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ABSTRACT
Disordered stealthy hyperuniform (SHU) packings are an emerging class of exotic amorphous two-phase materials endowed with novel
optical, transport, chemical, and mechanical properties. Such packings of identical spheres have been created from SHU ground-state point
patterns via a modified collective-coordinate optimization scheme that includes a soft-core repulsion, in addition to the standard “stealthy”
pair potential. To explore the maximal ranges of the packing fraction ϕ, we investigate the distributions of minimum pair distances as well
as nearest-neighbor distances of ensembles of SHU point patterns without and with soft-core repulsions in the first three space dimen-
sions as a function of the stealthiness parameter χ and number of particles N within a hypercubic simulation box under periodic boundary
conditions. Within the disordered regime (χ < 0.5), we find that the maximal values of ϕ, denoted by ϕmax(χ, d), decrease to zero on aver-
age as N increases if there are no soft-core repulsions. By contrast, the inclusion of soft-core repulsions results in very large ϕmax(χ, d)
independent of N, reaching up to ϕmax(χ, d) = 1.0, 0.86, 0.63 in the zero-χ limit and decreasing to ϕmax(χ, d) = 1.0, 0.67, 0.47 at χ = 0.45 for
d = 1, 2, 3, respectively. We obtain explicit formulas for ϕmax(χ, d) as functions of χ and N for a given value of d in both cases with and
without soft-core repulsions. In two and three dimensions, our soft-core SHU ground-state packings for small χ become configurationally
very close to the corresponding jammed hard-particle packings created by fast compression algorithms, as measured by their pair statis-
tics. As χ increases beyond 0.20, the particles in this family of disordered packings form fewer contacts and linear polymer-like chains as
χ tends to 1/2. The resulting structure factors S(k) and pair correlation functions g2(r) reveal that soft-core repulsions significantly alter
the short- and intermediate-range correlations in the SHU ground states. We show that the degree of large-scale order of the soft-core
SHU ground states increases as χ increases from 0 to 0.45 for d = 2, 3. We also compute the spectral density χ̃V(k), which can be used to
estimate various physical properties, including electromagnetic properties, fluid permeability, and mean survival time of SHU two-phase dis-
persions. Our results offer a new route for the discovery of novel disordered hyperuniform two-phase materials with unprecedentedly high
density.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0276041

I. INTRODUCTION

Hyperuniform many-particle systems in d-dimensional
Euclidean space Rd are characterized by vanishing (normalized)
density fluctuations at large length scales, i.e., the structure factor
S(k) tends to zero in the limit ∣k∣→ 0.1 This classification includes
all perfect crystals and quasicrystals as well as special disordered sys-
tems. Thus, the hyperuniformity concept generalizes the traditional

notion of long-range order in many-particle systems to not only
include all perfect crystals and perfect quasicrystals but also the
aforementioned exotic amorphous varieties. Disordered hyper-
uniform systems are an emerging class of correlated amorphous
states of matter of increasing interest due to the fact that they are
poised between a crystal and an isotropic liquid and hence have a
“hidden order” on large length scales that is not apparent at small
length scales.2 During the past decade, a variety of disordered
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hyperuniform states have been identified that can be achieved
via either equilibrium and nonequilibrium routes as classical or
quantum-mechanical states,3–9 which are often endowed with novel
transport, electromagnetic, and mechanical properties; see Refs. 2
and 10 and references therein.

In this article, we focus on an important subclass of such
disordered hyperuniform systems, called disordered stealthy hype-
runiform (SHU) system, defined by an ensemble-averaged structure
factor that is exactly zero for a range of wavevectors around the
origin up to a positive wavenumber K, i.e.,

S(k) = 0 for 0 ≤ ∣k∣ ≤ K. (1)

This condition implies that there is no single scattering down to
intermediate wavelengths of the order of 2π/K.11,12 It has been
shown that disordered SHU configurations are highly degenerate
classical ground states of particles that interact with certain bounded
long-ranged pair potentials,13 as detailed later.

Generally, a numerically obtained ground-state configuration
depends on the space dimension d, number of particles N within
the fundamental cell, the stealthiness parameter χ, initial particle
configuration, the shape of the fundamental cell, and the particular
optimization technique employed. Here, the stealthiness parameter
χ is a measure of the size of this “exclusion region” in which S(k) is
identical to zero (for k ≥ K) relative to the total of degrees of free-
dom d(N − 1) in the system; see Sec. III for a precise definition.
One important property of the constructed ground states across
dimensions (d = 2, 3) is that they are, counterintuitive, disordered
(statistically isotropic without long-range order), stealthy, hyper-
uniform, and highly degenerate for χ < 1/2, but there is a phase
transition to crystal structures for χ > 1/2.11,13,14 Such a phase transi-
tion can occur because the dimensionality of the SHU configuration
space per particle, dc, decreases linearly with χ as dc = d(1 − 2χ) in
the thermodynamic limit.13

Mapping such particle configurations to networks enabled the
discovery of the first disordered dielectric networks to have large
isotropic photonic bandgaps comparable in size with photonic crys-
tals.15 This computational study led to the design and fabrication
of disordered cellular solids with the predicted photonic bandgap
characteristics for the microwave regime, enabling unprecedented
free-form waveguide geometries that are robust to defects not possi-
ble with crystalline structures.16 Subsequently, SHU network solids
were shown to possess novel wave propagation, transport, and elas-
ticity characteristics, including low-density cellular materials with
nearly optimal effective electrical conductivities and elastic mod-
uli,17 photonic polarizer,18 photonic bandgaps that potentially per-
sist in the infinite-volume limit,19 and high-quality-factor optical
cavity.20

A systematic study of the transport, geometrical, and topo-
logical properties of 2D and 3D disordered SHU packings was
carried out in Ref. 21. It was shown there that one can convert
SHU ground-state point configurations into corresponding two-
dimensional (2D) and three-dimensional (3D) SHU packings of
“identical spheres” across a range of packing fractions by decorat-
ing the points with nonoverlapping spheres. Subsequently, a variety
of investigations demonstrated the novel physical properties of
SHU packings, including wave transparency,22–26 maximal absorp-
tion,27 tunable localization and diffusive regimes,28,29 enhanced

solar cell efficiency,30,31 phononic properties,32–37 directional wave
extraction,38,39 designs of terahertz quantum cascade laser,40

Luneberg lenses with reduced backscattering,41 extraordinary
phased arrays,42,43 metamaterials suppressing backscattering,44,45

and optimal sampling array of 3D ultrasound imaging.46

Why do disordered SHU systems have superior physical prop-
erties among isotropic amorphous states of matter? Unlike all other
disordered systems, they possess characteristics of crystals from
intermediate to infinitely large scales while being isotropic.2 In par-
ticular, in disordered SHU systems, there can be no single scattering
from intermediate to infinite wavelengths [see Eq. (1)] and “holes”
(i.e., spherical regions empty of particle centers) are strictly bounded
with maximal hole size on the order of the mean nearest neigh-
bor distance,47,48 which are also properties of crystals. This is to be
contrasted with typical disordered many-particle systems in Rd in
which the probability of finding a hole of arbitrarily large size in the
thermodynamic limit is non-vanishing.2,47

We have previously used the collective-coordinate optimiza-
tion scheme to numerically generate such SHU ground state with
isotropic potentials in one-, two-, and three-dimensional Euclidean
spaces11,14 as well as with anisotropic potentials.49,50 In the simplest
setting of isotropic interactions, we previously examined pairwise
additive potentials v(r) that are bounded and integrable such that
their Fourier transforms ṽ(k) exist; see Ref. 13 and references
therein. If N identical point particles reside in a fundamental region
F of volume vF in Rd at positions rN ≡ r1, . . . , rN under periodic
boundary conditions, the total potential energy can be expressed in
terms of ṽ(k) as follows:

Φ(rN) = ρ
2∑k≠0

ṽ(k)S(k), (2)

where k in the sum refers to the reciprocal lattice vectors of F, ρ
≡ N/vF is the number density, and S(k) = ∣∑N

j=1 exp (−ik ⋅ rj)∣2/N
is the structure factor for a single configuration.51 Note that
S(k) ≡ ⟨S(k)⟩ is the ensemble average of S(k), given in Eq. (2), in
the thermodynamic limit. The crucial idea is that if ṽ(k) is defined
to be bounded and positive with support in the radial interval
0 ≤ ∣k∣ ≤ K and if the initial positions of the particles are displaced
so that the structure factor S(k) is driven to its minimum value of
zero for all wavevectors where ṽ(k) has support, i.e., as specified by
condition (1), then it is clear from relation (2) that the system must
be at its ground state or global energy minimum; see Refs. 52 and 53
for more general cases. Thus, one can quantify the accuracy of the
resulting SHU point patterns in terms of the distance to stealthiness
Smax,54

Smax ≡ max
0<k≤K

S(k). (3)

Various optimization techniques have been employed to find the
globally energy-minimizing configurations within an exceedingly
small numerical tolerance from zero within the exclusion region of
Smax ∼ 10−20;11,14,49,55 also see a very recent study that provides even
greater precision.54,56

A primary aim of this paper is the creation of SHU sphere pack-
ings that are substantially denser than those that can be achieved via
the standard collective-coordinate optimization protocols using the
potential (2). We carry out this task by using a modified collective-
coordinate optimization scheme that includes short-range soft-core
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repulsions, in addition to the standard “stealthy” potential (2). This
modified scheme biases the search for point patterns within the SHU
ground-state manifold by penalizing configurations containing close
particle pairs.

While the standard collective-coordinate optimization proto-
cols using the potential (2) can yield SHU sphere packings with high
accuracy Smax ≲ O(10−20), the range of packing fractions is notably
limited and depends on the space dimension d, χ value, and N.21,47,57

In particular, for the one-dimensional (1D) SHU packings without
soft-core repulsions at χ < 1/2, it has been barely possible to obtain
ϕ > 0.05 even for the relatively small system size N = 100.47,57 In
two and three dimensions (d = 2, 3), SHU packings barely obtain
ϕ > 0.05 for χ < 0.3, but the range of achievable packing fraction
increases as χ increases from 0.3 to 0.5: ϕ < 0.5 for d = 2 and ϕ < 0.25
for d = 3.21,47 Thus, the SHU packings generated without soft-core
repulsions were mainly considered for the 2D and 3D cases in a
narrow range of packing fractions (e.g., ϕ ≤ 0.15).21,25,26,28 Some pre-
vious attempts to increase ϕ of SHU packings for d = 1 (Ref. 34) and
d = 2 (Refs. 31, 32, and 35) resulted in very small system sizes [i.e.,
N = O(10)] or high values of Smax [i.e., Smax ∼ O(10−5)], the lat-
ter of which are not truly stealthy hyperuniform. These packings are
not suited for studying the novel properties of SHU packings in the
thermodynamic limit because both large sizes and ultrasmall Smax
are imperative for this purpose.19,54

To overcome such restrictions on the range of the pack-
ing fraction ϕ for the SHU sphere packings from the standard
collective-coordinate method, we previously modified the collective-
coordinate optimization technique22,24,58 to include an additional
short-ranged soft-core repulsive potential that guarantees a suffi-
ciently large minimum pair distance or, equivalently, larger ϕ than
the previous method. We had previously employed this revised
collective-coordinate procedure to generate SHU packings for d = 1
(Refs. 24 and 58) and for d = 2, 3 (Refs. 22 and 58) with relatively
small packing fractions, i.e., ϕ ≤ 0.25. However, little is known about
the range of packing fractions attainable by the soft-core SHU point
patterns.

It is of great interest, therefore, to understand the range of
achievable packing fractions of SHU ground-state packings with
and without the soft-core repulsion as a function of χ, system size
N, and the radius of the short-range soft-core potential σ as well
as to quantify their structural characteristics. For these purposes,
we carry out the following analyses in the first three space dimen-
sions (d = 1, 2, 3). We investigate the minimum-distance distribu-
tions P(rmin; N) and the nearest-neighbor distributions HP(r; N)
(see Sec. IV for definitions) for SHU point patterns with and with-
out soft-core repulsions as a function of the parameters d, χ, N,
and σ. These analyses determine whether those point patterns can
be mapped to SHU packings with a positive packing fraction ϕ in
the thermodynamic limit, i.e., N →∞. When SHU packings are
attainable, we determine their maximal values of ϕ, denoted by
ϕmax(χ, d), as a function of χ at given values of d and N. We also
study the pair statistics, including structure factor S(k) and pair cor-
relation function g2(r), of these SHU point patterns across length
scales and the spectral density χ̃V(k) of the corresponding SHU
packings.

For the SHU point patterns without soft-core repulsions, analy-
sis of their local structural characteristics shows that for a given value

of χ < 0.5, minimum distance rmin of all particle pairs decreases to
zero as the system size N increases. Thus, for the SHU packings with
χ < 0.5, maximal achievable packing fractions ϕmax(χ, d) decrease
with N and they eventually become zero in the thermodynamic limit
(i.e., N →∞). We numerically obtain upper bounds on ϕmax(χ, d)
as a function of N and the associated probability that a ground-state
point pattern cannot achieve ϕmax(χ, d) for d = 2, 3. By contrast, for
SHU packings derived from point patterns with soft-core repulsions,
we find that ϕmax(χ, d) is given by 1.00, 0.86, and 0.63 in the zero-χ
limit and then decreases with χ to 1.00, 0.67, and 0.47 at χ = 0.45 for
d = 1, 2, 3, respectively, insensitive to N.

To give a visual sense of the vivid differences in the maximal
packing fractions without and with the soft-core repulsion, we show

FIG. 1. Portions of two representative images of 2D SHU packings with their maxi-
mal packing fractions ϕmax(χ, d) that are derived from 2D SHU ground-state point
patterns with χ = 0.30 and N = 400 associated with the standard potential (2),
shown in the top panel (a), and with the modified potential (17), shown in the
bottom panel (b). The packing with soft-core repulsion shown in panel (b) is ultra-
dense compared to that without it shown in panel (a). In particular, the values of
ϕmax(χ, d) of panels (a) and (b) are 6.05 × 10−3 and 0.77, respectively. In each
panel, particles are decorated with blue nonoverlapping disks of identical radii.
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two respective 2D configurations for χ = 0.3 and N = 400 in Fig. 1.
Here, it is seen that the packing with the soft-core repulsion is ultra-
dense, achieving ϕmax(χ, d) = 0.77, compared to that without the
soft-core repulsion, i.e., ϕmax(χ, d) = 6.05 × 10−3.

When d = 1, these packings remain integer-lattice packings for
all values of χ that we investigated. We show that for very small χ,
the 2D and 3D ultradense SHU packings are configurationally very
close to the corresponding jammed hard-particle packings obtained
via fast compression algorithms, i.e., polycrystalline-like disk pack-
ings and maximally random jammed (MRJ) sphere packings,59–61

respectively. These observations imply that when dc (a measure of
the cardinality of the infinitely degenerate SHU ground-state mani-
fold set) is maximized (i.e., dc → d as χ tends to zero), this manifold
contains such nonequilibrium jammed states. (In the 3D case, these
results are expanded upon in Ref. 62.) As χ increases beyond 0.20,
the particles in this family of disordered packings start to form fewer
contacts and linear polymer-like chains with a decreasing mean
chain length as χ tends to 1/2. We also obtain approximate formu-
las for ϕmax(χ, d) for the attainable SHU packings as functions of χ,
N, and σ and the number of configurations nc for a given value of
d. We also show that the degree of large-scale order of those SHU
packings increases with χ from 0 to 0.45 for d = 2, 3 by measuring
the hyperuniformity order metric Λ. The evaluation of S(k) and
g2(r) reveals that the soft-core SHU point patterns can be converted
to SHU packings with a wide range of ϕ by effectively altering the
short- and intermediate-range correlations without sacrificing the
accuracy of the long-range stealthy hyperuniform correlations. We
also compute in Appendix C the spectral density χ̃V(k) of the SHU
packings, which can be used to estimate various effective proper-
ties of such two-phase dispersions, including the effective dynamic
dielectric constant,24,58 fluid permeability,63 and mean survival time.

The rest of this paper is organized as follows: in Sec. II, we pro-
vide precise definitions of the statistical descriptors and the stealthy
potential. In Sec. III, we describe simulation details of the stan-
dard and modified collective-coordinate optimization schemes. In
Sec. IV, we quantify two types of the local structural characteristics
of the SHU point patterns. Here, we also provide approximation for-
mulas of ϕmax(χ, d) for the attainable SHU packings as functions of
χ and N for d = 1, 2, 3; see Sec. V. The pair statistics of SHU point
patterns are reported in Sec. VI. Section VII provides concluding
remarks.

II. BACKGROUNDS AND DEFINITIONS
A. Correlation functions

A point process in d-dimensional Euclidean space Rd is a spa-
tial distribution of infinitely many particles r1, r2, . . ., which can be
described by a microscopic density function n(x),64

n(x) =
∞

∑
i=1

δ(x − ri), (4)

where δ(x) denotes the Dirac delta function in Rd. The
n-particle density correlation function ρn(xn) is defined by ρn(xn)
≡ ⟨n(x1)n(x2) ⋅ ⋅ ⋅n(xn)⟩, where xn is a shorthand notation of n
position vectors x1, x2, . . . , xn and ⟨⋅⟩ represents an ensemble aver-
age. This function is proportional to the probability density asso-
ciated with finding n different particles at xn. For a statistically

homogeneous point process at a given number density ρ, the
n-particle correlation function depends on relative positions of
particles, i.e., ρn(xn) = ρngn(x21, . . . , xn1) with xij ≡ xj − xi for 1 ≤ i
≠ j ≤ n and ρ1(x) = ρ. The pair correlation function g2(r) is of
special importance in this paper. For a point process without long-
range order, g2(r)→ 1 as ∣r∣→∞. If the system is also statistically
isotropic, then g2(r) is a radial function g2(r), where r = ∣r∣.

The ensemble-averaged structure factor in the thermodynamic
limit is also related to the Fourier transform of the total correlation
function h(r) ≡ g2(r) − 1, denoted by h̃(k), as follows:

S(k) = 1 + ρh̃(k). (5)

If the system is statistically isotropic, S(k) becomes a radial function
of wavenumber k, i.e., S(k).

B. Local structural characteristics
We also define two types of local structural characteristics, the

minimum-distance distribution P(rmin; N) and nearest-neighbor
distribution HP(r; N), of point patterns. For a point pattern of N
particles, a minimum distance rmin is defined as the minimum of all
pair distances, implying that all points are separated by at least rmin.
Thus, the minimum-distance distribution is defined as

P(rmin; N) dr ≡ probability that the minimum distance
of a point pattern lies
between rmin and rmin + dr. (6)

Similarly, the nearest-neighbor distribution function of point pat-
terns is defined64 as

HP(r; N) dr ≡ probability that the nearest point
to a selected point of the point pattern lies
between r and r + dr. (7)

For N particles, the minimum-distance distribution P(rmin; N)
can be connected to the nearest-neighbor distribution HP(r; N).
Denoting the nearest-neighbor distance of particle i by r(i), we note
that P(rmin; N) is associated with an extreme event (Refs. 65 and
66) of finding the minimum distance rmin of N values, r(1), . . . , r(N).
Thus, we can express the complementary cumulative distribution
function of P(rmin; N) as

1 − ∫
δ

0
P(rmin; N) drmin

= Prob. that a N − particle configuration
has rmin > δ or ϕmax ≥ ρv1(δ/2).

= Prob. for finding a N − particle configuration

such that r(i) > δ for all i = 1, . . . , N.

≈ [Prob. for finding r(i) > δ]γN , (8)

= [1 − ∫
δ

0
HP(r; N)dr]

γN

≈ [1 − ∫
δ

0
HP(r;∞)dr]

γN

, (9)
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where we have assumed that r(i) are independent and identical
random variables following HP(r; N) in Eq. (8) and HP(r; N) is inde-
pendent of N in Eq. (9). Here, γ = 1/2 is an empirical correction
factor to account for the cases of r(i) = r( j) occurring because of the
close proximity of two distinct particles i and j. We numerically
demonstrate the accuracy of Eq. (9) in the supplementary material.

C. Local number variance, hyperuniformity,
and hyperuniformity order metric

Given a statistically homogeneous point process in Rd at num-
ber density ρ, consider sampling the number of points N(R)within a
d-dimensional spherical window of radius R. The local number vari-
ance, defined as σ2

N(R) ≡ ⟨N2(R)⟩ − ⟨N(R)⟩2, can be obtained from
pair correlation function g2(r) in direct space or structure factor
S(k) in the Fourier space,1

σ2
N(R) = ρv1(R)[1 + ρ∫

Rd
h(r)α2(r; R) dr], (10)

= ρv1(R)[
1
(2π)d∫Rd

S(k)α̃2(k; R)dk], (11)

where v1(R) = πd/2Rd/Γ(1 + d/2) is the volume of a d-dimensional
sphere of radius R; α2(r; R) is the intersection volume of two
spherical windows of radius R, scaled by v1(R), whose centers are
separated by the distance r; and α̃2(k; R) is its Fourier transform.
A hyperuniform point process is one in which σ2

N(R) grows slower
than the window volume, i.e., Rd, for large R,

lim
R→∞

σ2
N(R)
Rd = 0, (12)

which is equivalent to the hyperuniformity condition in Fourier
space, i.e., lim∣k∣→0S(k) = 0.1,2

Suppose the structure factor has the following power-law form
as ∣k∣ tends to zero: S(k) ∼ ∣k∣α (∣k∣→ 0). For hyperuniform systems,
the hyperuniformity exponent α is a positive constant, which implies
that there are three different scaling regimes (classes) that describe
the associated large-R of the number variance,1,2,67

σ2
N(R) ∼

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Rd−1, α > 1 (Class I),
Rd−1 ln R, α = 1 (Class II),
Rd−α, 0 < α < 1 (Class III).

(13)

Classes I and III are the strongest and weakest forms of hyperunifor-
mity, respectively. Class I includes all periodic systems and stealthy
hyperuniform ones, the latter of which is a central interest of this
work.

In Class I systems, the degree of order at large length scales has
been characterized by the hyperuniformity order metric Λ (Refs. 1
and 67), defined by

Λ ≡ lim
L→∞

1
L∫

L

0

σ2
N(R)

(R/D)d−1 dR, (14)

where D is the characteristic length scale of systems. In Fourier
space, Eq. (14) is rewritten as61,68

Λ = 2dρv1(D/2)d
Dπ

lim
Q→∞∫

Q

0

S(k) − S(0)
k2 dk. (15)

Point patterns arranged by increasing values of Λ are indeed
arranged by increasing structural disorder or, equivalently, decreas-
ing structural order. The integral in Eq. (15) converges slowly,

Λ(Q) ≡ 2dρv1(D/2)d
Dπ ∫

Q

0

S(k) − S(0)
k2 dk

∼Λ − c/Q (Q→∞), (16)

where c is a positive constant. Thus, we estimate Λ by using the fit
function given in Eq. (16). To estimate Λ using Eq. (16), we take D
to be the particle diameter.

D. Modified collective-coordinate
optimization scheme

Here, we briefly describe the previous algorithm that we have
used to generate disordered SHU sphere packings of moderate pack-
ing fractions,22,24,58 which uses a modification of Eq. (2) by including
a pairwise soft-core repulsion u(r) that is bounded and positive with
support in the finite range 0 ≤ r < σ but zero otherwise,

Φ(rN) = ρ
2∑k≠0

ṽ(k)S(k) +∑
i<j

u(rij). (17)

Here, we choose the following forms of ṽ(k) and u(r):

ṽ(k)
v0
= Θ(K − ∣k∣), u(r)

ϵ0
= (1 − r

σ
)

2
Θ(σ − r), (18)

where Θ(x) (equal to 1 for x > 0 and zero otherwise) is the Heavi-
side step function and v0 and ϵ0 are parameters in the energy unit.
Turning off the stealthy pair potential (i.e., v0 = 0) makes Eq. (17)
the harmonic contact potential that is most commonly employed to
study the jamming of soft particles.69–72 We note that exact forms of
ṽ(k) and u(r) do not affect the set of possible ground states as far as
they satisfy the conditions prescribed in Eqs. (2) and (17). In partic-
ular, since both sums in Eq. (17) are non-negative, its ground state
or global energy minimum with Φ(rN) = 0, if it exists, must satisfy
the stealthy hyperuniform condition (1) and ensure all particle pairs
are separated by at least a targeted distance σ, i.e., rmin ≥ σ. Hence,
these ground states can be mapped to SHU packings with pack-
ing fractions at least ϕ = ρv1(σ/2). We note that at a specific value
of χ, ϕ can be increased to its maximum value, ϕmax(χ, d), beyond
which the ground state ceases to exist, which can be viewed as a
satisfiable–unsatisfiable (SAT-UNSAT) transition.73,74 We numer-
ically determine ϕmax(χ, d) for the SHU packings with soft-core
repulsions, as described in Sec. III.

As the number of independent k vectors for which S(k) is con-
strained to be zero increases, i.e., as K increases, the dimensionality
of the ground-state configuration manifold decreases.13 As noted in
Sec. I, a measure of the size of the “exclusion region” [specified by the
condition (1)] relative to the total of d(N − 1) degrees of freedom is
quantified by the stealthiness parameter χ in Rd, which is given by
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χ = M(K)
d(N − 1) , (19)

where M(K) is half the number of k vectors for which S(k) = 0; see
Eq. (1). In the thermodynamic limit, χ is inversely proportional to ρ
according to the exact relation,13

ρ χ = v1(K)
2d (2π)d . (20)

When χ is below a critical value (χ = 1/3 for d = 1 and χ = 1/2 for
d = 2, 3), SHU ground states are highly degenerate and disordered.12

As χ (or K) increases, the short-range order also increases, lead-
ing crystalline ground states to be predominant beyond the critical
value.

III. ALGORITHM TO GENERATE ULTRADENSE
DISORDERED STEALTHY HYPERUNIFORM
SPHERE PACKINGS

Here, we provide simulation details about the modified
collective-coordinate optimization scheme, employing the poten-
tials (2) and (17), respectively, to generate ultradense SHU ground-
state packings. The initial conditions and the choice of ṽ(k) and
u(r) affect the statistics of the ground states obtained.12 For the
purposes of illustration, we begin from random initial conditions
in a periodic hypercubic box in Rd and unit number density. In
the pair potentials (18) that we employed, we take v0 = 1 as our
energy unit and take ϵ0 = 100v0, enabling us to generate valid pack-
ings that are ground states in a reasonable amount of computational
time for N = 400, 4000 and nc = 500–5000, where nc is the number
of ground-state configurations.75 Since we are primarily concerned
with disordered states, and the computation cost increases as at least
O(χN2),54 we consider the cases of 0 < χ ≤ 0.45 for d = 1, 2, 3.

We perform the modified optimization scheme, as in Refs. 22
and 58. However, we use it here to achieve the maximal target
packing fractions. In particular, for given parameters of d, χ, N,
and σ, we begin with an initial condition and minimize its poten-
tial energy Φ given in Eqs. (17) and (18) via the low-storage
Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) algorithm.76,77 The
minimization stops when (i) Φ < 7χ × 10−20,78 (ii) the number of
evaluations exceeds 5 × 106, or (iii) the mean particle displacements
are less than 10−15ρ−1/d. Among the resulting point patterns, we
retain the ground-state point patterns that satisfy condition (i) and
discard the others.

For given d and χ, we focus on cases with the maximal packing
fraction ϕmax(χ, d) = ρv1(σmax/2) and define it as the largest value of
the target packing fractions ϕ that generates at least 5 ground states
from 50 random initial conditions across system sizes N; see Table I.
This search is done by varying ϕ from 0.20 to the packing fraction
of the densest lattice packing in increments of 0.01. With the deter-
mined values of ϕmax(χ, d), we obtain nc ground states; see Table S1
in the supplementary material. We note that Ref. 62 provides a more
accurate estimation of limχ→0+ϕmax(χ, d = 3) by using a finer incre-
ment in packing fraction (i.e., 0.001) and a lower target success ratio
(i.e., 7%).

Similarly, for purposes of comparison, we determine ground
states using the standard potential (2) for a range of parameters d,

TABLE I. Values of the maximal packing fraction ϕmax(χ, d), mean contact num-
ber per particle Z(r = σ+), and hyperuniformity order metric Λ for ultradense SHU
ground-state packings of the modified potential (17) with given values of χ for d =
1, 2, 3. We consider packings with N = 1000 for d = 1, and packings with N = 4000
for d = 2, 3. The values of Λ are estimated when we take the characteristic length
scale D = σ. The values in the parentheses represent standard errors.

d χ ϕmax(χ, d) Z(r = σ+) Λ

1

0.0025 1.00 2.0 0.166
0.10 1.00 2.0 0.166
0.20 1.00 2.0 0.166
0.30 1.00 2.0 0.166
0.35 1.00 2.0 0.166
0.40 1.00 2.0 0.166
0.45 1.00 2.0 0.166

2

0.0025 0.86 4.418(3) 0.697 23(2)
0.10 0.82 3.037(3) 0.469 05(2)
0.20 0.79 1.625(3) 0.458 65(1)
0.30 0.77 1.389(2) 0.452 04(1)
0.35 0.76 1.197(2) 0.448 51(1)
0.40 0.73 0.781(1) 0.440 86(1)
0.45 0.67 0.302(1) 0.424 93(1)

3

0.0025 0.63 5.906(3) 0.724 38(98)
0.10 0.61 4.388(4) 0.688 72(186)
0.20 0.58 2.960(4) 0.664 50(144)
0.30 0.55 1.975(3) 0.641 18(104)
0.35 0.53 1.514(3) 0.624 10(82)
0.40 0.50 0.975(2) 0.601 68(53)
0.45 0.47 0.600(2) 0.577 61(37)

χ, and N. The simulation parameters are also listed in Table S1 in
the supplementary material.

IV. LOCAL STRUCTURAL CHARACTERISTICS
OF SHU GROUND-STATE CONFIGURATIONS

Here, we report numerical results for the minimum-distance
distribution P(rmin; N) and nearest-neighbor distribution HP(r; N)
of configurations of SHU ground states with N points associated
with the standard potential (2) and the modified potential (17)
defined in Secs. IV A and IV B, respectively. The local structural
information contained in these two functions facilitates the deter-
mination of the achievable maximal packing fraction ϕmax of SHU
packings arising from the SHU ground-state point configurations.

In particular, for a given SHU point pattern, the maximal
packing fraction ϕmax(χ, d) is determined by its minimum distance,
i.e., ϕmax = ρv1(rmin/2). Thus, the dth-order moment of P(rmin; N)
leads to the mean value of the maximal achievable packing fraction
⟨ϕmax⟩ = ∫ ∞0 ρv1(rmin/2)P(rmin; N)drmin. In addition, HP(r; N) can
be employed to analyze the large-N behaviors of P(rmin; N). While
Middlemas and Torquato57 studied HP(r; N) for SHU ground-state
configurations of the standard potential (2), these results were not
utilized to determine the values of ϕmax, a quantity of central interest
in this paper.

J. Chem. Phys. 163, 024902 (2025); doi: 10.1063/5.0276041 163, 024902-6

Published under an exclusive license by AIP Publishing

 08 July 2025 13:44:21

https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.7888043
https://doi.org/10.60893/figshare.jcp.c.7888043


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 2. Semi-log plots of (a) minimum-
distance distribution P(rmin; N) and
(b) nearest-neighbor distribution
HP(r ; N) for 2D SHU ground-state
point patterns of the standard poten-
tial (2) for χ = 0.0025, 0.35, 0.45.
Each panel compares the curves
with three different system sizes,
N = 400, 4000, 10 000. The analogous
plots for d = 1, 3 are reported in the
supplementary material.

A. SHU point patterns without soft-core repulsions
For simplicity here, we only present plots of P(rmin; N) and

HP(r; N) for 2D SHU point patterns without soft-core repul-
sions. The reader can find corresponding 1D and 3D plots in
the supplementary material. It suffices here to state that while
P(rmin; N) has a narrow range of support around rmin = 0 when
χ < 1/2 for d = 1, due to the fact that HP(r; N) has large positive val-
ues for small r, the results of P(rmin; N) and HP(r; N) for d = 3 are
similar to the 2D cases, as discussed in the following.

Figure 2(a) shows that for a given N, P(rmin; N) has a compli-
cated dependence on χ, i.e., the mean value of rmin monotonically
increases with χ, but its variance is maximized around χ = 0.35.
By contrast, for a given χ, the mean value and the variance of
rmin (or ϕmax) monotonically decrease with N. Such a tendency
is also observed for d = 1, 3; see the supplementary material. It is
clearly seen that ϕmax(χ, d) decreases to zero in the thermodynamic
limit, when χ is below a certain threshold value, i.e., χ < 0.5 for
d = 1, χ ≤ 0.35 for d = 2, and χ ≤ 0.30 for d = 3. In contrast to the
quantity P(rmin; N), HP(r; N) is largely independent of N (except
at χ = 0.35), as shown in Fig. 2(b). Thus, we can take HP(r;∞)
≈ HP(r; N = 10 000), allowing us to predict the large-N behaviors of
P(rmin; N) for any values of χ by using Eq. (9).

Formula (9) indicates that it becomes exponentially more likely
to encounter a point pattern with a small value of ϕmax = ρv1(δ/2)
as N increases, where the corresponding decay rate constant is equal
to the probability that nearest-neighbor distances are larger than δ,
i.e., 1 − ∫ δ

0 HP(r;∞)dr. Thus, for cases in which χ ≤ 0.35, the func-
tion HP(r;∞) has large positive values for small r, meaning that
the probability of a point pattern having a very small ϕmax increases

quickly as N increases, as indicated in Fig. 2(b). Consequently, even
for relatively small system sizes of N ∼ 100, most SHU ground-state
packings for χ ≤ 0.35 cannot achieve a maximal packing fraction
ϕmax ≳ 0.05. On the other hand, if 0.40 ≤ χ < 0.45, HP(r;∞) is neg-
ligibly small for small r, and thus, most of these SHU packings can
have ϕmax ≳ 0.10 when N ≈ 104. These packings, however, are less
likely to have ϕmax ≳ 0.10 as N increases and eventually cannot have
a positive value of ϕmax in the thermodynamic limit, as demonstrated
in Sec. V.

B. SHU point patterns with soft-core repulsions
Here, we present the local structural characteristics, as in

Sec. IV A, for SHU point patterns with soft-core repulsions. For sim-
plicity here, we only present the plots of P(rmin; N) and HP(r; N) for
2D cases. However, in the supplementary material, we present the
analogous plots for d = 1, 3. While these plots for d = 1 are virtually
identical to those of integer lattice, the plots for d = 3 are similar to
the 2D cases.

The function P(rmin; N) behaves like those in ultradense hard-
core systems for χ < 1/2, as shown in Fig. 3(a). In particular,
P(rmin; N) is virtually identical to a Dirac delta function centered
at rmin = σ. This observation means that pairs of particles cannot
be closer than σ and every ground-state point pattern has pairs
of particles separated by r = σ, implying that ϕ can be as large as
ρv1(σ/2). In contrast to Fig. 2(a), the plots of P(rmin; N) shown here
are independent of N and thus, ϕmax depends solely on χ. Anal-
ogous behaviors are observed for d = 1, 3; see the supplementary
material. For all χ values, plots of HP(r; N) shown in Fig. 3(b) are
also insensitive to N and exhibit common features. For example,
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FIG. 3. Semi-log plots of (a) minimum-
distance distribution P(rmin; N) and (b)
nearest-neighbor distribution HP(r ; N)
of 2D SHU ground-state point patterns
of the modified potential (17) for χ =
0.0025, 0.35, 0.45. Each panel compares
the curves with two different system
sizes, N = 400, 4000. The correspond-
ing plots for d = 1, 3 are reported in the
supplementary material.

HP(r; N) is identically zero for r < σ, possesses a Dirac-delta-like
peak at r = σ+, due to “contacting” particles, and then decreases to
zero as rρ1/d increases. We deem two particles to be in contact when
their separation distance r obeys the inequality, r < σ + 0.001ρ−1/d.
As χ increases, HP(r; N) tends to have a broader range of support,
which is a trend opposite to Fig. 2(b). The analogous behavior is
observed for d = 3; see the supplementary material.

V. MAXIMAL PACKING FRACTIONS
Here, we provide simulation data for the maximal packing frac-

tion ϕmax(χ, d) for SHU packings of the standard potential (2) and
ultradense ones using the modified potential (17). We also present
corresponding empirical formulas for ϕmax.

For SHU ground states without soft-core repulsion, the quan-
tity ϕmax can take any small positive value determined by an extreme

FIG. 4. Probabilistic upper bounds (21) on the maximal packing fraction ϕmax, denoted by ϕUB
max(χ; N, pfail), as a function of stealthiness parameter χ, system size N, and

the associated probability pfail for SHU ground-state packings without soft-core repulsions for (a) d = 2 and (b) d = 3. For given values of χ and ϕUB
max, the contours depict

the ratio pfail/N of a probability pfail that a ground state cannot obtain ϕmax greater than ϕUB
max to N. The red regions are prohibited in the sense that even for the relatively

small system sizes of N ≈ 100, the likelihood of failing to find a ground-state packing with the corresponding packing fractions is extremely high, i.e., pfail ≳ 1. The contours
of pfail/N are obtained from Eq. (22) and the simulation data of HP(r ; N) with the largest system sizes (i.e., N = 10 000 for d = 2 and N = 8000 for d = 3) if pfail/N ≥ 10−4.
Otherwise, these contours are obtained from Eq. (23) and the small-r fitting of HP(r ; N); see the supplementary material for details.
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event65,66 of finding the minimum distance rmin of nearest-neighbor
distances to N distinct particles, as shown in Fig. 2. This observation
indicates that an increasingly larger number of ground-state point
configurations fail to achieve a prescribed packing fraction ϕ as the
system size N grows, as discussed in Sec. IV A. The reader is referred
to the supplementary material for some specific values of the fraction
of the point configurations that fail to achieve selected values of ϕ at
various values of χ and N. Thus, we consider the following proba-
bilistic upper bound on ϕmax that depends on χ, N, and a probability
pfail:

ϕmax ≤ ϕUB
max(χ; N, pfail) ≡ ρv1(Δ(χ; N, pfail)/2), (21)

where pfail is the expected probability that one randomly obtained
ground-state point configuration with N particles cannot achieve
ϕmax greater than ϕUB

max and the diameter Δ(χ; N, pfail) is numeri-
cally estimated from the following expression for given d and χ (see
Appendix A for derivation):

2pfail

N
≈ ∫

Δ(χ;N,pfail)

0
HP(r;∞) dr. (22)

Here, the values of Δ(χ; N, pfail) are directly computed from
simulation data of HP(r; N) with the largest system sizes (i.e.,
N = 10 000 for d = 2 and N = 8000 for d = 3) if pfail/N ≥ 10−4.
Otherwise, we estimate Δ(χ; N, pfail) by approximating the right-
hand side of Eq. (22) with the converse Weibull distribution,65,66

2pfail

N
≈ 1 − exp

⎡⎢⎢⎢⎢⎣
−(Δ(χ; N, pfail) − a′

b′
)

c′⎤⎥⎥⎥⎥⎦
, (pfail

N
< 10−4), (23)

where a′, b′, and c′ are fitting parameters that depend on d and χ; see
the supplementary material for details.

Figure 4 depicts the probabilistic upper bounds ϕUB
max(χ; N, pfail),

given in Eq. (22), for (a) d = 2 and (b) d = 3. At a locus of χ and a
desired value of ϕUB

max, the contour value tells the ratio pfail/N of the
system size N to the associated probability pfail that cannot obtain
one ground state with satisfying a prescribed value of ϕUB

max. For both
d = 2, 3, when χ < 0.40, the upper bounds on ϕmax rapidly decrease
to zero as the ratio pfail/N decreases. Thus, it is extremely difficult
or impossible (pfail ≳ 1) to obtain ϕmax > 0 (i.e., ϕUB

max ≈ 0) from the
SHU ground-state packings of the standard potential (2) at large
system sizes of N ≈ 104. By contrast, as χ increases beyond 0.4, the
upper bounds ϕUB

max(χ; N, pfail) decrease considerably slowly with a
decreasing pfail/N relative to the cases of χ < 0.4. Therefore, it is rel-
atively easier to find a ground-state packing with ϕmax ∼ 0.1–0.2 for
the system sizes with N ≈ 104 for d = 2 (or N ≈ 102 for d = 3).

We now discuss ϕmax(χ, d) for ultradense SHU ground-state
packings of the modified potential (17). In contrast to those with-
out soft-core repulsions, the corresponding values of ϕmax(χ, d) are
identical to ρv1(σmax/2) by definition, which are functions of χ for
given d. For d = 1, ϕmax(χ, d) ≈ 1 for χ < 1/2, and thus, we focus on
2D and 3D cases.

As shown in Fig. 5(a), ϕmax(χ, d) for 2D and 3D ultradense SHU
ground-state packings from Table I counterintuitively decreases
monotonically as χ decreases and approaches 1/2, which is the trend
opposite to that found for the ground states of the standard potential
(2); see Fig. 4 or Ref. 21. This trend of ϕmax(χ, d) can be explained
by the fact that constraints from stealthy hyperuniformity and

FIG. 5. (a) Maximal packing fraction ϕmax(χ, d) as functions of stealthiness para-
meter χ for 2D and 3D ultradense SHU ground-state packings of the modified
potential (17). The simulation data (see Table I) are compared to the empiri-
cal formula given in Eq. (24) for d = 2, 3. (b) Mean contact number per particle
Z(r = σ+) as functions of χ for the SHU ground-state packings in panel (a). Sim-
ulation data are obtained from the ground states with N = 4000 by counting the
number of pairs whose separation distance is less than σ + 0.001ρ−1/d . The the-
oretical predictions are obtained from Eq. (25). Note that for a given d, the lower
and upper regions in panels (a) and (b) represent the SAT and UNSAT phases73,74

of Eq. (17), respectively.

contacting particles, in which two particles are taken to be in con-
tact if the pair separation r obeys the inequality (r < σ + 0.001ρ−1/d),
remove degrees of freedom independently, as discussed later in
this section. Furthermore, such χ-dependence on ϕmax(χ, d) can be
well-approximated by the following [1, 1] Padé approximants:

ϕmax(χ, d) = ϕmax(0, d)1 − c1(d)χ
1 − c2(d)χ

, (d = 2, 3), (24)

where the d-dependent values of the positive parameters c1(d) and
c2(d) are given in Table II. Analogously, Fig. 5(b) also shows that

TABLE II. Parameters c1(d) and c2(d) in approximation Formula (24) for the max-
imal packing fraction ϕmax(χ, d) of SHU ground-state packings of the modified
potential (17). The values of ϕmax(0, d) are fixed.

d ϕmax(0, d) c1(d) c2(d)

2 0.870 1.058 0.748
3 0.638 1.244 0.899
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the simulation data of mean contact number per particle Z(r = σ+),
where we take σ+, indicating the limit to σ from above, to be
σ + 0.001ρ−1/d. The reader can find values of Z(r = σ+) with differ-
ent choices of σ+ = σ + ϵ in the supplementary material. This mean
“contact” number per particle is seen to monotonically decrease
from 4.42 to 0.30 for d = 2 and from 5.91 to 0.60 for d = 3 as χ
increases from 0.0025 to 0.45; see Table I for specific values.

Such a dependence of Z(r = σ+) on χ is due to an interplay
between two competing constraints. In particular, for an N-particle
SHU ground-state packing in Rd with d(N − 1) total degrees of free-
dom, 2χ × d(N − 1) degrees of freedom are already constrained by
the stealthy hyperuniform condition; see Eq. (19) and Refs. 12 and
13. Thus, the maximum number of constraints from effectively con-
tacting particles is equal to the remaining degrees of freedom, i.e.,
NZ(r = σ+)/2 ≤ d(N − 1)(1 − 2χ). In the thermodynamic limit, the
aforementioned constraints yield a theoretical upper bound on the
mean contact number per particle Z(r = σ+),

Z(r = σ+) = 2d(1 − 2χ), (d > 1), (25)

which shows good agreement with the simulation data; see Fig. 5(b).
These predictions also explain that as χ increases, a ground-state
packing has a smaller mean contact number per particle and

larger void space between particles, leading to a lower value of
ϕmax(χ, d). We note that Figs. 5(a) and 5(b) can be interpreted as
the phase diagrams of the ground state of Eq. (17) for parameters of
(χ, ϕ) and (χ, Z(σ+)), respectively, which represent SAT–UNSAT
transitions.73,74

The hyperuniformity order metric Λ for ultradense SHU
ground-state packings are also tabulated in Table I with taking the
particle diameter as the characteristic length scale, i.e., D = σ. The
value of Λ decreases with the degree of order at large length scales,
as noted in Sec. II C. Since the 1D ground states are integer-lattice
packings regardless of χ, their values of Λ are identical to 1/6 = 0.166
(see Ref. 1) with D = σ = 1/ρ. In contrast, for d = 2, 3, Λ tends to
monotonically decrease with χ, meaning that the ground-state pack-
ings are the least ordered at χ = 0.0025 but become the most ordered
at χ = 0.45. This trend arises partly because Λ is largely determined
by the degree of density fluctuations at the intermediate to large
length scales (associated with S(k) for kσ ≲ O(1)) rather than those
at the short length scales [associated with S(k) for kσ ≳ O(1)]. It
follows, therefore, that the ground states with χ = 0.0025 have the
largest values of Λ (e.g., 0.697 for d = 2 and 0.724 for d = 3) because
of the smallest exclusion regions where S(k) = 0. By contrast, the
ground states with a higher value of χ have larger exclusion regions
and thus tend to have a lower value of Λ.

FIG. 6. Representative images of ultra-
dense SHU ground-state point pat-
terns of the modified potential (17) with
N = 400 for (a) d = 1, (b) d = 2, and
(c) d = 3 at their maximal packing frac-
tions; see Table I. The black bars in
panel (a) and black dots in panels (b) and
(c) depict the particle centroids. In each
dimension, we consider three values of
χ = 0.0025, 0.35, 0.45 from the left to the
right panels. For three values of χ, the
bonds are drawn in red, blue, and green
lines, respectively. The bonds are drawn
between pairs of centroids if they are
contacting particles, meaning their sep-
aration distance r obeys the inequality,
r < σ + 0.001ρ−1/d . Panels (a) and (b)
show the portions of ground states,
whereas panel (c) shows the entire
ground states. The arrow in each panel
indicates the increase in χ.
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VI. PAIR STATISTICS OF SHU GROUND-STATE
POINT CONFIGURATIONS

Here, we present representative images and plots of pair statis-
tics in direct and Fourier spaces for SHU point patterns with and
without soft-core repulsions. We begin by showing the represen-
tative images of ultradense SHU ground-state point patterns for
d = 1, 2, 3. However, we do not include the corresponding images
of the ground states without soft-core repulsions here because they
were reported in Refs. 11, 12, and 21.

Figure 6 shows ultradense SHU ground-state packings for
d = 1, 2, 3 with three different values of χ = 0.0025, 0.35, 0.45. It is
clearly seen that 1D SHU ground-state packings are identical to
the integer lattices [ϕmax(χ, d) = 1.00] for χ ≤ 0.45 in Fig. 6(a). 2D
and 3D ultradense SHU ground-state packings, shown in Figs. 6(b)
and 6(c), respectively, exhibit common χ-dependences. In the zero-
χ limit (i.e., the cardinality dc of the infinitely degenerate SHU
ground-state manifold set has the maximal value d), the ground-
state packings for both d = 2 and d = 3 are close to “effectively”
jammed states with percolating contact networks. In particular, the
2D ground states are highly ordered structures with large triangu-
lar coordination domains, which are the most probable outcomes
for typical compression protocols to create jammed packings of
identical disks under periodic boundary conditions.60,69,79,80 The 3D
counterparts are configurationally very close to the 3D nonequi-
librium MRJ state prepared by rapid compression of hard-sphere
systems,59–61,80 as measured by their structure factor S(k), pair cor-
relation function g2(r), values of packing fractions, and mean con-
tact number per particle Z(r = σ+) ≈ 6, implying that the packing is
effectively isostatic;81,82 see Ref. 62 for more detailed comparisons.

As χ increases to 0.45, from the leftmost to the rightmost panels
in Figs. 6(b) and 6(c), the particles in the 2D and 3D ground states
form fewer contacts, and the fraction of particles whose mean con-
tact number per particle is greater than three gradually decreases.
Consequently, as χ increases from 0.20 to 0.35, linear polymer-like
chains (i.e., the constituent particles have around two contacting
particles) start to emerge and become an increasingly frequent motif
in the ground states. Increasing χ to 1/2 further reduces the frac-
tion of particles with two contacts, leading to a shorter mean chain
length. This observation is consistent with Eq. (25) and Fig. 5(b).
This trend also leads HP(r; N) to have a broader range of support,
as shown in Fig. 3(b). Furthermore, ϕmax(χ, d) also monotonically
decreases as χ increases and approaches 1/2, as explained in Sec. V.

We now present plots of S(k) and g2(r) for 2D and 3D SHU
point patterns of the standard potential (2) and the modified one
(17) for the smallest χ(= 0.0025), an intermediate χ(= 0.35), and
the largest χ(= 0.45); see Figs. 7 and 8 for d = 2 and 3, respec-
tively. The black curves represent the ground states of the standard
potential, whereas the red-dashed curves represent those of the mod-
ified potential. The reader can find analogous plots for d = 1 in the
supplementary material. The 1D ground states without the soft-core
repulsions behave approximately like an ideal gas for small χ12,21,57

and become imperfect integer lattices of lattice spacing 2/ρ as χ
increases up to 1/2. The 1D ground states with soft-core repulsions
become lattices of lattice spacing 1/ρ when χ < 1/2.

We begin by examining 2D cases shown in Fig. 7. When there
is no soft-core repulsion, the SHU ground states are approximately
like an ideal gas in the zero-χ limit; see Figs. 7(a) and 7(d). As χ

FIG. 7. Pair statistics of 2D SHU ground-state point patterns of N = 4000 with
and without soft-core repulsions for χ = 0.0025, 0.35, 0.45: (a)–(c) structure factor
S(k) and (d)–(f) pair correlation function g2(r). The cyan lines in the topmost
panel (b) depict the Bragg peaks of the triangular lattice of ρ = 1. The analogous
plots for d = 1 are reported in the supplementary material.

increases to 0.35 and then 0.45, these ground states have wider exclu-
sion regions in the Fourier space [see Figs. 7(b) and 7(c)]. In the same
range of χ, the g2(r)’s become smaller (but nonzero) in a wider range
of r near the origin, as shown in Figs. 7(e) and 7(f).

By contrast, 2D ultradense SHU ground states exhibit much
richer behaviors. In the zero-χ limit, these states are highly ordered
at short and intermediate length scales, approaching the densest
triangular-lattice packings with some defects, characterized by the
peaks of the triangular lattice in both S(k) and g2(r), as shown in
Figs. 7(a) and 7(d). Importantly, these ultradense states resemble the
densest monodisperse disk packings created via rapid-compression
algorithms.69,82 As χ increases to 0.35, the ultradense packings
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FIG. 8. Pair statistics of 3D SHU ground-state point patterns of N = 4000 with
and without soft-core repulsions for χ = 0.0025, 0.35, 0.45: (a)–(c) structure factor
S(k) and (d)–(f) pair correlation function g2(r). Panels (a) and (d) also include the
curves for 3D MRJ packings of N = 5000 taken from Ref. 61, which show excellent
agreements with those for ultradense SHU packings.

become disordered at short length scales, evidenced by the disap-
pearance of the second and third peaks of the triangular lattice
disappearing in both S(k) and g2(r); see Figs. 7(b) and 7(e). Despite
such a change, g2(r) of this ultradense state still exhibits a power-
law singularity for near contacts [i.e., g2(r) ∼ (r − σ+)−γ with γ ≈
0.25 for r ≳ σ+] and possesses a small sharp peak at r = 2σ ≈ 2ρ−1/2.
This small peak indicates the presence of linear polymer-like chains
consisting of three particles. As χ increases to 0.45, S(k) barely
changes [see Fig. 7(c)]. Since this ultradense SHU state now forms
a few short linear polymer-like chains of two contacting particles,

g2(r) has a small sharp peak at r = σ with Z(r = σ+) ≈ 0.3 and no
longer has a power-law singularity for near contacts and a sharp
peak at r = 2σ; see Fig. 7(f). Note that as Z(r = σ+) monotonically
decreases with χ, the discrepancies in both S(k) and g2(r) due to
the soft-core repulsions become the most significant in the small-
χ regime, and decrease with χ. In particular, for g2(r) in a range
of r < 2σ, there are mean relative deviations of 119%, 69.7%, and
31.9% at χ = 0.0025, 0.35, 0.45, respectively; see Appendix B for the
definition.

The pair statistics of 3D SHU ground states shown in Fig. 8
also exhibit χ-dependence similar to that of their 2D counter-
parts, as discussed earlier concerning the representative images
shown in Fig. 6. Without the soft-core repulsion, a ground state
behaves approximately like an ideal gas in the zero-χ limit [see
Figs. 8(a) and 8(d)]. As χ increases to 0.35 and 0.45, the resulting
ground state has smaller but nonzero values of g2(r) for rρ1/d ≲ 0.7;
see Figs. 8(b) and 8(c).

With soft-core repulsion, Figs. 8(a) and 8(d) clearly confirm
that the 3D ultradense ground state in the limit of χ → 0 is configura-
tionally nearly identical to the 3D MRJ state in pair statistics, includ-
ing S(k) ∼ k for k ≳ K and g2(r) exhibiting the split-second peak and
the power-law singularity for near contacts, i.e., g2(r) ∼ (r − σ+)−γ

for r ≳ σ+. Although the gap exponent γ is not explicitly shown in
this work, we demonstrated that as N increases, the γ values of the
ultradense SHU packings approach 0.44,62 which is consistent with
the MRJ state. While this ultradense ground state is clearly stealthy
hyperuniform with a finite value of N [see Fig. 8(a)], it becomes
‘nonstealthy’ hyperuniform as N tends to infinity, with χ being the
smallest value of χ = (N − 1)−1.62,83 This finding is quite counterin-
tuitive since a non-compression algorithm leads to sphere packings
essentially identical to those of nonequilibrium hyperuniform MRJ
packings and since the configurations leading to ϕmax(χ, d) = 0.63
are practically impossible to achieve from the ground states of the
standard potential. In other words, when the cardinality dc of the
SHU ground-state manifold set becomes maximized in the limit
χ → 0, this manifold contains the 3D MRJ packings; see Ref. 62. As χ
increases to 0.35 and 0.45, while S(k) barely changes [see Figs. 8(b)
and 8(c)], g2(r) show a few changes in the local structures similar
to those in 2D cases. In particular, as χ increases to 0.35, g2(r) still
exhibits a power-law singularity for near contacts with a reduced
gap exponent γ ≈ 0.21, but the split-second peak around r = 2σ dis-
appears; see Fig. 8(e). As χ increases from 0.35 to 0.45, g2(r) has a
small sharp peak at r = σ with Z(r = σ+) ≈ 0.6 and no longer has a
power-law singularity for near contacts; see Fig. 8(f). The discrep-
ancies in both S(k) and g2(r) due to the soft-core repulsions also
monotonically decrease with χ. In particular, for g2(r) in a range of
r < 2σ, there are mean relative deviations of 56.9%, 40.0%, and 25.9%
at χ = 0.0025, 0.35, 0.45, respectively.

For ultradense 2D and 3D SHU ground-state packings at small
and large values of χ (=0.0025, 0.45), we also computed the spec-
tral density χ̃V(k); see Fig. 9 in Appendix C. By construction,
these packings are also stealthy hyperuniform two-phase disper-
sions, i.e., χ̃V(k) = 0 for k < K.21 It is noteworthy that the quantity
χ̃V(k) can be utilized to estimate the various physical proper-
ties of such two-phase dispersions, including the effective dynamic
dielectric constant,24,58 fluid permeability,63 and mean survival time
(inversely proportional to the reaction rate in diffusion-controlled
reactions).
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FIG. 9. Spectral density χ̃V(k) as a function of dimensionless wavenumber kρ−1/d

of SHU ground-state packings of the modified potential (17) in a matrix with
χ = 0.0025 and 0.45 for (a) d = 2 and (b) d = 3. We consider the ground states
with N = 400.

VII. CONCLUSIONS AND DISCUSSION
In this work, we have shown that SHU packings from the

modified potential (17), which includes soft-core repulsions, achieve
significantly larger packing fractions than those without these repul-
sions (2) because the soft-core repulsions ensure all particles are
separated by at least σ; see Sec. V. Within the disordered χ regime
(i.e., χ < 1/2), the maximal packing fractions ϕmax(χ, d) for the ultra-
dense soft-core SHU packings are independent of the system size N
and at least twice as large as those without soft-core repulsions. In
particular, the values of ϕmax(χ, d) with soft-core repulsions reach
up to ϕmax(χ, d) = 1.0, 0.86, 0.63 in the zero-χ limit and decrease to
ϕmax(χ, d) = 1.0, 0.67, 0.47 at χ = 0.45 for d = 1, 2, 3, respectively; see
Fig. 5 and Eq. (24). For a given d, in the χ-ϕ plane, the regions below
and above the function ϕmax(χ, d) represent satisfiable and unsatisfi-
able phases, respectively, of the soft-core SHU packings; see Fig. 5(a).
Without soft-core repulsions, however, we showed for the first time
that ϕmax decreases to zero on average as N increases. The local
descriptors, including P(rmin; N) and HP(r; N), revealed that this
trend comes from the fact that such a configuration is more likely
to have a minimum pair distance rmin closer to zero as N increases;
see Fig. 4 and the approximation formula (23).

Ultradense SHU ground-state packings with soft-core repul-
sions also exhibit considerably different morphologies from those

without soft-core repulsions; see Sec. VI. For example, in the zero-χ
limit, in which the cardinality of the SHU ground-state mani-
fold set is maximized, the 2D and 3D ultradense SHU packings
are configurationally very close to the jammed packings of iden-
tical particles created by various fast-compression protocols,60,61,69

as measured by their pair statistics, and packing fractions
[ϕmax(χ, d) = 0.86 for d = 2 and 0.63 for d = 3]. For d = 3, this
observation is doubly counterintuitive because the sphere packings
achieved via our non-compression optimization, which does not
change the sizes of particles or a simulation box, are configura-
tionally nearly identical to the nonequilibrium hyperuniform MRJ
packings in various aspects, including a packing fraction of 0.63, a
mean contact number Z(σ+) of 6 (i.e., isostaticity, implying that
these packings are effectively jammed), a gap exponent γ of 0.44, and
pair statistics [i.e., pair correlation functions g2(r) for all r and struc-
ture factors S(k) for k > K, including their hyperuniformity expo-
nent of 1 for small wavenumbers]. Furthermore, ϕmax(χ, 3) = 0.63
is practically unattainable from the SHU ground states without
soft-core repulsions.

The large family of 2D and 3D ultradense SHU sphere pack-
ings within the disordered regime (0 < χ < 1/2) that we have cre-
ated also possess singular structural features. As χ increases up to
χ = 0.45, both 2D and 3D ground-state packings become more
ordered at large length scale (indicated by smaller values of the hype-
runiformity order metric Λ; see Table I). These 2D and 3D packings
also have lower values of Z(σ+) (≈ 0.46, 0.56, respectively) and
ϕmax(χ, d) (≈0.67, 0.47, respectively) because the stealthy hyperuni-
formity constraints limit more degrees of freedom, resulting in fewer
number of effectively contacting particles. Thus, as χ increases from
0.20 to 1/2, this change leads to the formation of linear polymer-like
chains with a decreasing mean chain length. In addition, ultradense
SHU ground states also have significantly different pair statistics,
S(k) and g2(r), from those without such repulsions because the
repulsions enforce a nonoverlapping condition [i.e., g2(r) = 0 for
r < σ] and induce stronger correlations in both S(k) and g2(r) for
intermediate wavelengths and distances, respectively; see Figs. 7 and
8. Such discrepancies in the pair correlation functions become most
significant in the small-χ limit and tend to decrease as χ increases.

Our findings have important practical implications. The spec-
tral density χ̃V(k) of 2D and 3D ultradense SHU packings, which
we computed in Fig. 9, can be used to estimate various physical
properties of these exotic two-phase dispersions.24,58,63 Furthermore,
the modified potential (17) could be used in the future to create
a wider range of soft-core SHU packings compared to the ones
we studied here with σmax(χ) = σ = 2a, where a is the radius of a
sphere decorating each particle. In particular, by choosing σ and a
with σmax(χ) ≥ σ ≥ 2a > 0, one can easily control the local structural
characteristics, such as the mean contact number per particle and
the pore-size distribution,63,64 without compromising long-range
stealthy hyperuniformity for a given value of χ. It is noteworthy that
when the radius σ of soft-core potential is larger than the particle
diameter 2a, the resulting SHU packings no longer have pairs of
contacting particles. Instead, their particles are well-separated in a
fully connected matrix phase, which is a necessary requirement to
attain optimal two-phase structures.17 This implies that such SHU
soft-core packings may provide (nearly) optimal or novel physi-
cal properties, superior to those of SHU packings without soft-core
repulsions reported in previous studies.17,19–21,28,30,31,41–43,46 Indeed,
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Vanoni et al.84 recently showed how two dynamical physical prop-
erties (i.e., effective dynamic dielectric constant and time-dependent
diffusion spreadability) of two-phase media derived from soft-core
SHU packings are improved for a range of χ within the disordered
regime and packing fractions ϕ. While it is nontrivial to realize
stealthy “ground states” in real systems, the corresponding long-
ranged “stealthy” interactions may mimic the effective interactions
that arise in certain polymer systems.13,85 Moreover, it is important
to note that computationally generated SHU packings can be fab-
ricated using photolithographic86 and 3D-printing techniques,87,88

respectively, as discussed in Ref. 89. Thus, our results offer a new
route for discovering novel disordered SHU two-phase materials
with unprecedentedly high density.

Finally, we note that it is difficult for conventional rapid-
compression algorithms to generate the ideal MRJ state68 due to a
small but significant fraction of rattlers (defects) that are inevitably
present.59,61,82,90,91 Thus, as suggested in Ref. 62, in a future study, it
will be interesting to explore the use of our 3D ultradense SHU pack-
ings as improved initial conditions for compression algorithms in
order to reduce the fraction of rattlers below the current minimum
value of 1.5%.91

SUPPLEMENTARY MATERIAL

The supplementary material provides plots of P(rmin; N) and
HP(r) for 1D and 3D systems, numerical verification of Eq. (9),
details of the probabilistic upper bound on ϕmax(χ, d), and the pair
statistics of 1D systems.
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APPENDIX A: DERIVATION OF THE PROBABILISTIC
UPPER BOUND (21)

Here, we derive the probabilistic upper bound (22). We begin
from Eq. (9),

pfail = ∫
Δ(χ;N,pfail)

0
P(rmin; N) drmin

≈ 1 − [1 − ∫
Δ(χ;N,pfail)

0
HP(r;∞)dr]

N/2

≈ 1 − [1 − N
2 ∫

Δ(χ;N,pfail)

0
HP(r;∞)dr], (A1)

where we have used the binomial theorem in the last step. Alge-
braic simplification of Eq. (A1) yields the final expression given in
Eq. (22).

APPENDIX B: RELATIVE CHANGE IN PAIR
CORRELATION FUNCTION

For a prescribed value of χ, we measure the discrepancy in the
pair correlation function g2(r) due to the soft-core repulsions by
using the mean relative deviation, defined as the absolute value of
a relative change averaged in a range of r < 2σ,

1
v1(2σ)∫

2σ

0
∣1 − g2(r; with soft − core)

g2(r; without soft − core) ∣s1(r) dr,

where s1(r) is the surface area of a d-dimensional sphere of radius r
and σ is the particle diameter of soft-core SHU packings.

APPENDIX C: SPECTRAL DENSITIES OF SHU
GROUND-STATE PACKINGS

Here, we present the plots of the spectral density χ̃V(k) of
2D and 3D soft-core SHU ground-state packings at small and
large values of χ (=0.0025, 0.45). Since these packings consist of
nonoverlapping identical spheres of radius a in a matrix, the spectral
density χ̃V(k) is directly related to the structure factor of the particle
centers,92

χ̃V(k) = ϕα̃2(k; a)S(k), (C1)

where α̃2(k; a) ≡ (2πa/k)dJd/2(ka)2/v1(a), Jν(x) is the Bessel func-
tion of the first kind of order ν and ϕ is the packing fraction. Figure 9
shows the spectral density of the corresponding disk and sphere
packings with χ = 0.0025 and χ = 0.45.
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