE =k Vel Je,, k™M =k, /(€)/€g, and €& s the
Bruggeman approximation for two-phase media [58,67]. The
second-order coefficients ATM(k,;€,) and AJE(k,;€,) are
given by

T
AM (ks €g) = 24T  (kgi €) = _ZF@D)(kq)
q

B > 24, ()
|7 Jo 0 q* — 2k, cos @)
k2 /2
+i—q/ %y kg cosp)de ¢
T Jo

In the above equation, the nonlocal attenuation function of a
2D statistically isotropic two-phase medium F ®® (k) has been
introduced [32]. Notice that, similarly to what happens for dif-
fusion spreadability, only the one- and two-body correlations
enter these approximations through the packing fraction and
spectral density.

2. Fully isotropic media

Let us now consider the case of macroscopically isotropic
media [32], as the one depicted in Fig. 4 (right). In this case,
the effective dielectric constant tensor reduces to a scalar,
namely €,(kq) = Tr[e.(kq)]/d. It has been shown in Ref. [32]
that the two-point level approximation for the effective
dielectric constant for macroscopically isotropic media is
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given by

Ee(kq) _
€q

3 B>
$p(1 = Bpyp) + ﬂﬂ#”‘”( —k>

I+

(24)
In the above expression, F (Q) is given by
0 Xv(Q)
4277 ) la+ QP —@*

and is referred to as the nonlocal attenuation function, while
Bpg = (ep —€4)/(e, +(d — 1) €,) as before, having now
d=3; 61(33(]3)) is the Bruggeman approximation for two-phase

FePQ) = - dq (25

media [58,67] in 3D. Once again, we notice that only correla-
tions up to the two-point level are entered in Eq. (24).

III. RESULTS

Here we provide results for the diffusive transport and op-
tical physical properties and discuss cross-property relations
between them. In Sec. III A, we will begin by showing the
dependence of the spectral density of SHU packings on the
packing fraction, as this will directly impact the behavior of
the diffusion spreadability, discussed in Sec. III B, and the ef-
fective dynamic dielectric constant, discussed in Sec. III C. In
Sec. III D, we obtain cross-property relations between them.

It is also important to emphasize that, as shown in
Ref. [53], the highest packing fractions can be reached for
small values of x, and therefore both for 2D and 3D systems
we show the results obtained at small-x values. In addition,
for 2D media, we also address the high-x limit, as in this
regime nearly optimal effective properties can be achieved,
as we will argue in Sec. IV. For the results at small x (x =
0.0025) we will show packing fractions up to ¢ = 0.8, even
though it is possible to reach even higher packing fractions,
up to ¢. = 0.86. This choice is motivated by the fact that, as
discussed in Ref. [53], at small x and largest achievable values
of ¢, the Bragg-peak structure of the triangular lattice appears,
the system becomes polycrystalline and thus ceases to be
disordered. We refer the reader to the Supplemental Material
[55] for a discussion of the effect of different microstructures
(generated with different values of o in the soft-core repul-
sion) at fixed packing fractions.

A. Spectral densities

We start by considering the spectral density, introduced in
Sec. II C. Its behavior depends on the structure factor, encod-
ing microstructural information, and the packing fraction. We
show in Fig. 5 the spectral density for a 2D SHU disk packing,
for x = 0.0025 and y = 0.45 and different packing fractions
¢. In all the curves obtained using the soft-core repulsion,
we have set @ = 0 /2, the maximum allowed radius for the
particles.

As expected, for a fixed value of yx, the spectral density
vanishes for the same range of wave number, as imposed by
the structure factor in Eq. (10). Let us also notice that, as the
packing fraction ¢ increases, the position of the first local

1079_
1012 x = 0.0025
— =020 —— ¢=0.60
¢ =040 ¢ =0.80
10710 : :
0 5 10 15 20 25 30
k
10°
103 | _
H > ?
1 4
|
— 10764 |
\&/ 1
N !
~ 1070 i
1
i x = 0.450
1012 ! — $=035 ¢ =0.64
: — ¢ =045 -== No SC, ¢=0.29
| — $ =055
10715 I . . . .
0 5 10 15 20 25 30

k

FIG. 5. Spectral density of a 2D SHU packing of N = 4000 disks
(solid curves), with x = 0.0025 (top panel) and x = 0.45 (bottom
panel) and various values of ¢, as reported in the legends. In all cases,
the disk radius a = o /2 is the largest allowed value. The red dashed
curve corresponds to the results obtained without soft-core repulsion.
By increasing the packing fraction, the position of the local minima
moves towards smaller wave numbers, as dictated by Eq. (11), with
consequences for the physical properties, as we discuss below.

minimum in J, (k) shifts to smaller values of k. This can be
easily understood from Eq. (11) for &;(k; a): the dependence
on ¢ enters through a in the argument of the Bessel function
Jj 12(ka), acting as a scaling factor for the wave number .

In Fig. 5 we also report the result obtained without
soft-core repulsion for x = 0.45. At finite system size, we
observe that the resulting spectral density coincides with
the results obtained at finite o, with an effective packing
fraction ¢ ~ 0.29 for x = 0.45 and N = 4000. This is in
agreement with the results of Ref. [53], as for large y it
is expected that, at finite size, it is possible to generate
packings with nonvanishing ¢. However, in the thermody-
namic limit, Ref. [53] shows that the maximum packing
fraction vanishes. At small y, instead, even at finite size it
is not possible to generate a sphere packing with a nonva-
nishing ¢, and therefore we do not report the comparison
for x = 0.0025.

We report in Fig. 6 the spectral density for a 3D SHU
sphere packing at a small value of x = 0.0025, for different
values of the packing fraction. Also in this case the same ar-
gument presented for the 2D case applies, and higher packing
fractions lead to local minima moving to smaller values of k.
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FIG. 6. Spectral density of a 3D SHU packing of N =400
spheres, with y = 0.0025 and various values of ¢, ranging from
¢ = 0.2 to ¢ = 0.64, as reported in the color bar. In all cases, the
disk radius a = o/2 is the largest allowed value. Also in 3D, the
position of the local minima changes with ¢, according to Eq. (11).

In the Supplemental Material [55], we consider microstruc-
tures having the same values of x and ¢ but different values of
o in the generating soft-core repulsion. We show that the sole

x = 0.0025
1 — $=1020 6 =0.60
10 — =040 6 =080

8
%)
1075
0 10 20 30 40 50 60
Dt/a?
10\ v = 0.450
e — $=035 ¢ =0.64
NN — $=045 === NoSC, =029
10731 e — =055
\8/ 77 \\\\\\
w 107 N
1071 N
10—11 . . . . . > i
0 1 2 3 4 5 6 7 8

Dt/a?

FIG. 7. Excess diffusion spreadability for 2D SHU packings
having x = 0.0025 (top panel) and yx = 0.45 (bottom panel) and
packing fraction. The solid lines are obtained using the soft-core
repulsion, while the red dashed line is obtained without soft-core
repulsion. Higher packing fractions correspond to more efficient
spreading. Higher values of x correspond to larger decay rates of
the excess spreadability, as dictated by Eq. (16).

10°
— $=10.30
— ¢ =040
¢ =0.50

¢ = 0.60
¢ =0.64

1072_

1078 y y y y y
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Dt/a?

FIG. 8. Excess diffusion spreadability for 3D SHU packings
having x = 0.0025 and packing fraction. Higher packing fractions
correspond to faster decay in dimensionless time Dt /a?, as visible
from the different slopes for varying ¢.

effect of the microstructure, encoded in the structure factor,
is considerably milder than the effect generated by different
packing fractions. The results we presented for the spectral
density will determine the behavior of the physical properties,
which we will discuss in the next sections.

B. Diffusion spreadability

Following the theoretical foundations presented in
Sec. IID, we now discuss the properties of the excess
diffusion spreadability. We numerically obtain it by
performing the integration in Eq. (12) and using the spectral
density result discussed in Sec. IIT A.

In Fig. 7 we show the excess diffusion spreadability
S(00) — S(¢) as a function of the dimensionless time Dt /a?
for a two-phase medium consisting of a 2D SHU disk packing
embedded in a matrix. We report the result for y = 0.0025
and x = 0.45. Comparing the behavior at small and large
we can note that at small y the decay is considerably slower
than at large x. This is a direct consequence of Eq. (16), as
small x corresponds to small K and, therefore, a slower decay
rate. As we can readily observe, higher packing fractions
allow for a faster decay of the excess spreadability, meaning
a faster spreading of solute from the disks (phase 2) to the
matrix (phase 1). Notice that in Fig. 7 and Fig. 8§ we show the
excess diffusion spreadability as a function of the dimension-
less time Dt /az; with this choice, the rate of the exponential
decay of S(0o0) — S(t) is K2a? [see also Eq. (28)], and thus is
larger for larger ¢.

This result can be understood as follows: For large packing
fractions, the volume fraction of phase 1 is reduced, as well as
the typical size of the spaces between spheres. This leads to a
more efficient spreading of a solution from phase 2 to phase
1. Moreover, as demonstrated in the Supplemental Material
[55], for fixed packing fraction ¢, higher values of o provide
a more efficient solute spreading, although the difference is
considerably smaller than for different packing fractions.

In Fig. 8, we report the results for the excess spreadability
in a 3D SHU packing of identical spheres embedded in a
matrix phase. As for the 2D case, the reported curves are
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FIG. 9. Effective dynamic dielectric constant for a transversely isotropic medium with contrast ratio €, /€; = 4 and x = 0.0025. The upper
panel shows the real and imaginary parts of the TE polarization and the lower panel shows the real and imaginary parts of the TM polarization.
The wave number on the horizontal axis has been rescaled with the specific surface s, to make it dimensionless. The imaginary part of the TE
and TM polarizations vanishes for a range of small wave numbers, signaling the perfect transparency for the corresponding wavelengths.

obtained for different packing fractions with x fixed. Also, in
this case, we can observe the great advantage in the resulting
spreadability gained in using the soft-core repulsion to reach
higher packing fractions.

C. Effective dynamic dielectric constant

In Fig. 9 and Fig. 10, we show the results for the TE and
TM polarizations of the effective dynamic dielectric constant
for a 3D transversely isotropic medium. The results shown
are obtained by numerically evaluating the second-order ap-
proximation of the nonlocal strong-contrast expansion, as
reported in Egs. (22) and (23). As discussed in Ref. [32], the
second-order approximations provide an excellent estimate
for the numerical results obtained using finite-difference time-
domain simulations up to k;p'/¢ < 1.5. In Fig. 9 and Fig. 10
we report the results up to k; /s ~ 1.5 to show the qualitative
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Qﬂé 1.75
sV I
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behavior of the first attenuation peak, where s is the specific
surface.

Let us consider the 2D results for the imaginary parts of
both eeTM(k) and eeTE(k); we can observe that they vanish ex-
actly for a range of values of the wave number 0 < k; < K7.
This is a property of stealthy hyperuniform media, and it
physically corresponds to perfect transparency for the corre-
sponding range of wave numbers [32,37],

Kr 1

=, 26
K 2./€x/€q (20)
with €, = (¢) for TM polarization and €, = 61(32(1;)) for

TE polarization. We can observe that, in agreement with
Refs. [32,37], the size of the transparency region depends on
the packing fraction. In particular, K7 /K < 1/2 and Ky =
K/2 for ¢ — OT. As a consequence, small x leads to a small

o P
[t -~
20 T - \\\
0.00 0.25 0.50 0.75 1.00 1.25 1.50
— $=035 ¢ =0.64 AN
061 — $=045 == NoSC, =029

= —_— $ =055
Eo 0.4
E 021 zi s
7/
7/
00_ ___________ T l_-/l T
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FIG. 10. Effective dynamic dielectric constant for a transversely isotropic medium with contrast ratio €;/¢; = 4 and x = 0.45. The upper
panel shows the real and imaginary parts of the TE polarization and the lower panel shows the real and imaginary parts of the TM polarization.
The wave number on the horizontal axis has been rescaled with the specific surface s to make it dimensionless. The solid curves are obtained
using the soft-core repulsion, and the corresponding packing fraction ¢ is indicated in the color bar, whereas the dashed red curve is without
soft-core repulsion and corresponds to a packing fraction ¢ >~ 0.29. The imaginary part of the TE and TM polarizations vanishes for a range
of small wave numbers, signaling the perfect transparency for the corresponding wavelengths.
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FIG. 11. Height of the first attenuation peak, denoted with A,
as a function of packing fraction for the TM polarization in a 3D
transversely isotropic SHU medium. Solid lines are obtained for

different values of ¢ and by setting a = o /2, whereas dashed lines
are obtained for fixed o and different values of a < o/2.

0.2

transparency interval and the soft-core repulsion allows us to
tune the transparency interval of the material for a given x, by
changing the packing fraction ¢. In particular, the larger the
value of ¢, the smaller the transparency interval. Intuitively,
as the volume fraction of the phase with a higher dielectric
constant slightly increases, the scattering events occur more
frequently, and thus, wave propagation is impeded further,
resulting in a reduced transparency interval. We also note that
for given values of x and ¢, the transparency interval Ky
decreases as the contrast ratio €;/€; increases because the
strength of individual scattering events increases, leading to
further wave propagation impedance.

We also note that, by changing the packing fraction ¢, the
height of the first attenuation peak, denoted as h,, changes. In
principle, this behavior can be a consequence of the change
in the packing fraction or the microstructure, as both ¢ and
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o are varied in Fig. 10. We analyze the two effects separately
in the Supplemental Material [55]. For concreteness, let us
consider the TM polarization and let us compare the values
of h, for different values of ¢ and x. We report the results in
Fig. 11.We observe that &, decreases for ¢ 2 0.3, which is the
volume fraction range of Fig. 9 and Fig. 10, as well as when o
is kept fixed (i.e. for fixed microstructure) and the packing
fraction is varied, as shown in Fig. 5 in the SM [55]. The
dependence of &, on ¢ reported in Fig. 5 in the SM [55] can be
qualitatively understood as follows: if one of the two phases
is predominant compared to the other, the dissipation due to
scattering occurs less. Consequently, by increasing ¢ towards
the maximal allowed value (for a given yx), the height of the
attenuation peak is reduced. The same phenomenon occurs
for ¢ < 0.3, as shown in Fig. 5 in the SM [55], as the other
phase becomes predominant. We also notice that different
microstructures lead to different attenuation properties (see
Fig. 4 in the SM [55]), even if the effect is not as pronounced
as for different packing fractions.

We show in Fig. 12 the numerical results for the effective
dynamic dielectric constant in 3D fully isotropic media, com-
puted using the second-order strong-contrast approximation,
Eq. (24). In particular, we show results for y = 0.0025. We
can observe that, also for fully isotropic stealthy media, there
is a perfect transparency interval, whose size changes with x
and ¢. In particular,

Kr 1

/ (3D
2 eéG)/eq

and thus for low values of yx, corresponding to small K, the
size of the transparency interval is also small. In addition,
the size of the transparency interval K; decreases with ¢.
In analogy to what has been observed for 2D transversely
isotropic media, we note that, as ¢ increases from interme-
diate values to the maximally allowed values, the height of
the attenuation peak changes, becoming smaller at high values
of ¢.
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FIG. 12. Effective dynamic dielectric constant for a fully isotropic 3D media with contrast ratio €,/€; = 4 and x = 0.0025. Different
curves represent different values of the packing fraction, as indicated by the color bar. The wave number on the horizontal axis has been
rescaled with the specific surface so that it is dimensional. As noticed for the two-dimensional case, also in 3D the size of the transparency
interval, as determined by the range of wave numbers with vanishing imaginary part of the effective dielectric constant, changes with packing

fraction ¢.
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D. Cross-property relations

In heterogeneous materials, effective properties manifest
common morphological features, meaning that knowledge of
one property can provide valuable insights into another. Such
cross-property relations enable the rational design of multi-
functional heterogeneous materials with desirable properties
[58] using inverse techniques [68].

In the previous sections, we presented the results for
the physical properties of ultradense SHU two-phase media.
Specifically, we discussed diffusion spreadability in Sec. III B
and the effective dynamic dielectric constant in Sec. IIIC.
We highlighted that since both are ultimately determined by
the microstructure via the spectral density and the packing
fraction. Indeed, here we provide direct evidence for the exis-
tence of cross-property relations between optical and diffusive
transport properties in ultradense SHU packings.

To demonstrate the existence of cross-property relations
between the diffusion spreadability and effective dynamic
dielectric constant, we first need to select, for each of them,
a distinctive feature characterizing their behavior. In the case
of diffusion spreadability, we introduce the long-time spread-
ability parameter &, defined as follows:

. @ dIn[S(c0) — S)]
§= Dt/ljzrgoo D dt ’ (28)

Notice that this quantity is defined for any two-phase medium
and provides a way for experimentally probing whether the
medium is stealthy hyperuniform or not. In fact, in the large-
time limit, £ approaches a constant value only if the excess

J

spreadability decays exponentially, while it diverges in all
other cases, in which the decay is polynomial (see Fig. 2).
In the case of stealthy systems, the long-time spreadability
parameter £ depends on both K and ¢, § = §(K, ¢) and is
given explicitly by

E(K,¢)=K*a> =K*[pT(1 +d/2) [(px™H)4.  (29)

Therefore, the long-time spreadability parameter & is exper-
imentally accessible, contains information about the stealthi-
ness of the system, and corresponds to the slope of the curves
in Figs. 7 and 8, thus containing information about the size
of the exclusion region K and packing fraction ¢. To link & to
characteristics of the effective dynamic dielectric constant, we
choose to consider the size K7 /K of the transparency interval
discussed in Sec III C.

We show in Fig. 13 the correlation between the decay rate
of the excess spreadability and the size of the transparency in-
terval. We show two sets of curves for two different values of
x (red curves for x = 0.0025 and blue curves for x = 0.45),
and we consider different values of ¢. We also report the size
of the transparency interval K7 /K both for the TM (dots) and
TE (triangles) polarizations in both cases. As the figure clearly
shows, there is a negative correlation between the size of the
transparency interval K7 /K and the decay rate of the diffusion
spreadability. In particular, by increasing the packing fraction,
the size of the transparency interval decreases while the rate
increases.

In Fig. 13 we also report the cross-property relations de-
rived from Eq. (29) for £ and the analytical expressions for
the size of transparency interval, that are given by Ref. [37]

3D TM trans. iso.

_1
[4+4(2-1)&]"
Ky

= R(eE-E -

_1
42+ (2 -1 -1))]

3D TE trans. iso. 30)

[(2- 5672 - 2(1- BEP) + /82 + (2

In Fig. 1 of the Supplemental Material [55], we show the plots
for the analytically obtained K7 /K versus £ in TM and TE
transversely isotropic and in fully isotropic media.

Such cross-property relations have important experimental
implications. Suppose, for instance, one desires to mea-
sure experimentally the long-time behavior of the diffusion
spreadability of a two-phase medium composed of identical
spheres with a given packing fraction. (Practically, such ex-
periments can be performed via NMR measurements, as noted
in Sec. IID). By computing &, it is possible to determine
whether the system is stealthy hyperuniform or not; if the
derivative in Eq. (28) asymptotes to a constant value, then the
system is stealthy, and from Eq. (29) it is possible to obtain
the size of the exclusion region K. Therefore, the value of x
can be obtained and, as a consequence, by using the cross-
property relations, one can immediately derive the range of
wavelengths for which such a medium is optically transparent.
Furthermore, by obtaining the value K and using Eq. (16), one
can obtain the value of the structure factor S(K) at the wave
number size K of the exclusion region.

dr g3/ %(1 _ %53/2))2)]_%,

3D fully iso.

(

We note that a similar result can be obtained by consid-
ering other properties. For example, one could consider the
dimensionless time for which the excess spreadability reaches
a reference value and the height of the first attenuation peak,
although in this case, the correlation between the two would
be positive or negative depending on the packing fraction, as
one can observe from Fig. 11.

IV. DISCUSSION AND CONCLUSIONS

In this work, we have initiated the study of the dynamical
physical properties of a special class of two-phase media,
in which one of the two phases consists of 2D and 3D ul-
tradense disordered SHU packing of identical circular disks
and spheres, respectively. The possibility of reaching such
high packing fractions is guaranteed by the employment of
the collective-coordinate optimization procedure to generate
point configurations with the addition of a soft-core repul-
sion between particles, enforcing a minimum interparticle
distance. We examined diffusive transport properties through
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FIG. 13. Dependence on &, defined in Eq. (28), versus K7 /K,
where K7 is the size of the transparency interval of the TM (dots)
and TE (triangles) polarization in a 3D transversely isotropic media
(a) and for fully isotropic media (b). Red curves correspond to
x = 0.0025, while blue curves correspond to x = 0.45. The contrast
ratio is €, /€; = 4. Different points are obtained at different packing
fractions, with ¢ increasing for decreasing Ky /K, as indicated by the
arrows. The dashed curves represent the analytical result Eq. (30).
The presence of correlations between these two quantities proves the
existence of cross-property relations.

time-dependent diffusion spreadability and optical properties
through the effective dynamic dielectric constant. In addition,
we explicitly demonstrated the existence of cross-property
relationships between these two properties for SHU two-phase
media.

We have shown that the possibility of increasing the pack-
ing fraction to previously unattainable values through the
soft-core repulsion has crucial consequences on the physi-
cal properties of disordered SHU media. In particular, by
increasing the packing fraction ¢ for a fixed value of the
stealthiness parameter y, we find that the spreading rate of
a solute initially contained in one phase increases, becoming
more efficient. Large values of x provide an excess spread-
ability decaying faster than for small-x values for fixed ¢,
as theoretically expected. We also recalled the important con-
nection between diffusion spreadability and NMR and MRI
[58], making our results particularly relevant also in experi-
mental contexts. Regarding the effective optical properties of

such ultradense disordered SHU two-phase media, we have
shown that different packing fractions correspond to different
transparency intervals, as encoded by the vanishing imaginary
part of the effective dynamic dielectric constant. In addition,
different packing fractions lead to different attenuation prop-
erties, which we have quantified by considering the height
of the first peak in the imaginary part of €,(k). We have
also addressed different values of x in the same range of
packing fractions and showed, as theoretically predicted, that
the transparency interval increases with y. We then discussed
cross-property relations between the time-dependent diffusion
spreadability and the effective dynamic dielectric constant.
Such cross-property relations are valuable as they allow one to
estimate one property based on the measurement of the other
[58].

The results presented in this work have important conse-
quences, both for theoretical reasons and for material design.
We have discussed two fundamental properties: On the one
hand, the addition of the soft-core repulsion allows us to tune
the packing fraction of SHU configurations and to reach ultra-
dense sphere packings; on the other hand, we can accurately
predict dynamical physical properties from the knowledge
of the spectral density alone. By combining these two ele-
ments with the numerical technique to generate two-phase
media with a prescribed spectral density [69-72], one can
implement an inverse-design approach [68] to engineer and
fabricate two-phase media with multiple types of desired
properties. This result, therefore, opens the door to new di-
rections in material design driven by the desired physical
property.

Composite in which one of the phases consist of disordered
ultradense SHU packings can also be used to design media
with novel static material properties, such as the effective
conductivity, elastic moduli, and fluid permeability [58]. As
x increases from zero to 0.45 in disordered ultradense SHU
packings, the mean contact number per particle decreases
linearly with x, and thus the networks of contacting parti-
cles stop percolating for x 2= 0.35 [53]. Thus, for disordered
SHU packings at x = 0.45, all particles are well separated
in a fully connected matrix phase, which is a necessary
requirement to attain optimal two-phase structures [50,51].
Indeed, Skolnick and Torquato recently showed [73] that SHU
packings at x = 0.45 achieve effective conductivities and
elastic moduli that nearly coincide with the corresponding
Hashin-Shtrikman lower bounds [74,75] across all pack-
ing fractions when the particle phase has the higher phase
contrast.
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