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ARTICLE INFO ABSTRACT
Keywords: Two-phase heterogeneous materials arise in a plethora of natural and synthetic situations, such as alloys, com-
Hyperuniformity posites, geological media, complex fluids, and biological media, exhibit a wide-variety of microstructures, and

Effective properties
Heterogeneous materials
Strong contrast expansions

thus display a broad-spectrum of effective physical properties. Elucidating how microstructural details (e.g.,
specific surface, phase volume fractions, and phase geometries and topologies) influence two-phase materials’
effective transport and mechanical properties enhances our fundamental understanding of microstructure—
property relationships, and is of great practical use in the design of structural and functional materials. Here,
we compute the three-point microstructural parameters ¢, and 5, for phase 2 to evaluate bounds and accurate
approximation formulas on the effective thermal/electrical conductivities o, as well as the bulk K, and shear
G, moduli of a wide class of disordered 2D and 3D material microstructures; including various dispersions of
hard and penetrable particles, certain amorphous dispersions, and networks. These parameters are determined
using a Monte Carlo integration scheme that incorporates certain algorithmic enhancements that improve
upon the accuracy and performance of previous methods. Our results reveal that ¢, and 5, are generally
sensitive to the phase-connectedness properties of the diverse set of microstructures we consider here. Using
numerical simulations and rigorous approximations that incorporate ¢, and #,, we show that certain disordered
microstructures nearly realize the Hashin-Shtrikman lower and upper bounds on ¢,, K,, and G, across volume
fractions. We also describe how our algorithm can be used in inverse methodologies to realize ordered and
disordered materials with desirable effective physical properties by targeting specific values of ¢, and #,, and
hence aid in materials by design.

1. Introduction aforementioned microstructural variety gives rise to a broad-spectrum
of potential effective material properties.

In particular, it is well-known that the effective properties of het-
erogeneous materials generally depend on an infinite-set of correlation
functions that fully characterize the microstructure [1,18,20,22,23].
Since such information is typically not available, it is useful to de-
vise estimates of the effective properties that depend on a limited
set of nontrivial microstructural information [1,3]. For example, the

Two-phase heterogeneous materials abound in natural and syn-
thetic systems; examples include composites, porous media, polymer
blends, colloids, complex fluids, cellular solids, geological media, and
biological media [1-8]. The microstructures of such materials exhibit
a diverse set of possible phase geometries and topologies, as well
as varying degrees of order and disorder across length scales [9]. A
glimpse of such microstructural diversity is illustrated by the examples

depicted in Fig. 1, including a stealthy hyperuniform disk packing [10,
111, dispersions of fully penetrable disks and ellipses [1], a garden-
variety disordered amorphous microstructure [12-15], a packing of
thin rectangular platelets, and a thickened network derived from a
stealthy hyperuniform point pattern [16]. Given that a material’s ef-
fective transport and mechanical properties depend in a nontrivial
manner on its microstructure and phase constituents [1-3,17-21], the

three-point microstructural parameters ¢, and 7,, which incorporate
such information via functionals of the one-, two-, and three-point
correlation functions of phase p (=1 or 2) (see Sections 2.1 and 2.3
for definitions), provide a powerful route to accurately estimate and
rigorously bound the effective physical properties of a structurally
diverse set of ordered and disordered material microstructures [23-28].
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Fig. 1. Two-dimensional model systems that illustrate the diversity of possible material microstructures: (a) a special y = 0.45 stealthy hyperuniform hard disk packing [10,11],
dispersions of fully penetrable (b) disks and (c) ellipses [1], (d) a garden-variety disordered amorphous microstructure [12-15], (e) a packing of thin, rectangular platelets, and
(f) a disordered thickened network derived from a y = 0.48 stealthy hyperuniform point pattern [16]. These six microstructures as well as their 3D analogues are among the set
of models that we consider in this paper and are described in Section 3. In these images, phase 1 is colored red and phase 2 is colored blue. For all microstructures shown, the

phase 2 volume fraction is ¢, = 0.20.

To enhance our basic understanding of microstructure-property
relationships and inform the design of structural and functional ma-
terials, we examine how and to what extent specific microstructural
qualities influence a material’s effective conductive and mechanical
properties in this paper. We accomplish this task by computing the
three-point microstructural parameters ¢, and 5, for a comprehensive
set of 2D and 3D model material microstructures with a wide spectrum
of unique phase geometries, phase topologies, and inversion symmetry
properties (see Section 2 for definitions), as well as hyperuniform and
nonhyperuniform volume fraction fluctuations. By examining different
model microstructures across dimensions, we also investigate the effect
of dimensionality on these microstructure—property relationships.

Despite the distinct microstructural characteristics of the model
systems that we consider, we can accurately estimate their effective
physical properties by utilizing various approximations in which the
three-point parameters ¢, and 7, arise. Specifically, the parameter ¢,
appears in different approximations of the effective conductivity of
materials whose microstructures consist of certain dispersions [1,28],
possess phase-inversion symmetry [1], and exhibit phase bicontinu-
ity! [29], as well as in approximations of the effective bulk modulus
and, along with the parameter 7,, the effective shear modulus of certain
dispersions [23,30,31]. The parameter ¢, also arises in an accurate ap-
proximation of the fluid permeability for certain porous materials [29,
32,33]. By applying to specific classes of microstructures (i.e., dis-
persions, phase-inversion symmetric, bicontinuous) the aforementioned

1 A bicontinuous microstructure is one in which both phases are topolog-
ically connected across the sample. While this topological feature (i.e., per-
colation of both phases) is common in 3D systems, it is rare in 2D
ones [1].

approximations accurately capture the large range of distinct effective
physical properties displayed by these systems. Moreover, the param-
eters ¢, and 7, determine rigorous three-point microstructural bounds
on the effective conductivity, bulk modulus, and shear modulus [24,
25,27,28,34-42]. By incorporating up to three-point microstructural
information, the aforementioned bounds improve upon the well-known
Hashin-Shtrikman bounds [43-46]. Specific mathematical details on
{»» 11,» and the aforementioned approximations and bounds are provided
in Section 2.3.

The microstructural parameters ¢, and 7, have been computed for
various periodic microstructures, including disks [47-49], spheres [47],
and superballs [50] arranged on lattices, as well as arrays of triangle-,
hexagon- [51] and superdisk- [52] shaped inclusions. The parameters
¢, and 7, have also been ascertained to estimate the effective conduc-
tive and linear elastic properties for certain disordered model material
microstructures, including monodisperse fully penetrable disks [53,
54], spheres [55-57], hollow spheres [58], ellipsoids [57] as well as
monodisperse and polydisperse equilibrium non-overlapping disks [59-
62] and spheres [63-66]. The three-point parameters for symmetric-cell
materials [67] have been obtained as functions of phase composition
for circular [27,68], spherical [27,67], ellipsoidal [1], cubical [69],
as well as triangular, square, and hexagonal [1,70] cell geometries.
Furthermore, the three-point parameters have been computed for a
variety of two-phase model microstructures derived from level cuts of
certain Gaussian random fields [57,58,71].

More recently, the parameter ¢, has been used to model accurately
the effective diffusion properties of chromatography columns whose
microstructures consist of disordered packings of spherical beads [72-
74]. The parameters ¢, and 7, have also been used to predict the effec-
tive thermal conductivity and thermo-mechanical properties of random
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packings of spheres [75], ellipsoids, and Platonic solids [76]. Beyond
simulated microstructures, the parameters ¢, and #, have been read-
ily obtained from experimentally obtained disordered microstructural
data; including that of binary metal alloys [77,78], Fontainebleau sand-
stone [79], bicontinuous boron carbide aluminum composites [80], and
certain polymer matrix composites [81].

Since the parameters ¢, and 7, depend on the three-point corre-
lation function, which is generally not known analytically for most
microstructures [1,28,55,82-86], they must be ascertained from mi-
crostructural samples using computationally demanding methods [1,
28,50,55,69,82-85,87]. Thus, the aforementioned set of microstruc-
tures for which ¢, and 5, have been ascertained was mainly constrained
to those consisting of a discrete particle phase embedded in a matrix
phase.” Here, we overcome such stumbling blocks by using a novel,
massively-parallel Monte Carlo integration scheme to compute the pa-
rameters ¢, and 7, for microstructures with much more complex phase
geometries and topologies. Specific details of our algorithm and how
it improves upon the computational speed and accuracy of previous
methods [38,39,49,50,85], are provided in Section 4.

To facilitate selection of a more comprehensive set of microstruc-
tures that span the order-disorder spectrum, we leverage the hyper-
uniformity concept which generalizes the traditional notion of long-
range order to not only include all perfect crystals and quasicrystals,
but also exotic amorphous states of matter® [91,94]. Furthermore,
the hyperuniformity concept has led to a unified means to classify
two-phase heterogeneous materials, whether hyperuniform or not, ac-
cording to their large-scale volume fraction fluctuation characteris-
tics [9,92,94,95]. Disordered hyperuniform materials, in particular,
possess a hidden form of long-range order in which the material is
not crystalline but globally uniform [94]. As they can be endowed
with novel directionally independent physical properties that are ro-
bust with respect to defects [16,18-20,96-119], disordered hyperuni-
form materials are receiving considerable attention [7,100,107,111,
112,118,120-136]. For comprehensive reviews on hyperuniformity and
hyperuniform materials, the reader is referred to Refs. [94,137].

Here, we specifically study the effective conductivities and elas-
tic moduli of various hyperuniform and nonhyperuniform disk and
sphere packings, nonhyperuniform dispersions of certain fully pene-
trable disks, spheres, ellipses, and ellipsoids, as well as 2D and 3D
nonhyperuniform packings of hard platelets, effectively disordered hy-
peruniform networks and foams, and a model nonhyperuniform phase-
inversion symmetric microstructure (see Section 3 for details). Our
results indicate that the parameters ¢, and #, for the microstructures
considered here are generally larger for those whose domains of phase
2 are more ramified and well-connected and phase 1 domains are more
compact and disconnected for a given volume fraction.

Via the aforementioned microstructure-specific effective property
approximations to these models and numerical simulations, we observe
that these models can exhibit markedly different effective conductive
and mechanical properties. In particular, stealthy hyperuniform pack-
ings of disks and spheres (see Sections 3 and 2.2 for details) as well
as certain equilibrium hard disk and sphere packings nearly realize
the Hashin-Shtrikman lower bounds on the effective conductivity and
elastic moduli across volume fractions. We also find that the 2D dis-
ordered networks nearly realize the Hashin-Shtrikman upper bounds
across volume fractions on the conductivity and bulk modulus, while
the 3D foams nearly realize those on the conductivity, bulk, and shear
moduli. We discuss how such extremal (i.e., close to Hashin—Shtrikman

2 Such models often require relatively less computational resources to
generate [1] or, in certain cases, their three-point correlation functions are
known exactly or to a good approximation [1,63,88-90].

3 Disordered hyperuniformity was first observed in certain exotic point
patterns [91] and subsequently generalized to treat two-phase heterogeneous
media [92] as well as scalar and vector fields [93].
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bounds) effective properties in these models are attributable to certain
geometrical and topological characteristics of their microstructures.

The rest of the paper is organized as follows: in Section 2, we pro-
vide basic definitions and key background information. Section 3 de-
scribes the microstructures that we examine. Our method for computing
the three-point parameters is described in Section 4. The main results
of the paper are presented in Section 5. Future research directions and
conclusions are discussed in Section 6.

2. Definitions and background

In this section, we introduce key concepts and definitions used to
describe two-phase microstructures; including the n-point correlation
functions, spectral density, local volume fraction fluctuations, and hy-
peruniformity. Additionally, we briefly summarize the strong-contrast
formalism and the three-point microstructural parameters ¢, and 7,.

2.1. Correlation functions

A two-phase heterogeneous microstructure in d-dimensional Eu-
clidean space R is uniquely determined by the indicator functions
1@ (x) for the individual discrete phases which are defined as

10 = 1, x in phase p ’ o
0, x otherwise

where p = 1,2 and x is a position vector [1]. The n-point correlation
function S,(,’) for phase p is defined as [1]

n

SP(x,,%,, ..., X,) = <Hz<ﬂ>(xj)> 2
j=1

where the angular brackets denote an ensemble average. The quantity

S,(,i)(x17x2, ....X,) may be interpreted as the probability of finding the

endpoints of all vectors xi, ...,x, in phase p. Using the expression (2),

we can write the one-point correlation function as [1]

S = (1P ) 3)

which is equal to the volume fraction of phase p, ¢,. The two-point
correlation function is similarly written as

SP(x1.%,) = (1P (x)TP)(xy)). )

For statistically homogeneous and isotropic two-phase materials in
which there are no preferred centers or directions, this quantity is
only dependent on the magnitude of the relative displacement vector
r = |r| = %, —x,| and thus S;i)(x],xz) = S;")(r) [1]. The three-point
correlation function is written as

SP(x1,%5,%5) = (TP TP ) TP x3)), &

and can be interpreted as the probability that triangle vertices x;, x,,
and x; all fall in phase p when placed randomly in the system [1]. For
statistically homogeneous and isotropic systems, S;m depends only on
the magnitudes of the relative displacements of the sampling points,
ie., S§”>(x1,x2,x3) = S;”)(r, s,1), where r = |x, — x|, s = |x3 — x|, and
t=[X3 —X,|.

Note that a two-phase microstructure is said to be phase-inversion
symmetric if the morphology of phase 1 at volume fraction ¢, is
statistically identical to that of phase 2 in the system where the volume
fraction of phase 1is 1 — ¢, [11, i.e.,

SO 1, ¢,) = SO ¢y, 1), 12 2. 6)

An important property of such phase-inversion symmetric microstruc-
tures is that for ¢, = ¢, = 1/2 one can determine the odd-order prob-
ability functions S;f: . from S;‘:’;,Sé’:_l,... ,Si"). For the three-point
correlation function, we specifically have

1 1
SV =3 [SP0+ 5P+ 5P - 5] %)
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The autocovariance function is trivially related to the two-point
function as [1]

1,0 =S - ¢ )

We define the spectral density 7, (k) as the Fourier transform of the
autocovariance function at wavevector Kk, i.e.,

- 1 ik
7,00= ol /R Tk ©

The spectral density is a nonnegative real-valued function of wavevec-
tor k which is directly measurable in the laboratory from elastic scat-
tering experiments [12].

2.2. Classification of hyperuniform and nonhyperuniform materials

We will assume statistically homogeneous two-phase microstruc-
tures whose spectral densities exhibit the power-law form

7, ~ BIK|* 10)

in the limit |k| — 0. The hyperuniformity of two-phase heteroge-
neous materials in d-dimensional space is defined by the following
infinite-wavelength condition on the spectral density 7, k) [92,94]:
\11(1\[—130 7, (&) =0. an
Equivalently, one can define hyperuniformity using the local volume
fraction variance o2 (R) associated with a d-dimensional spherical ob-
servation window 'of radius R [9,92,94]. Specifically, a two-phase
material is hyperuniform if its variance ai(R) decays in the large-R
limit faster than R™9, i.e., faster than the inverse of the spherical
observation window volume. This behavior contrasts that of typical
disordered two-phase materials for which the variance decays in the
large-R limit like R~7.

The hyperuniformity concept provides a unified means to classify
material microstructures, hyperuniform or not, according to their large-
scale volume fraction fluctuation characteristics. Specifically, there are
three different classes (scaling regimes) that describe the associated
large-R behaviors of ”3(R) when the spectral density goes to zero as
a power-law scaling (10) in the limit |k| — 0 [92,94]:

R™@+D), a>1 (ClassI)
ai(R) ~JdR @D R, a=1 (ClassII) 12)
RU+®  0<a<1 (Class II).

Classes I and III are the strongest and weakest forms of hyperunifor-
mity, respectively. Class I materials include all perfect crystals, many
quasicrystals and exotic disordered materials [94]. Also belonging to
class I are stealthy hyperuniform materials which are defined to be
those which exhibit zero-scattering intensity for a set of wave vectors
around the origin [95]:

Zv&) =0

Examples of such stealthy materials are periodic packings of disks and
spheres, disordered disk and sphere packings derived from stealthy
point patterns, as well as specially designed stealthy hyperuniform
dispersions [10,11,95,108,109,138]. A sample image of such a stealthy
hard disk packing is shown in Fig. 1(a).

Any statistically homogeneous nonhyperuniform two-phase mate-
rial has a local variance with the following large-R scaling behav-
iors [139]:

—d
6> (R) ~ R
v R+

A typical nonhyperuniform material has 7, (0) > 0 and thus B = 7, (0)
via Eq. (10) [94]. The spectral density of antihyperuniform systems is
unbounded at the origin [139]:

for 0<|k|<K. (13)

a =0 (typical nonhyperuniform) a4
—d <a <0 (antihyperuniform).

fim 7,00~ 4 0=
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thus making such systems diametrically opposed to hyperuniform ones.
Examples of antihyperuniform systems include systems at thermal crit-
ical points (e.g., liquid-vapor and magnetic critical points) [140,141],
fractals [142], disordered nonfractals [143], and certain substitution
tilings [144].

2.3. Strong contrast expansions and the three-point microstructural param-
eters

Torquato derived strong-contrast expansions for the effective ther-
mal/electrical conductivity ¢, (and the effective diffusion coefficient
D,, dielectric constant ¢,, and magnetic permeability x4, by mathemat-
ical analogy) of two-phase media in any space dimension d [1,28]
that may be viewed as two different expansions that perturb around
the optimal structures that realize the Hashin—-Shtrikman (HS) upper
bounds. Thus, the first few terms of this expansion, beyond the second-
order HS terms, should yield an excellent approximation of o, for
any values of the phase conductivities for dispersions in which the
inclusions are prevented from forming large clusters. In particular, its
truncation after third-order terms yields the expression [28]

o, (1 +(d =D,y —d - 1)¢qcpﬁ§q>
L= ¢pfpg—(d = l)d’qgﬂﬁgq

in which p and ¢ denote the two different phases 1 or 2 such that p # ¢,
the “polarizability” Bpg = (0,—0,)/(0,+(d—1)o,), and {pisa three-point
microstructural parameter which is defined for 2D microstructures as

(o] [s<] T
(= 4 / ﬂ/ d_s/ dO cos(20)
apydrJo r Jo s Jo

(16)

0e(0g: O Pp: §p) =

S(P)(r)S(P)(s)
[sg’”(r, 5.0) - ——2— a7
S(p)
1
and for 3D microstructures as
9 ®dr [*®ds !
¢, = / —/ —/ d(cos ) P,(cos 0)
P2y Jo o Jo s Jo :
S(p)(V)S(p)(S)
[sgp)(r, 5.0) - 2——2— (18)
1

In the integrals (17) and (18), the variable 6 is related to the arguments
of S;”), i.e., r, 5, and t, via the expression 6 = cos™! ((r% + s> — 12)/(2rs)).
Note that 0 < ¢, < 1 and that {; + ¢, = 1. Additionally, plugging in the
expression for S;‘”) for phase-inversion symmetric microstructures with
¢, = ¢, = 1/2 (i.e., Eq. (7)) into the integrals (17) and (18) results in
¢, =1/2 in both 2D and 3D.

The approximation (16) has been shown to provide highly accurate
approximations of o, for a large class of ordered and disordered disper-
sions in which the particles (phase p) do not form very large clusters
for all phase conductivity contrast ratios y = 0,/0, [1,28]. Note that
when o, > 6, 0,(6,0,,¢,. ) obtained from Eq. (16) perturbs around
the HS lower-bound structures in which the dispersed phase is more
conductive than the connected matrix phase. In the phase-interchanged
case (i.e., 6,(0,,0,¢,,¢;)), however, Eq. (16) perturbs around the HS
upper-bound structures in which the dispersed phase is less conductive
than the matrix phase.

Torquato [1] also derived a different strong-contrast expansion for
o, that perturbs about microstructures that realize the well-known self-
consistent (SC) formula [145-147]. When truncated after third order
terms, this expansion yields the formula [1]

o, +(d — 1)o, o, +(d —1)o,
2 + ¢ =
0, — 0 0, =03
$,(1-8)

2—-d-(d-1Dpy |$:16— 19

L+(d =28y |’

which also depends on the three-point parameter {,. Torquato [1]
predicted that the three-point approximation (19) should provide good
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estimates of o, for phase-inversion symmetric microstructures that
resemble those that realize the well-known SC formula, a key feature
being phase-inversion symmetry. Henceforth, we refer to Eq. (19) as
the “self-consistent” strong-contrast approximation. In a forthcoming
manuscript, we show that Eq. (19) accurately approximates the effec-
tive conductivities across volume fractions as well as the percolation
thresholds of highly clustered 2D and 3D microstructures, including
a symmetric cell material, a disordered phase inversion symmetric
microstructure, and certain dispersions of overlapping particles [148].

Note that the parameter ¢, also appears in the best available three-
point “Beran-type” lower and upper bounds on the effective conductiv-
ity [24,27,36,37,149,150], i.e., 0\ <0, <o\ where

G oy $1$y(07 — 6))* 20
R E R T 20
and
Ug) = (o) @10 — 0'1)2 1)

TG+ d - Do)

respectively, in which (¢) = ¢,0| + ¢,0,, (5) = 0, + ¢, 0,, and (c), =
¢ + ¢,¢,. By incorporating three-point microstructural information
via the parameter ¢,, these bounds improve upon the well-known
Hashin-Shtrikman lower and upper bounds [43,46], i.e.,

b1 py(0y — 0'1)2

@ _ _
L= @D, @2)
and
N
63) — (o) - 19203 —0)) 23)

(6)+(d - Doy’
respectively. The bounds (22) and (23) are d-dimensional general-
izations of the HS bounds derived by Torquato [1]. Note that when
¢, = 0, the three-point bounds (20) and (21) coincide and equal
the two-point HS lower bound (22) for 6, > ¢;. When ¢, = 1, the
three-point bounds coincide and equal the HS upper bound (23) for
0, > o;. Examples of microstructures that realize the d-dimensional HS
bounds on o, are the well-known singly coated d-dimensional sphere
assemblies [43,151] and rank-d laminates [152,153]. Note that for
either the coated-inclusion assemblies or finite-rank laminates, one of
the phases is always a disconnected dispersed phase within a connected
matrix phase, except in the trivial case when the dispersed phase fills
all of space [1].

Torquato [1,28] has shown that the three-point approximation
Eq. (16) always lies between the best available rigorous three-point
bounds (20) and (21) on the effective conductivity provided that

R 24)
In our forthcoming manuscript [148], we show analytically that the
“self-consistent” three-point approximation Eq. (19) for 2D microstruc-
tures lies between the three-point bounds (20) and (21) for all values
of ¢{,. For general 3D microstructures, analogous constraints on ¢, are
dependent on the phase conductivity contrast ratio y as well as the
phase 2 volume fraction ¢, and must be determined numerically [148].
For 3D phase-inversion symmetric microstructures, however, we show
that Eq. (19) always lies between the three-point bounds provided that
¢ <1/2andy > 1 [148].

Generalizing the approach used to derive strong-contrast expansions
for the effective conductivity, Torquato derived analogous contrast
expansions for the effective stiffness tensor C, of two-phase media
in any space dimension d [23,30,31]. As with the effective conduc-
tivity, these expansions may be viewed as two different expansions
that perturb about the HS optimal structures, and thus the first few
terms of this expansion should yield an excellent approximation of C,
for dispersions in which the inclusions are prevented from forming
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large clusters. Truncation after third-order terms specifically yields the
approximations

N Gl o5
" Keg d(K, +2G,) e
and

Hpg 1 2G K pg b
Py = AR, + Gy P

Heq (Kq+Gp)

2
L [dKy =26, 6
2d | K,+2G, | M

for the effective bulk K, and shear G, moduli, respectively. In Egs. (25)
and (26), the scalar polarizabilities are defined as x,,, = (K,— K,)/(K,+
2(d — 1)Gq/d) and
G, -G, 1
g = 76 dK,/2+(d+)(d-2)G,/d ’
K,+2G,

27)
q 1+

and the three-point parameter 7, for 2D and 3D microstructures is given
by the integrals

[se] (o] b4
n, = 16 / ﬂ/ E/ do cos(40)
apidy Jo r Jo s Jo

S(P)(r)S(P)(S)
5P 5.0) - 2—2— | | (28)
; S0
and
54‘ ) ) 1
m,= ==+ 150 / ﬂ/ d—s/ dOP,(cos )
21 g1y Jo o Jo s S
S(P)(r)S(P)(S)
55, 0) - 2—2— | (29)
sy

respectively. As with the parameter {,, 0 < 5, < 1, n; +#, = 1, and
phase-inversion symmetric microstructures with ¢, = ¢, = 1/2 will
also have , = 1/2.

The three-point approximations (25) and (26) have been shown to
accurately approximate the effective elastic moduli of dispersions for all
phase contrasts, provided that the particles (phase p) generally do not
form large clusters [31]. Note that when phase p is stiffer than phase
g such that (K, — K,))X(G, — G,) > 0, Egs. (25) and (26) perturb around
the HS lower-bound structures when phase p is the dispersed phase and
phase ¢ is the matrix phase. In the phase-interchanged case, however,
these approximations perturb around HS upper-bound structures when
phase p is the matrix phase and phase g is the dispersed phase [1].

The parameters ¢, and 7, also arise in a variety of three-point
bounds on the effective elastic moduli. For example, the lower and
upper ‘“Beran-type” three-point bounds on the effective bulk modulus
for isotropic d-dimensional microstructures (i.e., Kf) <K, < KS)) are
given respectively by [34-36]

$12(Ky — K;)?

KD = (k) — 30
L= (K) +2(d = 1(G;')~1/d @0
and
_ 2
Kl(/?’) — <K> _ ¢1¢2(K2 Kl) 31

(K) +2(d = 1(G)/d

Analogous bounds for the effective shear modulus (i.e., G(L3) <G, £
GS) ) are given by [34-36,38]

2
60— gy - DG = G 32
L =(G) G 1= (32)
and

a2
GS)=(G>—¢1¢2(GZ G)) (33)

(GY+ 6
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in which
-1

(2(1/k)¢ +(1/G),) ™, d=2

E= (%+3).+5(s), s (34)
ORI X

and
2k) (GY2+(k)(G), _

_) T e =2

6= 3(G), (6K+7G); ~5(G)? (35)

—6<2K—G)C+30(G)n 5 d=3.

For 2D composites, note that Gibiansky and Torquato [41] improved
upon the upper bound (31) on the effective planar bulk modulus k,
as well as that (33) on the effective transverse shear modulus G,
(these improved bounds also depend on the parameters ¢, and #,).
Also note that all of the aforementioned two- and three-point bounds
on the effective bulk and shear moduli assume the “well-ordered”
case in which (K, — K;)(G, — G;) > 0. By incorporating microstruc-
tural information at the three-point level via the parameters ¢, and
1, the aforementioned three-point bounds improve upon well-known
Hashin-Shtrikman ones [44,45], i.e.,

1y (K, — K|)?

K® = (k) S . 36
o =K (K)+2(d - 1)G,/d (36)
_ 2
K = (K) - ?1@52(’(2 Ky) ’ 37
(K)+2(d — )G, /d

2
G? = gy - Y1262~ GV 38
L =0 (G)+ H, 38)
and

2
G? = gy - £192G2 ~ G 39
v =(G) )+ 1, (39)
in which

_[dKi/2+(d + Dd - 2)G;/d

H =6 K, +2G, 40

Note that the bounds (36), (37), (38) and (39) are d-dimensional
generalizations of the HS bounds derived by Torquato [1]. When ¢, = 0,
the three-point bounds (30) and (31) on K, coincide and equal the
two-point HS lower bound (22) for G, > G,. When ¢, = 1, the three-
point bounds on K, coincide and equal the two-point HS upper bound
(23) for G, > G,. Similarly, when ¢, = 0 and #, = 0, the three-
point bounds (32) and (33) on G, coincide and equal the two-point HS
upper bound (38) when G, > G| and K, > K. Lastly, the three-point
bounds on G, coincide and equal the HS upper bound (39) when ¢, =1,
n, =1, G, > G, and K, > K,. As with the effective conductivity, the
Hashin-Shtrikman bounds on K, are attained by the aforementioned
singly coated d-dimensional sphere assemblies [44] and certain finite-
rank laminates [154]. While the sphere assemblies do not realize the
HS bounds on G, [155], these bounds are realized by various laminate
constructions [154,156-158].

Torquato [31] has shown analytically that the three-point approx-
imations of the effective bulk modulus (25) for 2D composites lies
between the best available three-point bounds (i.e., the lower bound
(30) and the Gibiansky-Torquato upper bound [41]) provided that ¢, <
1/2. For 3D microstructures, he found Eq. (25) lies between the best
available three-point bounds (i.e., (30) and (31)) provided that

8G
06+ —L-,0<G,/K, <3/4
> o 1/Ky <3/ “
1,G,/K, > 3/4.

No such analytical expressions exist for the effective shear modulus
(26), but the corresponding constraints on ¢, and 7, may be ascertained
numerically as described in Ref. [31].
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Table 1

The list of abbreviations and dimensions for the model microstructures considered in
this paper. For all models consisting of particles embedded in a matrix, we take the
particles to be phase 2 and the matrix to be phase 1. The walls/struts of the networks
and foams are taken to be phase 2.

Model Name Abbreviation Dimension, d
Fully Penetrable Disks/Spheres FPD/S 2,3
Fully Penetrable Ellipses/Oblate Ellipsoids FPE/E 2,3
Equilibrium Hard Disks/Spheres EHD/S 2,3
Metastable Hard Spheres MHS 2

x = 0.002 Stealthy Disk/Sphere Packings SHU (y =0.002) 2,3
x = 0.45 Stealthy Disk/Sphere Packings SHU (y =045) 2,3
Hard Platelets PLT 2,3
Thickened networks derived from y =0.48 SHU-NET 2,3
stealthy point patterns

Closed-cell foam microstructures derived from SHU-FOAM 3

x = 0.48 stealthy point patterns

Debye random media DRM 2,3

3. Model microstructures

In this section, we summarize the salient details of the 2D and
3D hyperuniform and nonhyperuniform model microstructures that we
consider in this paper. These models constitute a representative set of
material microstructures that span the order-disorder spectrum accord-
ing to order metrics that we recently developed [9]. The complete set
of models and the abbreviations that we use to denote them are listed
in Table 1. All models considered here are subject to periodic boundary
conditions.

3.1. Fully penetrable disks, spheres, ellipses, and oblate ellipsoids

We consider the well-known fully penetrable disk and sphere model
microstructures [1,159]. These model nonhyperuniform [9] systems are
prepared by decorating the points of a Poisson point process with d-
dimensional radius a spheres that are free to overlap with one another.
We note that volume fraction ¢, of the disk/sphere phase of these
systems is given by ¢, = exp[—pv,(a)], in which p is the number density
of the underlying Poisson point pattern and v (a) is the volume of a d-
dimensional sphere of radius a [1,159]. While the parameters ¢, and #,
have already been computed for these models [53,55,83], they serve as
useful benchmarks for our algorithm (see Section 4 and the Supporting
Information for details).

To characterize the effect of particle-shape on the parameters ¢, and
1,, we also consider dispersions of fully penetrable elongated ellipses
(ratio of axes b/a = 5) as well as oblate ellipsoids (ratio of axes
b/a =1 and b/c = 5). For these models, we use the minor-axis a as
the characteristic length scale of the microstructure. These systems are
prepared analogously to the fully penetrable disk and sphere systems,
except here one assigns a random orientation to each particle. By
virtue of having no long-range spatial or orientational correlations,
these systems are very likely nonhyperuniform. For these models, the
volume fraction is given by the expression ¢, = exp[—pvg] in which
v is the volume of the ellipses/ellipsoids decorating each point [160].
For all fully penetrable particle models considered here, we generate
systems comprised of N = 2500 particles with phase 2 volume fractions
0.05 < ¢, < 0.95. Sample images of fully penetrable disk and ellipse
microstructures are shown in Figs. 1(b) and 1(c), respectively.

3.2. Equilibrium and metastable hard disk and sphere packings

We also consider equilibrium (Gibbs) ensembles of identical non-
overlapping disks and spheres of radius a across their respective stable
fluid, freezing, and crystalline branches. These nonhyperuniform [91]
systems display a wide-array of microstructural geometries and topolo-
gies all the way up to their respective maximal packing fractions,
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i.e., ¢, = 0.907 for disks and ¢, = 0.74 for spheres [1]. We specifically
prepare configurations of N = 2340 disks with packing fractions in the
range 0.5 < ¢, <0.90 and N = 2916 spheres with 0.5 < ¢, < 0.70 using
the event-driven molecular dynamics simulation code from Ref. [161].
Additionally, we also generate configurations of N = 3000 hard spheres
along the metastable fluid branch (i.e., 0.49 < ¢, < 0.64 [1]) using the
procedure described in Ref. [162]. Note that the values of ¢, and #, for
the disordered fluid branches of the equilibrium hard disk and sphere
systems were previously obtained using certain approximations of the
three-point correlation functions for these systems [59,64,163,164].

3.3. Disordered hard platelet packings

As a contrast to the various hard disk and sphere systems con-
sidered here, we also examine certain non-equilibrium packings of
randomly oriented hard platelet-shaped particles in 2D and 3D [165].
We specifically model the platelets as oblate super ellipsoids [166]
whose domains are defined by the inequality
2p

2p 2p

y
+[2
in which the parameters a, b, and ¢ are the three semi-axes of the
super ellipsoid and the parameter p > 0 is the deformation parameter,
which indicates the extent to which the shape is deformed away from
an ellipsoid (p = 1). Using an algorithm adapted from Ref. [167],
we generate these packings by randomly placing and orienting each
platelet in the periodic simulation cell one after another such that there
are no overlaps. At the maximal possible packing fraction, no additional
particles can be inserted into the system [1]. As packings of disks
and spheres prepared by this procedure are nonhyperuniform [91], the
platelet packings considered here are also likely to be nonhyperuni-
form. Here, we specifically consider thin rectangular platelets in 2D by
taking the ratio of axes b/a = 10, deformation parameter p = 3, and
setting the variable z = 0 in the inequality (42). In 3D, we consider
oblate platelets with square faces and thin rectangular sides by taking
the ratios of the axes to be b/a = 1 and b/c = 10 and parameter p = 3 in
(42), taking the minor semi-axis a as the characteristic length scale for
these microstructures. We generate N = 2500 packings of such platelets
in 2D and 3D with volume fractions in the ranges 0.05 < ¢, < 0.4594
and 0.05 < ¢, < 0.1750, respectively. A sample image of a 2D platelet
packing is shown in Fig. 1(e).

X z
- + =
Cc

<l, (42)

a

3.4. Stealthy hyperuniform hard disk and sphere packings

We also examine certain disordered stealthy hyperuniform radius a
disk and sphere packings which, as a consequence of being stealthy
and disordered, can have local clusters of contacting particles that
are much smaller than those found in equilibrium packings of the
same volume fraction [10,11,19]. These packings are made by decorat-
ing certain stealthy hyperuniform point patterns with non-overlapping
disks/spheres, as described in Refs. [10,11,19]. We note that such a
decoration process exactly preserves the stealthiness of the point pat-
tern [93]. It is useful to describe these point-pattern derived packings in
terms of the y parameter, which is a measure of the size of the stealthy
“exclusion region” in which there is zero-scattering intensity around
the origin. In particular, the 2D and 3D stealthy systems considered
here are highly degenerate and disordered for 0 < y < 1/2, with their
degree of short-range order increasing as y — 1/2 before crystalline
phases emerge for 1/2 < y < 1 [168]. Here, we straddle the disordered
regime by examining packings with y = 0.002 and y = 0.45. Note that
the range of attainable maximal packing fractions for these systems is
dependent on both the dimension and the value of y [10,11]. Thus,
for the y = 0.45 disk and sphere packings (N = 4000), we generate
systems with packing fractions within the ranges 0.20 < ¢, < 0.69 and
020 < ¢, < 045, respectively. For the y = 0.002, disk and sphere
packings (N = 4000), we generate systems with packing fractions
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within the ranges 0.20 < ¢, < 0.86 and 0.60 < ¢, < 0.64, respectively.
The reader is referred to Refs. [10,11,168] for more comprehensive
descriptions of stealthy hyperuniformity and these packings. A sample
image of y = 0.45 stealthy hyperuniform disk packing is shown in Fig.
1(a).

3.5. Networks and foams

Additionally, we examine disordered 2D and 3D cellular microstruc-
tures derived from y = 0.48 stealthy hyperuniform point patterns.
Not only are the phase connectivity properties of these effectively
hyperuniform microstructures unique among the models considered
here, but certain 2D networks derived from such stealthy point patterns
were shown to possess virtually optimal effective properties for ¢, <«
1 [119]. We prepare trivalent 2D and tetravalent 3D network two-phase
microstructures by decorating the edges of the Delaunay-centroidal
tessellations of y = 0.48 stealthy point patterns with walls of width
w and cylinders of radius a, respectively [16,133]. As a contrast to
the open-cell 3D networks, we also prepare topologically distinct 3D
closed-cell foams by thickening the walls of the cells of the Voronoi
tessellations [169] of the same y = 0.48 stealthy point patterns. In all
cases, the relationships between the wall widths w/strut radii a (which
we use as characteristic length scales) and ¢, must be determined
empirically. Here, the 2D networks (N = 3000 cells) have wall phase
volume fractions 0.05 < ¢, < 0.75.* Both the 3D network and foam
microstructures (N = 500 cells) have strut/wall phase volume fractions
005 < ¢, < 0.95. A sample image of a 2D disordered network
microstructure is shown in Fig. 1(f).

3.6. Phase-inversion symmetric Debye random media

Debye random media are nonhyperuniform [9,32] models of two-
phase media which are defined entirely by the autocovariance function

x,(r) = ¢ exp(—r/a), (43)

in which a > 0 is the characteristic length scale of the microstructure.
The simple exponential form (43) was hypothesized by Debye et al.
to model 3D microstructures with phases of “fully random shape, size,
and distribution" [12], and were shown to be realizable in two [13] and
three [32] dimensions. We consider Debye random media here as they
have been shown to be a good approximation of certain microstruc-
tures [12], including Fontainebleau sandstone [79]. By virtue of being
phase-inversion symmetric, Debye random media also serve as a useful
testbed for the “self-consistent” three-point approximation formula for
the effective conductivity (19). Here, we generate 2D 1024 x 1024
pixel and 3D 192 x 192 x 192 voxel realizations of Debye random
media with volume fractions 0.05 < ¢, < 0.95 using the Fourier-
based microstructure reconstruction algorithm described in Ref. [109].
We set the parameter ¢ = 10 pixels and ¢ = 5 voxels in 2D and
3D reconstructions, respectively. A sample image of 2D Debye random
media is shown in Fig. 1(d).

4. Methodology to compute three-point parameters

In this section, we describe in detail our Monte Carlo integration
methodology that we use to compute ¢, and 5,. Our method specifi-
cally utilizes the following approximation of the three-point parameter
integrals (17), (18), (28), and (29):

% Ny Ng)
— d P (x..
Xon = NstVn:ZZZ (X)) %

i=1 j=1

4 The walls of networks with ¢, > 0.75 would fill entire cells, so these
structures were omitted from the present study.
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I(p)(xij +rij)1(p)(xij +58;)/,(0;;), (44)

in which V is the volume of the microstructure sample, Ny, and V,; are
the number and volume of the stratified sub-domains, respectively, N g)
is the number of sampling triangles with vertices (x;;,x;; +;;,X;; +5;;)
in the ith sub-domain, cos(6;;) =r;; - 5;;, and

cos(nf), d=2
&= { - 45)
P,[cos(f)]sin(d), d=3

ij>

where n = 2 for {, and n = 4 for 5,. Note that we do not include
the S;p ) (r)Sép)(s)/qﬁp terms from the three-point parameter integrals in
Eq. (44) because they ultimately evaluate to zero.

Stratified sampling [170] is used to prioritize sampling of S; in
regions of the microstructure that contribute non-trivially to the sum-
mation (44). In this scheme, a d-dimensional microstructure is divided
uniformly into N, = L? hypercubic sub-domains (or strata) of volume
V,. Within each domain i, Ng) sampling triangle “anchor points” x;;
are allocated toward computing the inner summation of Eq. (44). By
taking Ng) to be proportional to the variance of the integrand within
sub-domain i, we concentrate samples in regions where the integrand
fluctuates the most [171]. We note that the integrand has exactly zero
variance whenever the anchor point x;; is outside of the phase of
interest. Therefore, only domains that are at least partially covered by
the phase of interest are allocated Ng > 0 sampling triangles. Lastly,
we ensure that the computational cost of our method is independent of
the volume fraction of the microstructure by requiring that the number
of sub-domains per side is

L =[(Ng/$p"1. (46)

In order to improve sampling efficiency, the target number of active
domains N, can be tuned (subject to hardware constraints) such that
the strata are comparable in size to the characteristic length scale of
the microstructure.

The diverging factors of 1/r and 1/s in integrals (17), (18), (28) and
(29) are eliminated from Eq. (44) via importance sampling of |r; i and
Is;;1 from the log-uniform distribution [50], i.e.,

1

(X 0/ X i) X
Here, x,,;, and x,,, denote the minimum and maximum numerical
values of r and s sampled, respectively. Specific choices of these pa-
rameters are microstructure-dependent and detailed in Section 5.1.

The jth anchor point of the ith sub-domain x;; is sampled uniformly
within the sub-domain’s volume, while the orientation of vector r;;
is randomly sampled from the uniform distribution 7°(0,2x). The ori-
entation of vector s;; relative to r;; is given by the angle 6,;, which
is sampled from a low-discrepancy, or quasirandom, sequence.> The
values of 6;; are given by the so-called “golden ratio" sequence [172]
which is based on the fractional part of successive integer multiples of
the golden ratio. Specifically, the jth value of ¢ in the ith sub-domain
is given by:

9,.!.=n{a,.+i}, (48)
4

in which {x} denotes the fractional part of x, ¢ = (1 + \/3)/2 is
the golden ratio, and a; is a random “seed” for the ith sub-domain
sampled from U°(0,1). The previously outlined steps constitute the
generation of the jth sampling triangle within the ith sub-domain for
2D microstructures. For 3D systems, each sampling triangle is rotated
via a rotation matrix parameterized with random Euler angles.

fx)= (47)

5 Low-discrepancy, or quasirandom, sequences are deterministic point pat-
terns in d-dimensional Euclidean space R? that cover space more uniformly
than a Poisson point pattern of the same density [170].

Acta Materialia 290 (2025) 120921

Unlike other methods for computing ¢, and 75,, which rely on
computer-memory intensive sampling grids [75,76,85,87], the com-
paratively small memory requirements of computing Eq. (44) make
it ideally suited for graphics processing unit (GPU) hardware. Thus,
each GPU thread is assigned to a sub-domain so that the inner sum
of Eq. (44) is computed in parallel. Note that the error of Monte
Carlo integration (i.e., the standard deviation ¢;) decays asymptotically
with the number of samples N as 6; ~ A/ \/ﬁ [170]. Overall, we
effectively reduce the value of coefficient A by using stratified sam-
pling [170,171], importance sampling [1,170], and low-discrepancy
sequences [170]. We gain additional accuracy by simply increasing N,
which is accomplished in a computationally efficient manner by our
GPU parallelization scheme. Benchmark tests confirming the accuracy
of our algorithm are provided in the Supporting Information.

We note that the actual run times of the algorithm ultimately
depend on the computational cost of evaluating the indicator function
terms Z()(x) in summation (44), which will vary depending on how
the microstructure is represented numerically. For example, evaluating
1@ (x) for digitized representations of microstructures (e.g., 2D and 3D
Debye random media, as well as the 3D networks and foams) involves
a relatively fast O(1) array lookup. By contrast, the computational cost
of evaluating I (x) for dispersions of discrete particles, which are
represented numerically as arrays of particle centroids, dimensions,
and orientations, generally scales with the number of particles N as
O(N), although we appreciably speed up these calculations using a
cell-list [173]. Thus, evaluating ¢, and 5, using 23® total samples and
N,; = 2% active domains takes, on average, 10 min for a 192° voxel
microstructure and 21 min for a 3D packing of N = 2500 hard platelets
using a single NVIDIA®A100 GPU, rather than relying on hundreds or
thousands of CPU cores like previous methods [50,75,76].

5. Results
5.1. Three-point parameters

In this subsection, we present values of ¢, and 7, obtained via the
numerical algorithm described in Section 4 for the model microstruc-
tures considered in this paper. For each microstructure, all values of the
three-point parameters are averaged over between 10 and 20 different
ensembles. A total number of 23 Monte Carlo samples were used for
each computed value of ¢, and 7, (i.e., N, x N, = 2 in Eq. (44)).
We found that this number of samples was more than sufficient to
guarantee convergence of both the ¢, and 7, integrals. For all models,
the minimum and maximal values of the lengths r and s in Eq. (44) were
taken to be 104 and L/8, respectively, where a is the characteristic
length scale of the microstructure and L is the side length of the
periodic simulation cell. All numerical values of ¢ and #, for the
model systems considered in this paper are tabulated in the Supporting
Information.

Overall, we find that the 2D and 3D models in which phase 2 is more
well-connected and ramified and phase 1 is more disconnected and
compact tend to have larger values of the three-point parameters for a
given volume fraction, as seen in the rank-ordering of microstructures
in the plots of ¢, and #, as functions of ¢, in Figs. 2 and 3, respectively.
This relationship between the degree of phase-connectivity and the
values of the three-point parameters is expected because, as discussed
in Section 2.3, the optimal microstructures with ¢, = 1 have phase 1
disconnected and dispersed in phase 2, which is fully connected. For
example, the 2D network and 3D foam microstructures (in which phase
1 is always disconnected; see Fig. 1(f)) and the y = 0.45 stealthy disk
and sphere packings (in which phase 2 is always disconnected; see Fig.
1(a)) have the largest and smallest values of ¢, and #,, respectively, for
a given value of ¢, among the models considered here.

Specifically, the 2D network and 3D foam microstructures have
¢, 2 0.8 whereas the y = 0.45 stealthy disk and sphere packings have
¢, 5 0.2 across their respective ranges of ¢,, as seen in Fig. 2(a).
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Similarly, the 3D foam microstructures have 5, > 0.6 while the stealthy
disks and sphere have 5, < 0.2 and 5, 5 0.5, respectively, as seen in Fig.
3(a). The non-monotonic dependence of #, on ¢, for the 2D networks
seen in Fig. 3(a) is a consequence of their tendency to have lower shear
moduli and will be elaborated on in Section 5.2. Unlike the 3D foams,
the 3D open-cell networks are bicontinuous for 0 < ¢, < 1 which is why
their ¢, and #, values are more comparable to the other bicontinuous
3D models (i.e., fully penetrable ellipsoids and spheres, and 3D Debye
random media).

For microstructures consisting of particles embedded in a matrix,
we find that both more non-spherical inclusion geometries and/or pen-
etrable particles (e.g., see Figs. 1(c) and 1(e)), result in more branched
and extended domains of phase 2 and thus larger values of ¢, and
n, than those with circular/spherical inclusions (e.g., see Figs. 1(a)
and 1(b)). Specifically, in the plots of ¢, for the 2D models in Fig.
2(a), it is seen that the thin, rectangular platelets have ¢, that are
up to six times larger than those for equilibrium hard disks, while
the elongated fully penetrable ellipse systems have ¢, that are up to
four times larger than those for the fully penetrable disk models for
¢, = 0.05. Similarly, large differences between the values of 5, for
the aforementioned models are seen in Fig. 3(a). This trend is also
observed in the 3D analogues of these models as seen in Figs. 2(b) and
3(b), respectively. Our observations here are consistent with those of
Gillman et al., who observed that values of ¢, for disordered packings
of tetrahedra were up to six times larger than those for random sphere
packings for a given volume fraction [76]. Interestingly, 2D and 3D
Debye random media have ¢, and #, that are comparable to those of the
fully penetrable ellipse/ellipsoid systems. As we have previously shown
that Debye random media are well-approximated by certain systems of
fully penetrable polydisperse disks and spheres [15], it is reasonable
that fully penetrable ellipses and ellipsoids are also structurally similar
to Debye random media.

Interestingly, the 2D and 3D hard platelet systems have ¢,, and to
a lesser extent, 5, that decrease with increasing of ¢,. This behavior
is attributable to the tendency of the highly nonspherical platelets to
aggregate into increasingly more compact clusters due to local nematic
ordering as ¢, increases toward its maximal value. Similarly, the drops
in ¢, and #n, with increasing ¢, seen in the equilibrium hard disk and
sphere systems is a consequence of increased clustering of particles
into compact crystalline domains above their respective freezing points
¢ (e, ¢’ ~ 069 for EHD and ¢} ~ 049 for EHS [1]). Note
that the clustering associated with this phase-transition does not occur
along the metastable branch of the hard sphere fluid or the structurally
similar [10,11] y = 0.002 stealthy sphere packings which is why ¢,
and 7, for these structures continue to increase above da(zf ). There is
also no such freezing transition in the y = 0.002 stealthy hard disk
system [10,11] and thus no corresponding decrease in the values of ¢,
and 7, for these systems.

While the rank-ordering of microstructures predicted by ¢, and #,
for the 2D and 3D model systems are generally the same for a given
¢,, the spread of the n, values is appreciably smaller than that of
$,.° Thovert et al. observed similar differences between the sizes of
ranges of ¢, and 7, values for certain packings of polydisperse hard
spheres [66]. As 7, only appears in approximations of and bounds on
the effective shear modulus, a quantity that is not necessarily increased
by a high-degree of phase connectivity [1,119,174,175], it is reasonable
that this parameter would have a reduced range of values relative to
that of ¢,.

5.2. Comparison of the various approximations to simulated results

In this subsection, we use our calculated values of ¢, and #, in the
various three-point approximations described in Section 2.3 as well as

6 Mathematically, this behavior is attributable to the factors of cos(49)
and P,(cos6) in integrals (28) and (29), respectively, which have a greater
smoothing effect on the integrand than do the cos(26) and P,(cos#) terms in
the corresponding ¢, integrals.
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Fig. 2. Plots of the three-point parameter ¢, as a function of phase 2 volume fraction
¢, for the (a) 2D and (b) 3D systems, computed using the Monte Carlo integration
algorithm described in Section 4. The abbreviations for the models listed in the legend
are defined in Table 1. The error bars represent the standard deviation of ¢, for an
ensemble of configurations at a given value of ¢,.

numerical simulations to compare and contrast the effective conduc-
tivities o, and the bulk K, and shear G, moduli of some of the model
microstructures considered in this paper. Note that effective properties
for the fully penetrable disk and ellipse models were obtained numer-
ically using finite element methods in COMSOL Multiphysics®. Those
for the fully penetrable sphere and ellipsoid systems, as well as the 2D
and 3D Debye random media and hard platelet systems were obtained
using the Fast Fourier Transform (FFT)-based homogenization solver
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Fig. 3. Plots of the three-point parameter 5, as a function of phase 2 volume fraction
¢, for the (a) 2D and (b) 3D systems, computed using the Monte Carlo integration
algorithm described in Section 4. The abbreviations for the models listed in the legend
are defined in Table 1. The error bars represent the standard deviation of #, for an
ensemble of configurations at a given value of ¢,.

described in Ref. [176]. All numerical values of ¢,, K,, and G, obtained
via the aforementioned simulations are tabulated in the Supporting
Information.

Overall, the structurally diverse disordered 2D and 3D models con-
sidered in this section exhibit effective conductivities and elastic moduli
that nearly span the Hashin-Shtrikman bounds and are generally rank-
ordered for a given ¢, according to their values of ¢, and #,, as seen
in the plots of o, vs. ¢, in Fig. 4, K, vs. ¢, in Fig. 5, and G, vs. ¢, in
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Fig. 6. Such behavior is expected for these models as their geometrical
and topological features span between those of extremal structures.
For a given ¢, among the models considered here, the three-point
approximations (16), (25), and (26) (with phase 1 as the connected
phase) respectively predict that o,, K,, and G, are the closest to the
HS lower bounds for the y = 0.45 stealthy hyperuniform disk and
sphere packings, equilibrium hard disk, and metastable hard spheres,
while (16) and (25) (with phase 2 as the connected phase) respectively
predict that 6, and K, are the closest to the HS upper bounds for the
2D networks and 3D foams. While (26) predicts that the 3D foams have
G, close to the HS upper bound for virtually all ¢,, it predicts that the
shear moduli of the 2D networks are not appreciably close to the HS
upper bound for any ¢,. This behavior is expected as networks with
similar honeycomb structures have been shown to have non-optimal
G, due to certain structural bending modes [51,119,174,175].

Otherwise, it is seen through both simulated data and various
approximations that the fully penetrable particle models, as well as the
2D and 3D hard platelet and Debye random media systems all have o,,
K,, and G, that are intermediate to the Hashin-Shtrikman bounds in
Figs. 4-6. We also see good overall agreement in these plots between
the various approximations and simulated data, with the small (1 —5%)
discrepancies being attributable to a combination of the limitations on
the values of ¢, and #, in the approximations discussed in Section 2.3,
as well as digitization errors in the simulations that are discussed in the
Supporting Information. Finally, we observe that the overall spread of
effective elastic moduli of the 2D and 3D models is generally smaller
than that of the effective conductivities in both 2D and 3D. Such
narrower spreads of K, and G, relative to that of ¢, was also observed
by Gillman et al. in disordered packings of platonic solids [76].

6. Conclusions

In summary, we have shown through comprehensive numerical
calculations that the three-point parameters ¢, and 5, of a wide-variety
of disordered 2D and 3D model microstructures tend to be larger
for those in which phase 2 is more well-connected and phase 1 is
more disconnected for a given a volume fraction. This computationally
challenging task was accomplished using our efficient and accurate
Monte Carlo algorithm. Through rigorous approximation formulas that
incorporate ¢, and 7, as well as numerical simulations, we show that
our models have ¢,, K,, and G, that nearly span the Hashin—-Shtrikman
bounds across volume fractions due to the choice of model microstruc-
tures that we have examined, which span a wide spectrum of phase
geometries and topologies with varying degrees of disorder. Of note are
the disordered y = 0.45 stealthy disk and sphere packings, as well as
the disordered 2D networks and 3D foams which have nearly extremal
effective conductivities and bulk moduli across volume fractions. With
the exception of the 2D networks, these models also have nearly ex-
tremal shear moduli. We note that one could likely generate disordered
triangular honeycomb-like networks with nearly optimal o,, K,, and
G, across volume fractions using Delaunay-triangulations of stealthy
hyperuniform point patterns for reasons discussed in Refs. [51,119].

While all of the simulated models considered here were under
periodic boundary conditions, our Monte Carlo integration algorithm
can also be used to ascertain ¢, and #, for material microstructures
obtained via experimental methods (i.e., microscopy or tomography
techniques). In these cases, one must simply ensure that the triangles
used to sample the indicator function Z(r) in summation (44) do not
intersect the sample boundaries. Our Monte Carlo integration scheme
can also be adapted to efficiently compute certain integrals over .S;
that arise in rigorous approximations of frequency-dependent dynamic
dielectric constants and elastic moduli [18,20], potentially bypassing
the need for computationally-costly finite-element simulations.

Using inverse methods and our Monte Carlo integration algorithm,
one could computationally design disordered microstructures with op-
timal o,, K,, and G, by targeting those with {, = 1 and n, = 1.
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Fig. 4. Plots of the scaled effective conductivity o,/c, as a function of phase 2 volume fraction ¢, for various microstructures in (a) 2D and (b) 3D. In both plots (a) and (b), the
dotted and dashed black lines respectively correspond to the Hashin-Shtrikman lower and upper bounds on the effective conductivity (22) and (23), the scatter plots correspond
to values of o, obtained via numerical methods, the dotted and dashed lines correspond to the three-point approximation (16) in which phase 2 is taken to be the dispersed and
matrix phase, respectively, and the solid lines correspond to the “self-consistent” strong contrast approximation (19). For all results in (a) and (b), the phase conductivity contrast
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Fig. 5. Plots of the scaled effective bulk moduli K,/K, as a function of phase 2 volume fraction ¢, for various microstructures in (a) 2D and (b) 3D. Note that for the 2D
models in (a), we consider plane-strain conditions and denote the bulk modulus as k,. In both plots (a) and (b), the dotted and dashed black lines respectively correspond to the
Hashin-Shtrikman lower and upper bounds on K, (36) and (37), the scatter plots correspond to values of K, obtained via numerical methods, and the dotted and dashed lines
correspond to the three-point approximation (25) in which phase 2 is taken to be the dispersed and matrix phase, respectively. For these results, the phase contrast ratios for the
2D and 3D bulk moduli are k,/k, ~ 10.45 and K,/K, ~ 9.45, respectively. The phase contrast ratio for the shear moduli is G,/G, ~ 19.5. Note that only simulated values of the
bulk moduli for Debye random media and the fully penetrable particle models are shown in (a) and (b) as (25) is not applicable to systems with such large clusters of phase 2.

Specifically, some initial structure could be stochastically evolved via
perturbations to the microstructure (e.g., pixel and voxel swap moves)
until the target three-point parameters are achieved using simulated an-
nealing. Via its use of stratified sampling, our Monte Carlo integration
scheme makes it possible to efficiently update the values of ¢, and #, by
only resampling the contributions to (44) in the strata that are affected
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by each pixel/voxel swap. Note that the aforementioned algorithm is
an adaptation of the Yeong-Torquato stochastic microstructure recon-
struction method [13] in which specific values of ¢, and #, are targeted
in the objective function rather than or in addition to correlation
functions like the autocovariance. The 3D foams considered here are
potentially desirable initial conditions for this optimization scheme
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Fig. 6. Plots of the scaled effective shear moduli G,/G, as a function of phase 2 volume fraction ¢, for various microstructures in (a) 2D and (b) 3D. Note that for the 2D models
in (a), we consider plane-strain conditions. In both plots (a) and (b), the dotted and dashed black lines respectively correspond to the Hashin-Shtrikman lower and upper bounds
on G, (38) and (39), the scatter plots correspond to values of G, obtained via numerical methods, and the dotted and dashed lines correspond to the three-point approximation
(26) in which phase 2 is taken to be the dispersed and matrix phase, respectively. For these results, the phase contrast ratios for the 2D and 3D bulk moduli are k,/k; ~ 10.45
and K,/K, ~ 9.45, respectively. The phase contrast ratio for the shear moduli is G,/G, ~ 19.5. Note that only simulated values of the shear moduli for Debye random media and
the fully penetrable particle models are shown in (a) and (b) as (26) is not applicable to systems with such large clusters of phase 2.

as they already have ¢, and #, close to unity. Moreover, by placing
certain constraints [177] on the wall topology to ensure that these
structures remain self-supporting during the procedure, the resulting
optimal disordered microstructures could be manufactured using 3D
printing techniques [178].
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