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Two-phase heterogeneous materials arising in a variety of natural and synthetic situations exhibit a wide
variety of microstructures and thus display a broad spectrum of effective physical properties. Given that such
properties of disordered materials generally depend on an infinite set of microstructural correlation functions that
are typically unobtainable, in practice, theoretical approaches must rely on rigorous bounds and approximations
on the effective properties that depend on a limited set of nontrivial microstructural information. Torquato [Ran-
dom Heterogeneous Materials, Microstructure and Macroscopic Properties (Springer-Verlag, New York, 2002)]
derived such an approximation for the effective thermal/electrical conductivity of two-phase microstructures that
perturb about those that realize the well-known self-consistent formula, a key feature of such microstructures
being phase-inversion symmetry which can be observed in certain cellular, bicontinuous, and porous materials.
Here, we show via extensive numerical simulations that this virtually unexamined approximation, which depends
on up to three-point correlations functions, accurately predicts the effective conductivities of various two-
and three-dimensional two-phase microstructures across phase volume fractions in which both phases can
form large and well-connected clusters, including certain phase-inversion symmetric microstructures as well
as phase-inversion asymmetric dispersions of certain fully penetrable particles. We also highlight the accurate
sensitivity of this approximation to phase-connectedness properties by showing that it predicts percolation
thresholds that are in good quantitative and/or qualitative agreement with known thresholds for the models
considered here. Finally, we discuss how this formula can be used to design materials with desirable effective

conductivity properties and thus aid in materials by design.
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I. INTRODUCTION

Disordered heterogeneous two-phase materials in d-
dimensional Euclidean space R? abound in natural and
synthetic situations; examples include composites, polymer
blends, colloids, porous media, biological media, and com-
plex fluids [1-8]. Among the broad spectrum of realizable
microstructure phase geometries and topologies, the mi-
crostructures of certain two-phase materials like aerogels
[9,10], interpenetrating cermets [11-13], and those derived
from triply periodic minimal surfaces [14—16] consist of large
and well-connected clusters of both phases. Examples of
real material microstructures with such phase geometries and
topologies are the labyrinth of silicon nano walls [17] shown
in Fig. 1(a) and the spinodal architected metamaterial [18]
shown in Fig. 1(b).

In general, the effective physical properties of hetero-
geneous materials depend on an infinite set of correlation
functions [1,21-24]. For example, there is the countably
infinite set of the standard n-point correlation functions
Sr(f)(xl, . Xp) (m=1,2,3,...), which gives the probability
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of finding the points Xy, ..., X, in phase i = 1, 2 for two-phase
materials [1]. Since infinite sets of correlation functions are
typically unobtainable in practice, it is desirable to incor-
porate nontrivial lower-order correlation functions to obtain
useful theoretical estimates of the effective properties via
rigorous bounds and/or approximations [1,3,24,25]. One such
theoretical technique for predicting effective properties (i.e.,
conductivity and elastic moduli) is the strong-contrast ex-
pansion whose terms consist of functionals of certain field
quantities and S (xy, ..., x,) for all n [1,21,26-31]. Impor-
tantly, by utilizing an expansion parameter that is a rational
function of the phase properties, rather than simple differ-
ences of them, the strong-contrast expansions possess superior
convergence properties for any phase property contrast ratio.
Moreover, lower-order truncation of this rapidly converging
series results in accurate approximations on the effective
conductivity and elastic moduli for various classes of mi-
crostructures because they approximate higher-order terms
accurately, as we will now describe.

As the aforementioned approximations incorporate mi-
crostructural information up to the level of the three-point
correlation function S3, they are sometimes referred to as
three-point approximations [1]. For example, the three-point
approximation for the effective conductivity o, for dispersions
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(a)

FIG. 1. Images of real material microstructures in which both
phases form well-connected clusters and likely possess phase-
inversion symmetry: (a) Scanning electron microscope (SEM) image
of a labyrinth of silicon nano walls (light gray) and void (black) man-
ufactured via solvent vapor annealing using a self-assembled block
copolymer template [17]. This particular system likely has silicon
phase volume fraction ¢, =~ 0.5. (b) SEM image of a spinodal archi-
tected metamaterial manufactured using two-photon polymerization
direct laser writing which has solid phase-volume fraction ¢, = 0.30
[18]. The microstructure shown in (a) appears to be phase-inversion
symmetric since the geometries and topologies of its silicon and void
phases are qualitatively similar to one another. The two-phase mi-
crostructure shown in (b) is likely phase-inversion symmetric since it
was derived from a level cut of a concentration field simulated via the
Cahn-Hilliard equation [18], which treats the interactions between
and dynamics of the separating phases identically [19,20]. The image
in (a) is licensed under Creative Commons BY 4.0. The image in
(b) is reprinted from Ref. [18] with permission from Elsevier.

of particles in a matrix is given by [26]

oo [T+ = DgpBpy — (d = D$1,8;,]
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is the scalar polarizability, o, (o,) is the conductivity of
phase p (q), and the three-point parameter ¢, is a functional
over Sy, Sz, and S5 (see Sec. II for additional details). Ap-
proximation (1) is highly accurate for dispersions in which
the particles (phase 2) generally do not form large clusters
[1,21,26,27,32]. A schematic image illustrating the class of
dispersions for which approximation (1) is accurate is shown
in Fig. 2(a). Formula (1) has been shown to accurately pre-
dict the effective thermal/electrical conductivities of various
disordered packings of disks and spheres [33,34], random
packings of ellipsoids and Platonic solids [35], and by mathe-
matical analogy, the effective diffusion coefficients of certain
chromatography columns whose microstructures consist of
disordered packings of spherical beads [36-38].

Torquato [1] derived a different, virtually unexplored,
three-point strong-contrast approximation for the effective
conductivity that was designed to predict o, for a struc-
turally distinct class of two-phase material microstructures in
which both phases can form large and well-connected clusters,
including bicontinuous [39] systems, across volume fractions,

(a) (b)

FIG. 2. Schematics illustrating the distinct classes of microstruc-
tures for which the different three-point strong-contrast approxima-
tions (1) and (3) are accurate. The dispersion shown in (a) consists
of nonoverlapping particles (red) embedded in a matrix (blue), while
the microstructure shown in (b) consists of amorphous inclusions of
both the red and blue phases. The approximation in Eq. (1) is highly
accurate for microstructures like that shown in (a) in which one phase
does do not form large clusters. By contrast, as we will show in this
paper, approximation (3) is accurate for microstructures resembling
that shown in (b) in which both phases can form large clusters.

which is given by

" o+ (d — 1o n
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A schematic image illustrating the class of highly clustered
microstructures for which approximation (3) can be applied
is shown in Fig. 2(b). In this paper, we initiate a program to
examine the accuracy of this approximation using comprehen-
sive numerical simulations. Torquato [1] predicted that this
formula would be accurate for microstructures that resemble
those that realize the well-known self-consistent formula, a
key feature of which is phase-inversion symmetry. In such
phase-inversion symmetric microstructures, like the nanowall
labyrinth and spinodal architected metamaterial microstruc-
tures shown in Fig. 1, the morphology of phase 1 at volume
fraction ¢, is statistically identical that of phase 2 in the
system where the volume fraction of phase 1 is 1 — ¢ [1]
(see Sec. III for additional details).

Beyond being phase-inversion symmetric, we note that mi-
crostructures that realize the self-consistent formula also have
a nontrivial percolation threshold (i.e., the critical volume
fraction at which phase 2 forms a sample-spanning cluster)
¢ = 1/d and will be bicontinuous in three dimensions (3D)
for % < ¢y < % [1]. Since microstructures with percolation
thresholds at intermediate volume fractions necessarily pos-
sess large clusters away but near the thresholds, we anticipate
that formula (3) should also be accurate for highly clustered
two-phase materials, phase-inversion symmetric or not, which
we verify below. Note that Torquato’s complete derivation
of Eq. (3) using strong-contrast expansions as well as a de-
tailed discussion on how it perturbs about the self-consistent
formula are provided in Ref. [1]. Henceforth, we refer to
approximation (3) as the self-consistent strong-contrast ap-
proximation which, by mathematical analogy, can also be used

=2—-d—(d- 1),32||:¢1§2—
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to compute the effective diffusion coefficient D,, dielectric
constant €,, and the magnetic permeability u, of two-phase
materials [1].

We demonstrate the high predictive power of the self-
consistent strong-contrast approximation (3) by comparing its
predictions for o, to those obtained via simulations for several
physically realistic disordered model two-dimensional (2D)
and 3D microstructures that exhibit phase clustering across
volume fractions. We specifically consider phase-inversion
symmetric Debye random media [40,41] and symmetric-cell
materials (see Sec. II for definitions) with square and cubical
cells [1] as well as phase-inversion asymmetric dispersions of
fully penetrable disks, spheres, elongated ellipses, and oblate
ellipsoids [1]. Beyond accurate predictions for o,, we also
derive from Eq. (3) nontrivial predictions for ¢, that depend
on microstructural information via the parameter ¢,. We show
that these predicted percolation thresholds are in good qual-
itative and/or quantitative agreement with known values of
¢». for the models considered here. We further highlight the
sensitivity of Eq. (3) to microstructure percolation properties
by examining it as a function of phase conductivity contrast
ratio 0, /o7 across all volume fractions.

The rest of the paper is organized as follows: Information
about the three-point parameter ¢, is provided in Sec. II.
The model microstructures, their values of the three-point
parameters across volume fractions, and phase-inversion sym-
metry/asymmetry are summarized in Sec. III. The main results
are presented in Sec. IV, and conclusions and future directions
are discussed in Sec. V.

II. THE THREE-POINT PARAMETER ¢,

Here, we summarize key details about the three-point mi-
crostructural parameter ¢, that appears in approximations (1)
and (3). We note that ¢, also arises in rigorous bounds on
the effective conductivity and the elastic moduli that improve
upon the well-known Hashin-Shtrikman bounds [26,42-53],
strong-contrast expansions truncated after third order for the
effective elastic moduli [1,27], as well as an approximation
for the fluid permeability of certain materials [16,54,55]. The
parameter ¢, for phase p of a two-phase microstructure is
specifically given by

4 Xdr *®ds [T
i = — — df cos(20)
a2 Jo v Jo s Jo
S(I’)(r)s(l’)(s)
x[sg"%r, 5.60) = 2= |. @)
S
for 2D systems, and by
; 9 /‘X’dr/‘x’ds/ld( 6)P,(c0s )
= — — cos 0)P,(cos
P2 o r o s )
S(P) S([’)
x[Sé’”(r, s.0)— 2052 O, 5)
Slp)

for 3D ones [56]. The quantities Sip), Sép)(r), and S_gp)(r, s5,0)
are, respectively, the probabilities of finding in phase p a
single point, the end points of a line segment of length r,
and the vertices of a triangle with two sides of length r, s,

and angle 6 between them. In the integral in Eq. (5), P, is
the Legendre polynomial of order 2. Note that Sip ) s simply
the volume fraction of phase p, ¢,, and that 0 < ¢, < 1 and

g1+ & = 1. As the three-point correlation function S;p ) is
generally not known analytically for most microstructures
[1,26,57-61], the parameter {, must be ascertained directly
from microstructural samples using numerical methods. We
recently developed such a method for computing ¢, that im-
proves upon the accuracy and computational performance of
previous methods [34] which we employ in this paper as
described in Sec. I1I B.

We recently showed via comprehensive numerical simula-
tions that ¢, tends to be larger for microstructures in which
phase 2 is more well connected and ramified for a given value
of ¢, [34]. Symmetric-cell materials, which are constructed
by partitioning space into cells of arbitrary size and shape
and then randomly designating them as phases 1 and 2 with
respective probabilities ¢; and ¢, [1,62], specifically have

& =¢r+ (1 —2¢2)g, (6)

in which 0 < g < 1 is a parameter that depends on the cell
shape and is thus referred to as the cell-shape parameter.
Specifically, g is a functional over a certain three-point sta-
tistical quantity associated with the cell geometry [1]. By
virtue of their construction, all symmetric-cell materials are
phase-inversion symmetric [1]. One can show that such mate-
rials with circular/spherical cells have shape parameter g = 0,
while those with needlelike cells in 2D and disk-shaped cells
in 3D have g =1 [1]. We note that space can be tessellated
by polydisperse circles/spheres or ellipses/ellipsoids which
necessarily must have a continuous range of sizes ranging to
the infinitesimally small. Moreover, Kim and Torquato [63,64]
recently showed that such multiscale tessellations of disks and
spheres can be effectively realized computationally using a
tessellation-based procedure. Finally, Eq. (6) implies that all
symmetric-cell materials have {, = % for ¢, = % which is a
general property of all phase-inversion symmetric microstruc-
tures for reasons detailed in Ref. [1].

III. MODEL MICROSTRUCTURES
AND THREE-POINT PARAMETERS

In this section, we summarize the salient details of the
four model 2D and 3D microstructures that we use as bench-
marks to demonstrate the accuracy of the self-consistent
strong-contrast approximation in Eq. (3). By virtue of their
construction, these microstructures all exhibit much greater
degrees of phase clustering than that observed in dispersions
of well-separated particles in a matrix for a given volume frac-
tion. We also compute their respective three-point parameters
&> across volume fractions and show how one can extract
cell-shape parameters g from these data for Debye random
media and thus interpret these microstructures as effective
symmetric-cell materials.

A. Models

We specifically consider symmetric-cell materials
with square and cubical cells with side length a. These
microstructures have two-point correlation functions
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SP(r) = ¢ppWalria) + 2 in which Wa(r;a) is the
single-cell weight function for which exact expressions
are given in Ref. [1]. As these microstructures are
sometimes referred to as random checkerboards, we use
the acronym RCB to refer to them henceforth. Here, the
RCB microstructures serve as a convenient platform to test
the accuracy of Eq. (3) for symmetric-cell microstructures,
as they are single scale, and thus, generating realizations
of them and ascertaining their effective conductivities is
computationally straightforward. We also examine so-called
Debye random media (DRM) which are phase-inversion
symmetric [65,66] models of two-phase media that are
defined entirely by the two-point correlation function
SP(r) = ¢ppgexp(—r/a)+¢2 in which a>0 is the
characteristic length scale of the microstructure. Such an
exponential form of S,(r) was hypothesized by Debye et al.
[40] to model 3D microstructures with phases of “fully
random shape, size, and distribution” and were shown to be
realizable in 2D [41] and 3D [54]. Note that DRM have been
shown to be a good approximation of certain microstructures,
including Fontainebleau sandstone [67], snow [68], and
certain mesoporous materials [69].

We also consider dispersions of fully penetrable disks,
spheres, as well as randomly oriented ellipses and oblate el-
lipsoids [1]. Fully penetrable disk/sphere (FPD/S) systems are
prepared by decorating the points of a Poisson point process
with radius a disks/spheres that are free to overlap with one
another. The volume fraction of the matrix phase of these
systems is given by ¢; = exp[—pv;(a)], in which p is the
number density of the underlying Poisson point pattern and
vi(a) is the volume of a d-dimensional sphere of radius a
[1,70]. The two-point function for the matrix phase of these
microstructures is given by Sél) = exp[— Ingva(r;a)/vi(a)],
in which vy(r;a) is the union volume of two d-dimensional
spheres of radius a whose centers are a distance r apart.
The model fully penetrable ellipse/ellipsoid (FPE/E) systems
are prepared like the disk/sphere systems, except that each
particle is given a random orientation in space. Their ¢,
and SS) are also mathematically analogous to those of the
FPD/S systems [1,70]. Note that the aforementioned systems
are realistic models of consolidated media such as sandstones
and sintered materials [71]. Sample images of microstructures
of these four highly clustered models in 3D with ¢, = % are
shown in Fig. 3.

By definition, a phase-inversion symmetric microstructure
is one in which the n-point correlation functions for phases 1
and 2 obey the following relation [1]:

SO p1, ¢2) = SP X" o, 1), 1> 2. (7

Note that the RCB and Debye microstructures have two-point
correlation functions that satisfy Eq. (7) for n = 2, and thus,
they possess phase-inversion symmetry at the two-point level.
We show in Sec. IIIB that these models are also phase-
inversion symmetric at the three-point level. By contrast, the
two-point correlation functions for the fully penetrable par-
ticle models do not satisfy Eq. (7) and, as we will show in
Sec. III B, these models are also not phase-inversion symmet-
ric at the three-point level [72].

For subsequent calculations, we specifically consider
2D 1024 x 1024 pixel and 3D 192 x 192 x 192 voxel

(c) (d)

FIG. 3. Sample images of the model highly clustered microstruc-
tures considered in this paper: (a) random checkerboard, (b) Debye
random media, as well as fully penetrable (c) spheres and (d)
oblate ellipsoids. The images shown in (a)—(d) correspond to %th of
the total volume of the microstructures used in the calculations and
have phase 2 (red) volume fraction ¢, = % To facilitate visualization
of the microstructure, phase 1 is transparent in these images.

realizations of the RCB microstructures. The 2D and 3D RCB
systems have a = 8 and 6, respectively, and were made using
a random number generator. The Debye microstructures are
the same size as the RCB systems but have characteristic
length scales @ = 10 in 2D and a = 5 in 3D. Note that the
ratio of major to minor axes b/a = 5 for the FPE/E systems.
Additional details concerning the generation of the Debye
and fully penetrable particle microstructures are provided in
Ref. [34].

B. Results for three-point parameters

Before testing Eq. (3) on the aforementioned model mi-
crostructures, we first examine their values of ¢;. It is seen
that the parameters ¢, for all four models vary linearly with
¢, in the plots of ¢, vs ¢, in Fig. 4. Note that, for the pene-
trable particle models, we take the particles to be phase 2 and
the matrix as phase 1. Additionally, we note that DRM have
& = 0.5 £ 0.001, implying that they must also possess phase-
inversion symmetry at the three-point level. By contrast, the
phase-inversion asymmetric fully penetrable particle models
both have ¢, # %

Since the three-point parameter ¢, for 2D and 3]? DRM

varies linearly with respect to ¢» and is equal to 5 when

¢ = %, we can fit Eq. (6) to these data to extrapolate effec-
tive cell-shape parameters ,%for these models. We specifically
find from these fits that gi2); = 0.2487 and gbpy, = 0.2643.
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FIG. 4. Plots of the three-point parameter ¢, as a function of
phase 2 volume fraction ¢, for the model microstructures in (a) 2D
and (b) 3D. The scatter plots for Debye random media as well as
the fully penetrable particle models correspond to ensemble aver-
aged values of ¢, computed via Monte Carlo integration [34], while
the corresponding solid lines are of linear regression fits (all with
R? > 0.999) of the aforementioned numerical data. Values of ¢, for
the random checkerboards were obtained using previously calculated
values of the cell-shape parameter g for squares and cubes [1]. Every
value of ¢, for a given volume fraction was averaged over 20 different
configurations. Error bars for the simulated data have been omitted,
as they are not appreciable on the scale of this figure.

While ggRDKA and ggRD;A are quite different from those of

the RCB models (i.e., ghon = 0.0808 and ghon = 0.1188
[1]), they are respectively comparable to the g values of 2D
symmetric-cell materials with aspect ratio ~2.9 elliptical cells
and 3D symmetric-cell materials with needlelike cells [1].
Since DRM can be realized by certain space tessellations
in 2D [73], it is reasonable that this model is an effective

symmetric-cell microstructure.

IV. PREDICTIONS OF THE SELF-CONSISTENT
STRONG-CONTRAST APPROXIMATION

In this section, we demonstrate the accurate predictive
power of the self-consistent strong-contrast approximation (3)
for the effective conductivity o, across phase volume fractions
and conductivity contrast ratios o,/07. We also derive from
Eq. (3) formulas for the effective conductivity in the supercon-
ducting and insulating limits, i.e., 0 /07 = oo and 0, /07 = 0,
respectively. Finally, we extract from these formulas accurate
approximations for the percolation thresholds that incorporate
three-point microstructural information via the parameter ¢;.

A. Comparison to simulations

For the 2D and 3D models considered here, the predictions
of approximation (3) for the effective conductivity overall
agree well with simulated values obtained across all volume
fractions for a moderate contrast ratio o,/07 = 10, as seen
in the plots of o, vs ¢, in Fig. 5. In particular, the percent
error (100% X [Ue(theorY) _ O,e(simulation)]/O_e(simulalion)) is between
—0.3 and 3.4% in 2D and —5.0 and 1.0% in 3D. The slightly
larger percent error for the 3D models is attributable to cer-
tain limitations on the parameter ¢, in approximation (3) for
3D systems which are detailed in Appendix A. We recently

FIG. 5. Plots of the scaled effective conductivity o, /o, as a func-
tion of phase 2 volume fraction ¢, for o,/0; = 10 for the model
microstructures in (a) 2D and (b) 3D. The scatter plots and solid lines
correspond to simulation data and the formula in Eq. (3), respec-
tively. Overall, we observe excellent agreement between predictions
of Eq. (3) and the simulated data. Each simulated value of o, for a
given ¢, was averaged over 20 different configurations. Error bars for
the simulation data have been omitted, as they are not appreciable on
the scale of this figure. Simulated values of o, for 2D and 3D Debye
random media, random checkerboards, as well as the fully penetrable
sphere and oblate ellipsoid systems were obtained via the fast Fourier
transform (FFT)-based homogenization code described in Ref. [74].
Those for the fully penetrable disk and ellipse models were obtained
using finite element methods in COMSOL Multiphysics.

showed that the self-consistent strong-contrast approximation
(3) is accurate for DRM and, based on Torquato’s original
arguments [1], attributed this accuracy to the fact that this
model is phase-inversion symmetric [34]. We also showed
in that work that Eq. (3) is accurate for the fully penetrable
particle models which we attributed to certain geometrical
and topological similarities between these models and Debye
random media [34]. To gain a more quantitative understanding
of this observed accuracy of Eq. (3) for these highly clus-
tered microstructures across volume fractions, we examine
in Secs. IVB and IV C its predictions for o, as a function
of phase conductivity contrast ratio o,/0; across volume
fractions.

B. Theoretical predictions across contrast ratios

We have established the high predictive power of approx-
imation (3) with numerical simulations for a fixed contrast
ratio of 10 across volume fractions for a variety of 2D and 3D
models, implying its accuracy to predict values of o, across
all possible contrast ratios (i.e., 0 < 0p/07 < 00) without
relying on computationally expensive numerical simulations
that become increasingly challenging when the contrast ratios
become very large or very small. The accurate sensitivity of
formula (3) to phase connectedness information of 2D and 3D
microstructures across volume fractions is highlighted in the
plots of o, as a function of contrast ratio o, /o across volume
fractions for DRM in Fig. 6. Specifically, it is seen that Eq. (3)
transitions from plateauing to constant values to power-law
growth in 0, /o at volume fractions ¢, = 0.5 and ¢, = 0.182
in 2D and 3D, respectively. Thus, Eq. (3) predicts that phase 2
forms percolating clusters at these respective volume fractions
for 2D and 3D DRM. To investigate how Eq. (3) incorporates
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FIG. 6. Log-log plots of the scaled effective conductivity o, /o
as a function of phase conductivity contrast ratio o, /o, as predicted
by Eq. (3) for Debye random media in (a) 2D and (b) 3D. Curves for
different phase 2 volume fractions ¢, are color coded according to
the legends on the right. In (a), the dashed black line is of Dykhne’s
exact formula o, = /070, for 2D phase-inversion symmetric mi-
crostructures with ¢, = % [75], which coincides with Eq. (3) for
$2=13.8 =1, and d = 2. In (b), the dashed black line highlights
the effective conductivity of 3D DRM for ¢, = 0.182, the phase 2
percolation threshold for this model predicted by Eq. (10) using the
effective cell-shape parameter ggllig,l for this microstructure computed
in Sec. III B.

such nontrivial percolation information, we extract from it
accurate analytical formulas for the thresholds ¢;. and ¢, that
depend on dimension d and the parameter ¢, in Sec. IV C.

C. Percolation thresholds

By examining the behavior of Eq. (3) in the limit in which
phase 2 becomes superconductive relative to phase 1, we
find that approximation (3) predicts nontrivial percolation
thresholds that depend on microstructural information via the
parameter . Specifically, taking the limit 0, /0y — oo in Eq.
(3) yields

G _ l+¢+ (1 —d+der —2¢2)8
or l+¢p+0—d—=2¢)0+dpa(5— 1)
Henceforth, we estimate the value of the threshold ¢,. from

Eq. (8) in terms of ¢, and d by setting the denominator of Eq.
(8) to zero and solving for ¢, [1], finding that

 d-Dp-1
P = it d 20 ©)

®)

in which ¢, is implicitly a function of ¢,. Note that there are
no limitations on the value of ¢, in Eq. (9) in 2D, while one
must have ¢, < % in 3D. We find that Eq. (9) predicts that all
2D phase-inversion symmetric microstructures have threshold
e = % which is consistent with observations in previous
work [1,65,66]. In the case of 3D symmetric-cell materials,
Eq. (9) predicts

—4 45+ /12 —24g+9¢°

¢2c‘(g) = 4g_ )

1
—. (10
8<3 (10)

It is also fruitful to examine the behavior of approximation
(3) in the limit in which phase 2 becomes insulating relative

to phase 1. Taking the limit 0, /0y — 0 in Eq. (3), we find that

e 1T+ +U-20)0+d(dat — 1) (11
o 1+d+ (=200 +dlga(1 — &) — 11
By ascertaining the value of ¢, in which approximation (11)
goes to zero, we can determine when phase 1 becomes dis-
connected and thus predict the phase 1 percolation threshold
@1.. We specifically find that

B d—¢ —1
1+ -2’

in which ¢, is implicitly a function of ¢,. Note that there are
no limits on the value of ¢ in Eq. (12) in 2D, while one
must have ¢, > % in 3D. Taken together, Egs. (9) and (12)
can be used to predict the range of volume fractions over
which a microstructure is bicontinuous. For 2D systems, we
find that ¢». = 1 — ¢, implying that there is no bicontinuity
of phases in this dimension. By contrast, these equations gen-
erally predict that 3D microstructures will be bicontinuous for
e < P2 <1 —ic.

Values of ¢,. and ¢, for the 2D and 3D models as
predicted by formulas (9) and (12), respectively, as well
as thresholds obtained via simulation methods are listed in
Table I. See Appendix B for details on how we estimated
the value of ¢,. for 3D DRM. We find good quantitative
agreement between the predicted and numerically obtained
thresholds for the phase-inversion symmetric models. Addi-
tionally, despite the fully penetrable particle models not being
phase-inversion symmetric, the values of ¢,. and ¢;. pre-
dicted via formulas (9) and (12) for these systems are in good
quantitative and/or qualitative agreement with the numerically
obtained thresholds. Moreover, the theoretically predicted and
actual intervals of volume fractions in which the 3D models
are bicontinuous are in good qualitative and/or quantitative
agreement with one another.

The incorporation of nontrivial phase clustering informa-
tion into Eq. (3) across dimensions is further highlighted in
the plots of this approximation in the superconducting and
insulating limits [i.e., Egs. (8) and (11), respectively] as func-
tions of ¢, for 2D Debye random media and fully penetrable
disks in Fig. 7(a) and 3D Debye random media and fully
penetrable spheres in Fig. 7(b). For each model microstruc-
ture, we specifically observe that Eq. (8) diverges to infinity
(i.e., the composite becomes superconductive) precisely when
phase 2 forms as a sample spanning cluster at the threshold
predicted by Eq. (9). By contrast, Eq. (11) abruptly drops
to zero (i.e., the composite becomes insulating) when phase
1 becomes disconnected, as predicted by Eq. (12). Finally,
the nontrivial ranges of volume fractions over which these
3D microstructures are predicted to be bicontinuous are high-
lighted by the different volume fractions at which they are
predicted to become superconducting and insulating, as seen
in Fig. 7(b).

¢ =1 12)

V. DISCUSSION AND CONCLUSIONS

In summary, we have shown via comprehensive numerical
simulations that the self-consistent strong-contrast approxi-
mation (3) accurately predicts the effective conductivities of
four model disordered microstructures in which both phases
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TABLEI. Values of the percolation thresholds ¢,. and ¢, for the model microstructures as predicted by formulas (9) and (12), respectively,
as well as those obtained using numerical simulations. The lower limits on the thresholds for the RCB systems correspond to site percolation
when connections between nearest neighbors and next-nearest neighbors are considered. By contrast, the upper limits correspond to site
percolation when only nearest-neighbor connections are considered. Good qualitative and/or quantitative agreement is seen between the
theoretically predicted and known values of the thresholds. Note that these calculations take the matrix and particle phases of the fully

penetrable particle models to be phases 1 and 2, respectively.

Model ¢2c, Eq. (9) b,c, actual b1e, Eq. (12) b1, actual
Random checkerboard (2D) 0.500 0.407< ¢ < 0.593 [1] 0.500 0.407< ¢1 < 0.593 [1]
Random checkerboard (3D) 0.236 0.199< ¢, < 0.312 [76] 0.236 0.199< ¢y < 0.312 [76]
Debye random media (2D) 0.500 0.500 [65,66] 0.500 0.500 [65,66]

Debye random media (3D) 0.182 0.115 (Appendix B) 0.182 0.115 (Appendix B)
Fully penetrable disks 0.609 0.676 [77] 0.391 0.324 [77]

Fully penetrable spheres 0.337 0.289 [78] 0.078 0.030 [79]

Fully penetrable ellipses (b/a = 5) 0.420 0.460 [80] 0.580 0.540 [80]

Fully penetrable oblate ellipsoids (b/a = 5) 0.094 0.176 [81] 0.194 0.094%[82]

*This value of ¢, was extrapolated from values of the phase 1 percolation thresholds for fully penetrable oblate ellipsoid systems with other

aspect ratios b/a that were ascertained in Ref. [82].

form large, well-connected clusters in 2D and 3D across phase
volume fractions. Additionally, Eq. (3) always lies between
the tightest three-point bounds under the specified condi-
tions described in Appendix A. Moreover, the accuracy of
Eq. (3) is attributable to its prediction of nontrivial perco-
lation thresholds that incorporate ¢, that were found to be
in good quantitative and/or qualitative agreement with the
known thresholds for the aforementioned models.

One potentially fruitful area of future research is to derive
an approximation analogous to Eq. (3) that accurately predicts
the effective stiffness tensor C, of phase-inversion symmetric
materials. Such a derivation would likely involve the strong-
contrast expansion for C, derived in Ref. [22]. It is also an out-
standing problem to ascertain precise percolation thresholds
for 3D Debye random media as well as other model phase-
inversion symmetric microstructures (like those examined in
Ref. [83]) to more comprehensively test the accuracy of ¢,
predicted by Eq. (10). Such calculations are challenging,
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FIG. 7. Log-linear plots of the scaled effective conductivity
o./o as a function of phase 2 volume fraction ¢, as predicted by
Egs. (8) and (11) for (a) 2D Debye random media and fully pene-
trable disks and (b) 3D Debye random media and fully penetrable
spheres. Solid lines correspond to formula (8) in which phase 2 is
superconducting, while dashed lines correspond to formula (11) in
which phase 2 is insulating. In (a) and (b), the circles and x’s mark
the locations of ¢,. predicted by Eq. (9) and 1 — ¢, predicted by
Eq. (12), respectively, for these models.

as they require the computationally intensive generation of
many large realizations of microstructures with prescribed
two-point correlation functions [65,84].

Finally, we note that approximation (3) could be used to
guide an inverse design problem in which microstructures
with prescribed o, for a given volume fraction are realized by
symmetric-cell materials with targeted cell-shape parameters
g. For simplicity, one could target tessellations of polydisperse
elliptical or ellipsoidal cells whose shape parameters g can
be determined exactly in terms of their aspect ratios [1].
These microstructures could be effectively realized computa-
tionally by an adaptation of the tessellation-based procedure
of Kim and Torquato [63,64]. Finally, self-supporting mi-
crostructures, which could be manufactured by 3D printing
techniques [85], could be targeted in this scheme by ensuring
the volume fraction of phase 2 of the designed microstructures
is sufficiently above the percolation threshold as determined
by Eq. (10).
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APPENDIX A: RESTRICTING THE SELF-CONSISTENT
STRONG-CONTRAST APPROXIMATION BETWEEN
THREE-POINT BOUNDS

We will require that approximation (3) always lies be-
tween the most restrictive three-point bounds on the effective
conductivity, i.e., the three-point Beran-type lower and upper
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TABLE II. Ranges of ¢, values in which approximation (3) for
the 3D models considered here with ¥ = 10 should lie between the
three-point bounds (A1) and (A2) as determined by Eq. (A4) and the
constraints in Eq. (A3).

3D model Ranges of valid ¢, values for y = 10
RCB 0<¢p <i,¢>093
DRM 0< ¢2 < 3, ¢2 2 0.85
FPS 0<¢y<i,¢22070
FPE 0<¢pr<3,¢,2082

bounds which are given by [1,44-46,48,86,87]

P1¢2(02 — 01)?
(@) +(d— 1o~ )"

o) = (o) — (Al)

and

12(02 — 01)?
(6)+ (d — 1)(0)4—’

respectively. Note that (o) = ¢101 + ¢r02, (6) = 01 +
@102, and (c); = c1¢1 + ¢28>. By incorporating three-point
microstructural information via the parameter ¢, these
bounds improve upon the well-known Hashin-Shtrikman
lower and upper bounds [88,89]. Placing such a requirement
on Eq. (3) will generally restrict the range of values of ¢,
beyond the normal condition that it must lie in the interval
[0, 1] [1]. Following Torquato [32], we use the so-called
Y-transformation [90,91] to determine that formula (3) lies
between bounds (A1) and (A2) for 0 < & < 1 for 2D mi-
crostructures. Repeating the same procedure for 3D systems,
we find that Eq. (3) lies between the three-point bounds pro-
vided that

o)) = (o) — (A2)

O<§2<% and ¢ < f(&2,¥)
<<l and ¢ > f(&.p),
in which y = 0»/07 and

f(&,v)

(A3)

_ o1+ 291201 — &) + 24 + 1)yl
2(¢3 — 48 +3) + (=487 + 40 + 3)y +20(0 + 2)y 2
(A4)

We calculate the ranges of valid ¢, for the 3D models consid-
ered here for y = 10 via the conditions (A3) and (A4) and list
them in Table II. For these models, the range of ¢, values
in which Eq. (3) violates the bounds (i.e., L - <0.93)
coincides with that in which the approximation has the largest

percent error as compared with simulation, as seen in Fig. 5(b)
and described in Sec. IV.

APPENDIX B: ESTIMATING THE PERCOLATION
THRESHOLD OF 3D DEBYE RANDOM MEDIA

In order to test the accuracy of the percolation thresholds
¢». predicted via Eq. (8) for 3D Debye random media, we
estimate here the value of ¢ for this model. For each volume
fraction ¢,, we specifically search for sample-spanning clus-
ters in 20 different realizations of 192 x 192 x 192 voxel 3D
DRM. To identify such clusters, we use the burning algorithm
[92] and consider only nearest-neighbor voxel connections for
simplicity. We find that the fraction of configurations support-
ing percolating clusters f, = 0 for ¢, = 0.08, while f, =1
for ¢, = 0.15, with f, increasing with ¢, for 0.08 < ¢, <
0.15. As narrowing the range of volume fractions in which ¢,.
lies requires the computationally expensive generation of ad-
ditional, larger configurations, here, we estimate ¢, to be the
median of this interval, i.e., ¢ = (0.08 + 0.15)/2 = 0.115.
This estimated threshold is reasonably close to ¢,. = 0.182,
as predicted via Eq. (8) for this model. The percolating net-
work of a ¢, = 0.15 realization of 3D DRM is highlighted in
Fig. 8.

FIG. 8. A realization of 3D Debye random media at ¢, = 0.15
with its percolating cluster of phase 2 highlighted in red. The non-
percolating domains of phase 2 are highlighted in blue, while phase
1 is transparent to facilitate visualization. The image shown here
corresponds to the entire 192 x 192 x 192 voxel sample.
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