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Rigorous theories connecting physical properties of a heterogeneous material to its microstructure offer a
promising avenue to guide the computational material design and optimization. The spectral density function
χ̃V (k), which can be obtained experimentally from scattering data, enables accurate determination of various
transport and wave propagation characteristics, including the time-dependent diffusion spreadability S(t ) and
effective dynamic dielectric constant εe for electromagnetic wave propagation. Moreover, χ̃V (k) determines
rigorous upper bounds on the fluid permeability K. Given the importance of χ̃V (k), we present here an efficient
Fourier-space based computational framework to construct three-dimensional (3D) statistically isotropic two-
phase heterogeneous materials corresponding to targeted spectral density functions. In particular, we employ
a variety of analytical functional forms for χ̃V (k) that satisfy all known necessary conditions to construct
disordered stealthy hyperuniform, standard hyperuniform, nonhyperuniform, and antihyperuniform two-phase
heterogeneous material systems at varying phase volume fractions. We show that by tuning the correlations in
the system across length scales via the targeted functions, one can generate a rich spectrum of distinct structures
within each of the above classes of materials. Importantly, we present the first realization of antihyperuniform
two-phase heterogeneous materials in 3D, which are characterized by autocovariance function χV (r) with a
power-law tail, resulting in microstructures that contain clusters of dramatically different sizes and morphologies.
We also determine the diffusion spreadability S(t ) and estimate the fluid permeability K associated with all of
the constructed materials directly from the corresponding spectral densities. Although it is well established that
the long-time asymptotic scaling behavior of S(t ) only depends on the functional form of χ̃V (k), with the stealthy
hyperuniform and antihyperuniform media, respectively, achieving the most and least efficient transport, we find
that varying the length-scale parameter within each class of χ̃V (k) functions can also lead to orders of magnitude
variation of S(t ) at intermediate and long time scales. Moreover, we find that increasing the solid volume
fraction φ1 and correlation length a in the constructed media generally leads to a decrease in the dimensionless
fluid permeability K/a2, while the antihyperuniform media possess the largest K/a2 among the four classes
of materials with the same φ1 and a. These results indicate the feasibility of employing parameterized spectral
densities for designing composites with targeted transport properties.

DOI: 10.1103/PhysRevE.111.035310

I. INTRODUCTION

Heterogeneous materials, such as composites, multiphase
alloys, porous media, granular matters, and biological gels
and tissues, to name but a few, are ubiquitous in nature and
synthetic forms [1,2]. Such media are of great importance in
a wide spectrum of engineering applications, ranging from
electromagnetic wave manipulation [3–6] to cancer treatment
[7–9]. Such materials usually possess highly complex disor-
dered microstructures, which poses great challenges for their
design and optimization. Topology optimization, which finds
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an optimal distribution of material phases on a predefined
regular grid to achieve targeted material properties, typically
via an iterative optimization scheme, is a widely employed nu-
merical design technique for heterogeneous material systems
[10,11]. The application of the topology optimization tech-
nique in three-dimensional (3D) complex material systems
is very limited due to the high computational cost and bad
convergence performance associated with the extremely large
number of design variables, e.g., 106 to 108 phase voxels.

An alternative material design approach is to lever-
age data-driven [12] or analytical [13,14] structure-property
relationship to significantly speed up material property calcu-
lations. For example, the strong-contrast expansion formalism
expresses the effective material properties [15–19] in terms
of certain integrals involving the statistical microstructural
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descriptors, i.e., n-point correlation functions S(i)
n of phase

i of the material (see Sec. II). Due to the superior conver-
gence of the strong-contrast formalism, accurate estimates of
effective material properties can be obtained by truncating
the full series expansions at lower-order correlation functions
[15,16]. In the case of both elastic [17] and electromagnetic
wave propagation [18,19] problems, it has been shown that the
effective wave properties can be accurately approximated by
only employing the spectral density function χ̃V (k), which is
the Fourier transform of the autocovariance function χV (r) =
S2(r) − φ2, where S2(r) and φ are, respectively, the two-
point correlation function and volume fraction of the phase
of interest (see Sec. II for details). χ̃V (k) can be obtained
directly from scattering experiments [20,21] and also appears
in the rigorous expression of time-dependent diffusion spread-
ability S (t ) [22,23] and an approximation scheme for fluid
permeability K [24,25].

Generating realizations of heterogeneous materials with
a prescribed set of statistical microstructural descriptors
[12,14,26–42] is a crucial inverse problem for material design,
which is usually referred to as the microstructure construction
problem [43,44]. One of the most widely used construction
methods, among others [13,14,26–28,31–33,35–38,45–47], is
the Yeong-Torquato (YT) procedure, in which the construc-
tion is formulated as an energy minimization problem [43,44],
subsequently solved using simulated annealing [48]. The YT
procedure has been employed to incorporate a variety of spa-
tial correlation functions [29,30,49–51] and applied to yield a
wide spectrum of two-phase material systems [52–62]. Given
the importance of the spectral density function χ̃V (k) in deter-
mining effective material properties, the YT procedure was
recently generalized to a Fourier-space based construction
framework, which directly incorporates χ̃V (k) as the target
function [63,64].

In this paper, disordered two-phase heterogeneous materi-
als (media) are of central interest. Among other disordered
media, we investigate a class of recently discovered disor-
dered hyperuniform media [65–68]. A hyperuniform medium
possesses a vanishing spectral density function in the zero-
wave-number limit, i.e., lim|k|→0 χ̃V (k) = 0. Since χ̃V (k)
is trivially proportional to the scattering intensity [1], this
indicates that the scattering of a disordered hyperuniform
heterogeneous material is completely suppressed at the
infinite-wavelength limit. Equivalently, a hyperuniform het-
erogeneous material, disordered or not, possesses a local
volume fraction variance σ 2

V
(R) that decreases more rapidly

than Rd for large R, i.e., limR→∞ σ 2
V

(R) · Rd = 0, where R is
the radius of spherical observation windows used to compute
σ 2

V
(R). This behavior is to be contrasted with those of typical

disordered two-phase media for which the variance decays
as R−d .

Disordered hyperuniform media are similar to liquids
or glasses in that they are statistically isotropic and lack
conventional long-range order, and yet they completely sup-
press large-scale normalized density fluctuations like crystals
[65–68]. This unique defining feature endows them with
many superior physical properties, including wave propaga-
tion characteristics [69–79], thermal, electrical and diffusive
transport properties [22,80,81], mechanical properties [82,83]

as well as optimal multifunctional characteristics [84–86]. We
note that besides two-phase media, hyperuniformity has been
identified in a wide spectrum of physical [87–115], material
[116–128], and biological [129–133] systems. The readers
are referred to the recent review article by Torquato [68] for
further details about hyperuniform states of matter.

The construction of isotropic disordered hyperuniform
media from realizable angular-averaged spectral density
functions χ̃V (k) (where k = |k|) was investigated in detail in
Ref. [63], including a special class of stealthy hyperuniform
materials which possess a spectral density χ̃V (k) = 0 for k <

K∗ [106]. Reference [64] focused on anisotropic stealthy hy-
peruniform composites, which possess χ̃V (k) = 0 for k ∈ �,
where � is an “exclusion” region around the origin in the k
space in which scattering is completely suppressed. These re-
sults are crucial to engineering hyperuniform media to achieve
exotic anisotropic dispersion relations for electromagnetic and
acoustic wave propagation [4,5]. However, both studies fo-
cused on constructing heterogeneous material systems in two
dimensions alone.

Here, we present an efficient Fourier-space based compu-
tational framework, which further generalizes the techniques
developed in Refs. [63] and [64], to construct 3D statistically
isotropic two-phase heterogeneous materials corresponding
to targeted spectral density functions. This is achieved by
investigating a variety of analytical formulas for χ̃V (k) that
satisfy all known necessary conditions characterizing stealthy
hyperuniform, standard hyperuniform, nonhyperuniform, and
antihyperuniform media. By tuning the correlation lengths
in the targeted χ̃V (k), we construct a rich spectrum of dis-
tinct microstructures within each class above. We emphasize
that the 3D realizations of the majority of χ̃V (k) investigated
have never been explicitly constructed before. Importantly,
we present the first realization of antihyperuniform two-phase
heterogeneous materials in 3D, which are characterized by
an autocovariance function with power-law tail, resulting in
microstructures that contain clusters of dramatically different
sizes and morphologies.

Subsequently, we demonstrate how the effective properties
of the constructed materials can be controlled via the targeted
χ̃V (k) by estimating the diffusion spreadability S (t ) and fluid
permeability K associated with all of the constructed materials
directly from the corresponding χ̃V (k) functions. We show
that varying the length-scale parameter within each class of
functions can lead to orders of magnitude variation of S (t )
at intermediate and long time scales, although the long-time
asymptotic scaling behavior of S (t ) only depends on the
functional form of χ̃V (k), with the stealthy hyperuniform and
antihyperuniform media, respectively, achieving the most and
least efficient transport. In addition, we find that increas-
ing solid volume fraction φ1 and correlation length a in the
constructed media generally leads to a decrease in the dimen-
sionless fluid permeability K/a2, while the antihyperuniform
media possess the largest K/a2 among the four classes of
materials with the same φ1 and a. These results indicate
the feasibility and effectiveness of employing parameter-
ized χ̃V (k) for designing composites with targeted transport
properties.

The rest of the paper is organized as follows: In Sec. II,
we provide definition of correlation functions, spectral density
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function, and hyperuniformity in heterogeneous two-phase
material systems, and discuss the effective properties includ-
ing the diffusion spreadability S (t ) and fluid permeability K.
In Sec. III, we discuss the numerical construction procedure in
detail, including its mathematical formulation as a constrained
optimization problem and its solution via stochastic simulated
annealing method. In Sec. IV, we present constructions of
realizations of a variety of disordered microstructures with
prescribed analytical formulas for spectral density functions.
In Sec. V, we present the results on S (t ) and K associated with
the constructed materials. In Sec. VI, we provide concluding
remarks and outlook of future work.

II. DEFINITIONS

A. Correlation functions and spectral density function

Here we focus on a two-phase random heterogeneous
material (i.e., a random medium), which is a subdomain of
d-dimensional Euclidean space, i.e., V ⊆ Rd of volume V �
+∞, composed of two regions V = V1 ∪ V2. V1 is the phase
1 region with volume V1 and volume fraction φ1 = V1/V ; and
V2 is the phase 2 region with volume V2 and volume fraction
φ2 = V2/V . In the infinite-volume limit V → ∞, Vi (i = 1, 2)
also increases proportionally such that φi = Vi/V tends to a
well-defined constant. The statistical properties of each phase
i of the system are specified by the countably infinite set of
n-point correlation functions S(i)

n , which are defined by [1]

S(i)
n (x1, . . . , xn) =

〈
n∏

i=1

I (i)(xi )

〉
, (1)

where I (i)(x) is the indicator function for phase i, i.e.,

I (i)(x) =
{

1, if x ∈ V1

0, otherwise. (2)

The function S(i)
n (x1, . . . , xn) can also be interpreted as the

probability of finding a set of randomly selected n points at po-
sitions x1, . . . , xn all falling into the same phase i. Henceforth,
we consider statistically homogeneous systems, i.e., there is
no preferred origin in the system and thus S(i)

n only depends
on the relative displacements between the points [1].

The one-point function is simply the volume fraction of
phase i, φi, which is a constant, i.e.,

S(i)
1 (x1) = φi, (3)

and the two-point correlation function S(i)
2 (r) depends only

on the relative displacement r = x2 − x1 with S(i)
2 (0) = φi.

For heterogeneous materials without long-range order, S2(r)
possesses the following asymptotic behavior:

lim
|r|→∞

S(i)
2 (r) = φ2

i . (4)

Upon subtracting the long-range behavior from S(i)
2 , one

obtains the autocovariance function, i.e.,

χV (r) = S(i)
2 (r) − φ2

i (5)

which is generally an L2-function. The associated spectral
density function χ̃V (k) is given by

χ̃V (k) =
∫
Rd

χV (r)e−ik·rdr, (6)

which is the Fourier transform of χV (r) and is obtainable ex-
perimentally from scattering intensity measurements [20,21].
For statistically isotropic two-phase random media, i.e., the
focus of this work, the autocovariance function only depends
on the distance r = |r| between the two points, i.e., χV (r) =
χV (|r|). Accordingly, the spectral density function only de-
pends on the wave number k = |k|, i.e., χ̃V (k) = χ̃V (k).

We note that the autocovariance function obeys the bounds
[134]:

−min
{
(1 − φ1)2, φ2

1

}
� χV (r) � (1 − φ1)φ1, (7)

where φ1 is the volume fraction of the reference phase. We
remark that it is an open problem to identify additional neces-
sary and sufficient conditions [134] that the autocovariance
function must satisfy in order to correspond to a binary
stochastic process.

B. Hyperuniform, nonhyperuniform and antihyperuniform
random media

In the context of a hyperuniform two-phase heterogeneous
material, the quantity of interest is the local volume fraction
variance σ 2

V
(R), which was first introduced in Ref. [135]:

σ 2
V

(R) = 1

v1(R)

∫
Rd

I (r)α2(r; R)dr, (8)

where α2(r; R) is the scaled intersection volume, i.e., the inter-
section volume of two spherical windows of radius R whose
centers are separated by a distance r, divided by the volume
v1(R) of the window, i.e.,

v1(R) = πd/2Rd

	(1 + d/2)
. (9)

A disordered hyperuniform medium is one whose σ 2
V

(R)
decreases more rapidly than Rd for large R [66], i.e.,

lim
R→∞

σ 2
V

(R) · Rd = 0. (10)

This behavior is to be contrasted with those of typical disor-
dered two-phase media for which the variance decays as R−d ,
i.e., as the inverse of the window volume v1(R).

The hyperuniform condition is equivalently given by

lim
|k|→0

χ̃V (k) = 0, (11)

which implies that the direct-space autocovariance function
χV (r) exhibits both positive and negative correlations such
that its volume integral over all space is exactly zero [136],
i.e., ∫

Rd

χV (r)dr = 0. (12)

Equation (12) is a direct-space sum rule for hyperuniformity.
For hyperuniform two-phase media whose spectral density

goes to zero as a power-law scaling as |k| tends to zero [67],
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i.e.,

χ̃V (k) ∼ |k|α. (13)

Stealthy hyperuniform media are those in which the spectral
density function is exactly zero for a range of wave vectors
around the origin [22,68], i.e.,

χ̃V (k) = 0, k ∈ �, (14)

where � is a finite region around the origin of the Fourier
space. It is also convenient to introduce a ratio χ between
the number of constraints N� and the number of degrees of
freedom N for the stealthy hyperuniform systems:

χ = N�/(N − 3) (15)

where 3 degrees of freedom associated with the trivial overall
translation of the entire system are subtracted in Eq. (15).

There are three different scaling regimes (classes) that de-
scribe the associated large-R behaviors of the local volume
fraction variance:

σ 2
V

(R) ∼
⎧⎨
⎩

R−(d+1), α > 1 (Class I)
R−(d+1) ln R, α = 1 (Class II)
R−(d+α), 0 < α < 1 (Class III).

(16)

Classes I and III are the strongest and weakest forms
of hyperuniformity, respectively. Class I media include all
crystal structures [65], many quasicrystal structures [137]
and exotic disordered media [63,66]. Examples of Class
II systems include some quasicrystal structures [137], per-
fect glasses [138], and maximally random jammed packings
[87–89,139,140]. Examples of Class III systems include clas-
sical disordered ground states [105], random organization
models [95], perfect glasses [138], and perturbed lattices
[141]; see Ref. [68] for a more comprehensive list of systems
that fall into the three hyperuniformity classes.

By contrast, for any nonhyperuniform two-phase system,
the local volume fraction variance has the following large-R
scaling behaviors [22]:

σ 2
V

(R) ∼
{

R−d , α = 0 (standard nonhyperuniform)
R−(d+α), − d < α < 0 (antihyperuniform).

(17)
A standard nonhyperuniform two-phase medium [22] is one

whose spectral density function is bounded and approaches a
finite constant as |k| goes to zero, i.e.,

lim
|k|→0

χ̃V (k) ∼ const. (18)

Examples of standard nonhyperuniform systems include
overlapping systems with Poisson distribution of centers,
equilibrium hard-sphere fluids, and hard-sphere packings gen-
erated via random sequential addition process [68,142]. An
antihyperuniform two-phase medium [22] possesses an un-
bounded spectral density function in the zero-|k| limit, i.e.,

lim
|k|→0

χ̃V (k) → +∞ (19)

Systems at critical point containing macroscopic scale fluctu-
ations possess a diverging spectral density at the origin and
thus are antihyperuniform. Other examples include systems
generated via hyperplane intersection process (HIP) and Pois-
son cluster process [142].

C. Time-dependent diffusion spreadability

The diffusion spreadability S (t ) [22] is a dynamical probe
that directly links the time-dependent diffusive transport be-
havior with the microstructure of heterogeneous materials
across length and time scales. S (t ) specifically considers the
time-dependent mass transfer in a two-phase material where
all solute is initially concentrated in phase 2, and the solute has
the same diffusion coefficient D in each phase. The spread-
ability is therefore defined as the total solute present in phase
1 at time t . A system with larger S (t ) for a given time t can
spread diffusion information more efficiently. For a two-phase
heterogeneous material in Rd , the spreadability is given by

S (t ) − S (∞) = 1

(4πDt )d/2φ2

∫
Rd

χV (r)e−|r|2/(4Dt )dr

= 1

(2π )dφ2

∫
Rd

χ̃V (k)e−|k|2Dt dk, (20)

where φ2 is the volume fraction of phase 2, S (∞) = φ1 is the
infinite-time limit of S (t ), and S (t ) − S (∞) is referred to as
the excess spreadability.

We note that Eq. (20) is a rare example of transport in
two-phase random materials that is exactly determined by
only the first two correlation functions, i.e., φi and χV (r)
[or equivalently χ̃V (k)]. Based on Eq. (20), Torquato [22]
demonstrated that the small-, intermediate-, and long-time
behaviors of S (t ) are directly determined, respectively, by
the small-, intermediate-, and large-scale structural features
of the two-phase material. In particular, for statistically ho-
mogeneous microstructures whose spectral densities possess
the following small-|k| scaling behavior:

χ̃V (k) ∼ B|k|α, (21)

Torquato showed that the long-time behavior of excess spread-
ability for two-phase media in Rd is given by the inverse
power law:

S (t ) − S (∞) ∼ B	[(d + α)/2]φ2

2dπd/2	(d/2)(Dt/a2)(d+α)/2
, (22)

where a is a characteristic heterogeneity length-scale (see
Sec. IV for details) and B is a microstructure-dependent
coefficient. The power law (22) holds except for the case
where α → ∞, which, roughly speaking, may be regarded to
correspond to stealthy hyperuniform materials, whose excess
spreadability decays exponentially fast, i.e.,

S (t ) − S (∞) ∼ C exp(−βt )/t (23)

for disordered stealthy hyperuniform two-phase media, and

S (t ) − S (∞) ∼ C exp(−βt ) (24)

for ordered stealthy hyperuniform two-phase media, where C
and β are microstructure dependent parameters. Therefore,
the spreadability is a powerful dynamic probe to categorize
all statistically homogeneous two-phase microstructures that
span from hyperuniform to nonhyperuniform materials across
length scales. In Sec. IV, we will employ Eq. (20) to compute
and investigate S (t ) for the wide spectrum of the constructed
3D microstructures.
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D. Fluid permeability

A key flow transport property of porous media is the fluid
permeability K, which is defined by the Darcy’s law [1]:

U(x) = −K
μ

∇p0(x), (25)

where U(x) is the average fluid velocity, ∇p0(x) is the applied
pressure gradient, and μ is the dynamic viscosity. Darcy’s law
applies at the macroscale and can be derived rigorously using
a two-scale homogenization theory [1]. The permeability K,
which has dimensions of (length)2, depends on the details
of the material microstructure (e.g., pore morphology) in a
complex fashion [1]. Physically K may be interpreted as an
effective cross-sectional area of pore “channels” in porous
media.

The two-point “void” upper bound on the fluid permeabil-
ity of a general statistically isotropic porous medium in R3

with porosity φ2 = 1 − φ1 is given by [25,143]

K � 2

3φ2
1

�2
p, (26)

where �p is a length scale involving the autocovariance
function:

�2
p =

∫ ∞

0
χV (r)rdr = 1

2π2

∫ ∞

0
χ̃V (k)dk. (27)

Importantly, it has been shown [25] that bound (26) can be
employed to construct accurate estimate of K for a porous
medium, given that the fluid permeability K0 of a reference
microstructure with the same porosity is known (either ana-
lytically or from accurate numerical simulations), i.e.,

K ≈ �2
p

�2
p0

K0, (28)

where �2
p0 is the length scale parameter (27) of the reference

microstructure. In the subsequent discussions, we will employ
Eq. (28) to estimate the fluid permeability of the constructed
3D microstructures.

III. METHODS

A. Formulation of the construction problem

The construction process aims to find a digital volume
(e.g., represented by a binary-valued array with entries equal
to 0 or 1) associated with a prescribed set of statistical descrip-
tors. Here, we focus on the construction of a 3D disordered
two-phase medium with a prescribed, realizable spectral den-
sity χ̃V (k). Specifically, we consider digitized media in a cubic
domain of length L in R3 with periodic boundary conditions.
In this case, the indicator function I (1)(r) takes a discrete form,
i.e., I (1)(r) is only defined on a discrete set of r = n1e1 +
n2e2 + n3e3, where ei are unit vectors along the orthogonal
directions and n1, n2, n3 = 0, 1, . . . , L with L being the lin-
ear system size or “resolution” (i.e., number of voxels along
each dimension). The Fourier-space wave vectors for the sys-
tem also take discrete values, i.e., k = (2π/L)(n1e1 + n2e2 +
n3e3). The corresponding spectral density for the digital

medium is given by

χ̃V (k) = 1

L3
m̃2(k)|J̃ (k)|2, (29)

where J̃ (k) is the generalized collective coordinate [63,68]
defined as

J̃ (k) =
∑

r

exp(ik · r)J(r), (30)

where the sum is over all pixel centers r, and

J (r) = I (1)(r) − φ1. (31)

The quantity m̃(k) is the Fourier transform of the shape func-
tion (or indicator function) m(r) of a square pixel which is
given by

m̃(k) = �3
l=1 sin(πnl/L)/(πnl/L) (32)

where kl = πnl/L (l = 1, 2, 3) are, respectively, the x, y, and
z component of the wave vector k and nl = 0,±1,±2, . . ..

The construction of a random medium with a given tar-
get χ̃0

V
(k) for wave vectors k ∈ � directly imposes a set of

constraints on the discrete indicator function I (r) through
Eqs. (29) to (31), i.e.,

m̃2(k)

∣∣∣∣∣
∑

r

exp(ik · r)[I (1)(r) − φ1)]

∣∣∣∣∣
2

− χ̃0
V

(k) = 0 (33)

for k ∈ �. We note Eq. (33) represents a set of N� number
of nonlinear equations of I (1)(r) [and equivalently of J (r)],
where N� is the number of independent k points in �. In
the case of statistically isotropic systems, � corresponds to
a spherical region in the wave-vector space. We note that due
to the symmetry of the spectral density function χ̃V (k) [63],
only a half of k points in � are independent and thus, N� ∼
1
2Vol (�). In particular, the independent k points include: all
kx and ky for kz > 0; all ky for kz = 0 and kx > 0, and ky > 0
for kz = 0 and kx = 0. For a 3D digital realization of linear
size L, the total number of voxels is N = L3. The number of
unknowns in Eq. (33), i.e., the value of each voxel, is also
N . We are interested in the cases N� < N , i.e., the number
of constraints (equations) is smaller than that of unknowns.
Therefore, Eq. (33) does not have unique solutions and we will
employ stochastic optimization method to iteratively solve
Eq. (33).

B. Simulated annealing procedure

We employ the simulated annealing procedure [48] to solve
Eq. (29), which has been widely used in material construction
problems [29,30,43,44,49,55,57,63,64]. In particular, the con-
struction problem is formulated as an “energy” minimization
problem, with the energy functional E defined as follows:

E =
∑
k∈�

[
χ̃V (k) − χ̃0

V
(k)

]2
, (34)

where χ̃0
V

(k) is the target spectral density function and χ̃V (k)
is the corresponding function associated with a trial mi-
crostructure, and � is the set of constrained independent k
points. For statistically isotropic two-phase random media,
i.e., the focus of this work, the spectral density function only
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depend on the wave number k = |k|. Thus, the corresponding
energy functional is given by

E =
∑
k<K∗

[
χ̃V (k) − χ̃0

V
(k)

]2
, (35)

where K∗ is the upper bound on the constrained wave num-
bers, and χ̃V (k) can be obtained from χ̃V (k) by taking angular
averages.

The aforementioned energy minimization problem is then
solved using simulated annealing [48]. Specifically, starting
from an initial trial configuration (i.e., old realization) with
an energy Eold, which contains a fixed number of pixels for
each phase (specified by the corresponding volume fraction
φi), two randomly selected pixels associated with different
phases are switched to generate a new trial microstructure.
The new spectral density function is sampled from the new
trial configuration and the associated energy Enew is evaluated,
which determines whether the new trial configuration should
be accepted or rejected via the probability [48]:

pacc = min{exp(−
E/T ), 1}, (36)

where 
E = Enew − Eold is the energy difference between the
new and old trial configurations and T is a virtual temperature
that is chosen to be initially high and slowly decreases accord-
ing to a cooling schedule. An appropriate cooling schedule
reduces the possibility that the system gets stuck in a shallow
local energy minimum. In practice, a power law schedule
T (n) = γ nT0 is usually employed, where T0 is the initial tem-
perature, n is the cooling stage and γ ∈ (0, 1) is the cooling
factor (γ = 0.99 is used here). The simulation is terminated
when E is smaller than a prescribed tolerance (e.g., 10−12 in
this work).

As a stochastic optimization technique, simulation an-
nealing generally needs to search a large number of trial
configurations (∼107) in order to generate a successful con-
struction. Therefore, highly efficient methods [63,64] have
been employed to rapidly obtain the spectral density function
χ̃V (k) of a new configuration by updating the corresponding
function associated with the old configuration, instead of com-
pletely recomputing the function from scratch. Specifically,
the generalized collective coordinate J̃ (k) is tracked: At the
beginning of the construction, J̃ (k) of the initial configuration
is computed from scratch and the values for all k are stored.
After each voxel switch, since only a single voxel of the phase
of interest is moved from rold to rnew, the updated J̃ (k) values
can be obtained by only explicitly computing the contributions
from this changed voxel, i.e.,

J̃ (k) ← J̃ (k) + δJ̃new(k) − δJ̃old(k), (37)

where

δJ̃new(k) = exp(ik · rnew), δJ̃old(k) = exp(ik · rold ). (38)

Once the updated J̃ (k) is obtained, the updated χ̃V (k) can be
immediately computed using Eq. (29).

In our subsequent constructions, we mainly consider real-
izations in a cubic domain with L = 128 pixels and periodic
boundary conditions. We have also investigated smaller and
larger system sizes, including L = 64 and L = 256 pixels to
verify that a resolution of L = 128 pixels does not affect the
construction results.

IV. CONSTRUCTION OF NONHYPERUNIFORM,
HYPERUNIFORM, AND ANTIHYPERUNIFORM

TWO-PHASE MEDIA

In this section, we present construction results of 3D
statistically isotropic two-phase random media, including
nonhyperuniform, hyperuniform and antihyperuniform ones.
The different systems are modeled by their respective param-
eterized spectral density function χ̃V (k; a), where a is a length
scale parameter controlling the microstructure within each
class of functions (see detailed discussion below). For each
selected length scale parameter, we consider three different
volume fractions for the phase of interest, i.e., φ1 = 0.25,
0.5 and 0.75. These selections of (a, φ1) allow us to ex-
plore and generate a wide spectrum of distinct microstructures
for subsequent physical property optimization. The analyt-
ical functional forms for χ̃V (k; a) we consider here satisfy
all known necessarily conditions and have been employed
to model transport properties [22]. However, the 3D real-
izations of the majority of these functions have never been
explicitly obtained before. The construction simulations were
performed on 16-core (2.4 GHz) CPU nodes and the compu-
tation of the updated generalized collective coordinates J̃ (k)
was implemented using OpenMP. The average computation
cost for construction of a single realization with 128 by 128
by 128 voxels is approximately 10 h, and the algorithm scales
as Nln(N ), where N is the total number of voxels.

A. Standard nonhyperuniform two-phase media

We first consider an example of standard nonhyperuniform
two-phase medium, i.e., the Debye random medium [21],
which possesses an exponentially decaying autocovariance
function, i.e.,

χV (r; a) = φ1φ2 exp(−r/a), (39)

where φi is the volume fraction of phase i, and a is the length
scale parameter, i.e., the correlation length. The associated
spectral density function χ̃V (k) is given by [22]

χ̃V (k; a) = φ1φ2
4a2

[1 + (ka)2]3/2
. (40)

It follows immediately from Eq. (40) that

lim
k→0

χ̃V (k; a) = 4φ1φ2a2, (41)

which is a nonzero positive constant for any nonzero a.
Although this system has been extensively investigated
[144,145], the previous constructions were based on the au-
tocovariance function χV (r), instead of the spectral density
function χ̃V (k). In particular, it has been shown that realiza-
tions of the Debye random medium contain phases of “fully
random shape, size, and distribution.” Therefore, the Debye
random medium provides an excellent benchmark system to
validate the Fourier-space-based 3D construction procedure.

Figure 1 shows the rescaled autocovariance function
χV (r; a)/(φ1φ2) (left) and rescaled spectral density function
χ̃V (k; a)/(φ1φ2) (right) associated with the Debye random
media with varying length scale parameter a = 5, 10, and
25 voxels. It is apparent that increasing a leads to a longer
ranged correlation function, which is manifested as increasing
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FIG. 1. Rescaled autocovariance function χV (r; a)/(φ1φ2) (left)
and rescaled spectral density function χ̃V (k; a)/(φ1φ2) (right) asso-
ciated with the nonhyperuniform Debye random media with varying
length scale parameter a. The unit of r is the edge length of a single
voxel and the unit of k is 2π/L.

cluster size in the constructed realizations shown in Fig. 2.
Specifically, a clear growth of the random clusters associated
with increasing a can be observed, across all volume fractions
φ1 considered. On the other hand, increasing φ1 leads to an
expected percolation of phase 1 around φ1 across different a
values. Interestingly, we note the constructed microstructures
with the same correlation length a exhibit the so-called phase-
inversion symmetry [1,64], i.e., the morphology of phase 1 at
volume fraction φ1 is statistically identical to that of phase
2 in the system where the volume fraction is φ2 = 1 − φ1.
This is because these phases possess identical autocovari-
ance function by construction. These results are consistent
with previous χV (r)-based construction studies [144,145] and
clearly demonstrate the validity of our Fourier-space-based
3D construction procedure.

B. Standard hyperuniform two-phase media

We now consider a representative standard hyperuniform
two-phase medium, which possesses a damped oscillating

FIG. 2. Constructions of the Debye random media with φ1 =
0.25, 0.5, and 0.75 (top to bottom) and a = 5, 10, and 25 voxels,
where phase 1 is shown in red color. The linear size of the system is
L = 128 voxels.

FIG. 3. Rescaled autocovariance function χV (r; a)/(φ1φ2) [left,
cf. Eq. (42)] and rescaled spectral density function χ̃V (k; a)/(φ1φ2)
[right, cf. Eq. (43)] associated with the standard hyperuniform media
with varying length scale parameter a. The unit of r is the edge length
of a single voxel and the unit of k is 2π/L.

autocovariance function, i.e.,

χV (r; a) = φ1φ2 exp(−r/a) cos(qr), (42)

where φi is the volume fraction of phase i, a is the correlation
length and (qa)2 = 1/3 [22], which satisfies the hyperunifor-
mity condition (12). The associated spectral density function
χ̃V (k) is given by

χ̃V (k; a) = φ1φ2216π [3(ka)2 + 8](ka)2a3

81(ka)8 + 216(ka)6 + 432(ka)4 + 384(ka)2 + 256
.

(43)

From Eq. (43), it can be seen that the spectral density of the
system possesses a small-k scaling

χ̃V (k; a) ∼ k2, (44)

which belongs to class-I hyperuniformity.
Figure 3 shows the rescaled autocovariance function

χV (r; a)/(φ1φ2) (left) and rescaled spectral density function
χ̃V (k; a)/(φ1φ2) (right) associated with this standard hyper-
uniform media with varying length scale parameter a = 5,
10, and 25 voxels. Since the correlation length a is coupled
with the spatial periodicity 1/q through (qa)2 = 1/3 to ensure
hyperuniformity, it can be seen that increasing the correlation
length a also leads to an increase of the spatial periodicity or
equivalently a decrease of the oscillation frequency.

Figure 4 shows the spectrum of microstructures associ-
ated with varying φ1 and a. At φ1 = 0.25, the phase forms
well-defined local clusters, possessing a mean size determined
by a and a narrow size distribution. The spatial distribution
of such clusters also exhibits a very uniform pattern. These
features together give rise to the overall hyperuniformity in
the system. Increasing φ1 to 0.5 leads to the percolation of
the local clusters to form connected ligaments, whose mean
width is again mainly determined by and increases with a. A
phase-inversion symmetry is observed, i.e., at φ1 = 0.75, the
microstructure with a specific a is statistically equivalent to
that with the same a and φ1 = 0.25, but with the red and blue
phases exchanged.
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FIG. 4. Constructions of the standard hyperuniform media with
φ1 = 0.25, 0.5 and 0.75 (top to bottom) and a = 5, 10 and 25 voxels,
where phase 1 is shown in red. The linear size of the system is L =
128 voxels.

C. Stealthy hyperuniform two-phase media

A statistically isotropic stealthy hyperuniform two-phase
medium is a subclass of hyperuniform media, which possesses
the following spectral density function [22]:

χ̃V (k; a) = 0, for 0 � |k| � K, (45)

which indicates the scattering in the medium is completely
suppressed for a range of wave numbers up to K , and belongs
to class-I hyperuniformity. Here, we choose the length scale
parameter a = 2π/K , which is inversely proportional to the
size of the “exclusion region” in the Fourier space [64]. A
smaller a value indicates a larger exclusion region, meaning
scattering in the medium is suppressed over a broader range
of length scales. We note although stealthy hyperuniform two-
phase media have been obtained from stealthy hyperuniform
point configurations by placing nonoverlapping spheres at the
points [23], 3D realizations of stealthy hyperuniform media
directly constructed from target spectral density functions
have not been achieved before.

Figure 5 shows the rescaled autocovariance function
χV (r; a)/(φ1φ2) (left) and rescaled spectral density function
χ̃V (k; a)/(φ1φ2) (right) associated with the stealthy hyper-
uniform media with varying length scale parameter a = 5,
10 and 25 voxels. Increasing a results in a decrease of the
exclusion region in χ̃V (k; a), which is immediately followed
by a peak with decreasing width. The corresponding χV (r; a)
are strongly oscillating functions, indicating significant short-
and intermediate-ranged correlations in the system, which are
necessary to achieve the complete suppression of scattering
over the designated range of wave numbers.

The generated microstructures for varying φ1 and a values
are shown in Fig. 6. For small φ1 and large a (i.e., small
exclusion region size K) (e.g., φ = 0.25, a = 25), the phase
of interest forms well-defined and uniformly distributed “lig-
aments” with similar sizes. As φ1 increases while keeping
a the same, the particles grow in size and merge into liga-

FIG. 5. Rescaled autocovariance function χV (r; a)/(φ1φ2) (left)
and rescaled spectral density function χ̃V (k; a)/(φ1φ2) (right) associ-
ated with the stealthy hyperuniform media with varying length scale
parameter a. The unit of r is the edge length of a single voxel and the
unit of k is 2π/L.

ments which eventually form a percolated phase. On the other
hand, increasing the exclusion region size K (decreasing a)
while keeping φ1 fixed leads to a finer morphology of the
phase with an increasing degree of dispersion. This is be-
cause increasing K requires the constructed media to be very
“uniform” on smaller and smaller scales in real space, which
is roughly characterized by parameter a, in order to fully
suppress the scattering for this range of wave vectors. This
requires the realizations to possess finer and more dispersed
morphology instead of large clusters. These observations are
consistent with previously reported construction results of 2D
isotropic stealthy hyperuniform random media [64]. Similarly,
we observe a high-degree of phase-inversion symmetry in the
reconstructed media, consistent with the observation of 2D
stealthy hyperuniform media.

D. Antihyperuniform two-phase media

Torquato [136] proposed a model of antihyperuniform two-
phase media that possesses an autocovariance function that

FIG. 6. Constructions of the stealthy hyperuniform media with
φ1 = 0.25, 0.5 and 0.75 (top to bottom) and a = 5, 10, and 25 voxels,
where phase 1 is shown in red. The linear size of the system is L =
128 voxels.
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FIG. 7. Rescaled autocovariance function χV (r; a)/(φ1φ2) [left,
c.f. Eq. (46)] and rescaled spectral density function χ̃V (k; a)/(φ1φ2)
[right, c.f. Eq. (47)] associated with the antihyperuniform media with
varying length scale parameter a. The unit of r is the edge length of
a single voxel and the unit of k is 2π/L.

decays as 1/r2; specifically,

χV (r; a) = φ1φ2

1 + 2(r/a) + (r/a)2
. (46)

It has been shown [136] that the above monotonic functional
form meets all of the known necessary realizability conditions
on a valid autocovariance function. The associated spectral
density function χ̃V (k) is given by [22]

χ̃V (k; a) = 4πa2

ka
[Ci(ka)A(ka) + (Si(ka) − π/2)B(ka)]

(47)
where

Ci(x) =
∫ x

0
dt cos(t )/t, Si(x) =

∫ x

0
dt cos(t )/t, (48)

and

A(x) = x cos(x) + sin(x), B(x) = x sin(x) − cos(x). (49)

The small-k scaling behavior of χ̃V (k) can be easily obtained
from Eq. (47), i.e.,

χ̃V (k) ∼ 2π2/k, (50)

which is consistent with the power-law decay of the auto-
covariance function χV (r) ∼ 1/r2 for large r. Although this
model has been employed to analytically investigate the dif-
fusion spreadability of antihyperuniform systems [22], 3D
realizations of the antihyperuniform media have never been
explicitly constructed.

Figure 7 shows the rescaled autocovariance function
χV (r; a)/(φ1φ2) (left), and the rescaled spectral density
function χ̃V (k; a)/(φ1φ2) (right) associated with the antihy-
peruniform media, which diverges as k → 0 for all different
correlation length a. Figure 8 shows the constructed two-
phase medium. In contrast to the hyperuniform systems,
which contain clusters of roughly uniform sizes and spatial
distributions, the phase in the constructed antihyperuniform
systems forms clusters of dramatically different sizes. For a
given φ1, the largest cluster in the system is determined by
the correlation length parameter a, which increases in size as
a increases. On the other hand, regardless of the a values, all
systems contain excess of dispersed voxels (i.e., the smallest
possible “clusters”), which in combination with the rare large

FIG. 8. Constructions of the antihyperuniform media with φ1 =
0.25, 0.5 and 0.75 (top to bottom) and a = 5, 10 and 25 voxels, where
phase 1 is shown in red. The linear size of the system is L = 128
voxels.

clusters, lead to the desired huge density fluctuations and
the diverge of zero-wave-number scattering. Interestingly, the
morphology of the phase mimics that of a system at the critical
point, i.e., with system-spanning long-lived density fluctua-
tions that strongly suppress scattering. Similarly to previous
systems, increasing φ1 results in enhanced connectivity of the
phase of interest. The phase-inversion symmetry is observed
in the constructions.

V. TRANSPORT PROPERTIES OF CONSTRUCTED MEDIA

In this section, we obtain the transport properties includ-
ing the time-dependent diffusion spreadability S (t ) and fluid
permeability K of the constructed two-phase media via their
spectral density function χ̃V (k). Specifically, S (t ) is computed
rigorously using Eq. (20) and K is estimated using Eq. (28)
and K0 for the simple cubic packing of congruent hard spheres
[146]. We note since both the diffusion spreadability and fluid
permeability are directly obtained from the parameterized
function χ̃V (k; a), these quantities also explicitly depend on
the length scale parameter a. This offers an efficient computa-
tional framework that allows one to obtain targeted transport
properties S (t ; a) and K(a) by optimizing parameter a for a
given class of two-phase media.

Figure 9 shows the results of excess spreadability S (t ) −
S (∞) for the four classes of constructed two-phase media,
including nonhyperuniform (Debye random media), standard
disordered hyperuniform, stealthy hyperuniform and antihy-
peruniform materials, with varying volume fraction φ1 and
length scale parameter a. Torquato [22] showed that the long-
time excess spreadability for the above media possesses the
following scaling behavior: ∼t−3/2 for Debye random media,
∼t−5/2 for standard hyperuniform media, ∼e−βt/t for stealthy
hyperuniform media, and ∼t−1 for antihyperuniform media,
which are in complete agreement with our numerical results.
Importantly, our results indicate that varying the length-scale
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FIG. 9. Excess spreadability S(t ) − S(∞) for the four classes of constructed two-phase media with varying volume fraction φ1 and
length scale parameter a. From left to right: Nonhyperuniform media, standard hyperuniform media, stealthy hyperuniform media, and
antihyperuniform media.

parameter a within each class of functions can also lead to
orders of magnitude variation of S (t ) at intermediate and long
time scales. This indicates the feasibility of employing the pa-
rameterized autocovariance functions (or equivalently spectral
density functions) as effective reduced-dimension represen-
tations for the full microstructure space for time-dependent
diffusive transport property engineering.

Table I reports the dimensionless fluid permeability K/a2

of the constructed two-phase media with varying phase vol-
ume fraction φ1 and length scale parameter a, estimated using
Eq. (28), where an accurate estimate of the permeability K0

of a simple-cubic packing of hard spheres with the corre-
sponding φ1 has been used as the reference [146]. Here we
consider phase 1 (red) to be the solid phase and phase 2 (blue)
to be the pore phase, and only report the results of K for
φ1 = 0.25 and 0.5, for which the pore phase is guaranteed to
percolate to support a nonzero permeability. It can be seen
that for the same class of media, increasing solid volume
fraction φ1 (i.e., decreasing the porosity) leads to a decrease
of permeability, as expected. On the other hand, increasing
the length scale parameter a also results in a decrease of the
dimensionless permeability K/a2 (although the actual perme-
ability K increases with increasing a). In general, permeability

sensitively depends on many microstructural factors such as
interracial area, pore space connectivity, spatial distribution
of bottlenecks, etc. Increasing a generally leads to a coarsen
morphology with more connected pore space and less interra-
cial area, which give rise to the increasing K. However, such
increase of K is not as fast as a2 in the disordered media
considered here. Interestingly, we find that the antihyperuni-
form media provide the largest dimensionless K/a2 while the
stealthy hyperuniform media possess the smallest K/a2. This
is in contrast to the spreadability results, for which among the
four classes of two-phase media, the stealthy hyperuniform
and antihyperuniform ones, respectively, achieve the most and
least efficient diffusive transport.

VI. CONCLUSIONS AND DISCUSSION

In this work, we presented an efficient Fourier-space based
computational framework to construct statistically isotropic
two-phase random media in R3 with prescribed target spec-
tral density functions χ̃V (k). We have employed a variety of
analytical functional forms for χ̃V (k) which satisfy all known
necessary conditions to construct representative nonhyper-
uniform, standard hyperuniform, stealthy hyperuniform, and

TABLE I. Dimensionless fluid permeability K/a2 of the constructed two-phase media with varying phase volume fraction φ1 and length
scale parameter a, estimated using Eq. (28), where the permeability K0 of a simple-cubic packing of hard spheres has been used as the reference
[146].

Nonhyper. Std. hyper. Ste. hyper. Antihyper.

φ1 a = 5 a = 10 a = 25 a = 5 a = 10 a = 25 a = 5 a = 10 a = 25 a = 5 a = 10 a = 25

0.25 0.9309 0.9087 0.8631 0.4378 0.4261 0.4014 0.2796 0.2758 0.2403 1.679 1.1283 0.9467
0.5 0.6625 0.6431 0.6308 0.9603 0.09539 0.9218 0.03793 0.03702 0.03538 0.8625 0.7736 0.6622
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antihyperuniform two-phase random media at various phase
volume fractions. Within each family of two-phase media, the
corresponding spectral density function (or equivalently the
autocovariance function) contains a length scale parameter a,
which allows us to tune the correlations in the system across
length scales via the targeted functions to generate a rich spec-
trum of distinct microstructures. While the analytical formulas
for χ̃V (k; a) we considered here have been employed to model
transport properties of two-phase random media [22], the ex-
plicit 3D realizations of the majority of these functions such as
the antihyperuniform media have never been obtained before.
We found that the antihyperuniform media constructed here
typically contain a mixture of a single large, irregular cluster
with many much smaller clusters of different morphologies,
mimicking the structure of a system at the critical point. In a
future study, we will undertake a comprehensive study of the
clustering and percolation properties of all of our constructed
media.

The spectral density function χ̃V (k) also enables accurate
determination of various transport properties such as the time-
dependent diffusion spreadability S (t ), and estimates of the
fluid permeability K of the constructed media. In Ref. [22],
Torquato has shown that the long-time asymptotic scaling
behavior of S (t ) only depends on the functional form of
χ̃V (k), with the stealthy hyperuniform and antihyperuniform
media, respectively, achieving the most and least efficient
diffusive transport. Our numerical results here further con-
firmed the theoretical predictions in Ref. [22] that varying the
length-scale parameter within each class of χ̃V (k) functions
can also lead to orders of magnitude variation of S (t ) at
intermediate and long time scales in disordered hyperuniform,
nonhyperuniform and antihyperuniform media. For the fluid
permeability, we found that increasing solid volume fraction
φ1 and correlation length a in the constructed media can lead
to a decrease in the dimensionless fluid permeability K/a2.
Interestingly, the antihyperuniform media possess the largest
K/a2 among the four classes of materials with the same φ1

and a, while the stealthy hyperuniform media possess the
smallest K/a2. We note this trend is consistent with previous
reported rigorous upper bounds on K/a2 [25] and a recent
comprehensive study of triply periodic bicontinuous mate-
rials [147]. Since both the diffusion spreadability and fluid
permeability are directly obtained from the parameterized
function χ̃V (k; a), these quantities also explicitly depend on
the length scale parameter a. This offers an efficient computa-
tional framework that allows one to obtain targeted transport
properties S (t ; a) and K(a) by optimizing parameter a for a
given class of two-phase media. Our current results indicate
the feasibility of employing parameterized χ̃V (k) for design-
ing composites with targeted transport properties, which can
be readily adapted to design two-phase media with desirable
dynamic wave properties. This can be achieved by leveraging
recently developed predictive formulations including nonlocal
theories for the effective dynamic elastic moduli and dielectric
constant [17,18,85]. Such theories rigorously connect effec-
tive properties of the media to their spectral density χ̃V (k),
allowing us to achieve desirable material properties by tuning
and optimizing a targeted parameterized spectral density. The
parameterized χ̃V (k) can include both the correlation length
as a tuning parameter as in the current work, or a combination

of a number of realizable basis functions that allows engineer-
ing of various microstructural features [29]. The associated
microstructure can then be obtained using the Fourier-space
construction procedure. In future work, we will explore this
framework to design disordered hyperuniform composites
with targeted electromagnetic wave characteristics.
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APPENDIX A: EFFECTS OF INCREASING K
FOR STEALTHY HYPERUNIFORM MEDIA

In the case of stealthy hyperuniform media, we have shown
that increasing the size of the exclusion region K results
in finer morphologies and enhances dispersion of individual
pixels in the constructed microstructures. As discussed in
Sec. IV C, increasing K requires suppression of local volume
fraction fluctuations on smaller length scales. Here, we fur-
ther show that increasing K (or equivalently χ ) can lead to
highly ordered configurations of the voxels, as if the voxels are
hard “particles” on a lattice, which was also observed in 2D
media [64].

In particular, we investigate the evolution of microstruc-
tures as the exclusion regions increase size K on the cubic
lattice. Without loss of generality, we consider a system
with φ1 = 1/8, L = 8 voxels and N = 64, which possesses
an ordered microstructure with the individual “red” voxels
arranged on a perfect cubic lattice with a lattice constant
a = 2 voxels. The smaller system size allows fast conver-
gence of the construction algorithm. Figure 10 shows the
constructed microstructures associated with increasing K , and
thus increasing χ . It can be seen that for low χ values, the
system is in the “random-medium” regime, and the resulting
microstructures contain clusters of red voxels. As χ increases,
the red voxels behave more like “particles” with an increas-
ing degree of “repulsion”, and the resulting microstructures
contain distributions of individual red voxels with increas-
ing local order. An almost perfect cubic-lattice configuration
of the red voxels is obtained at χ = 0.4. These results are
consistent with 2D stealthy hyperuniform media with increas-
ing χ values [64].

APPENDIX B: VOLUME VISUALIZATIONS
OF REPRESENTATIVE CONSTRUCTIONS

In the main paper, we employed “surface plot” to visualize
both phases of the constructed media. This allows one to
easily appreciate the phase-inversion symmetry of the media.
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FIG. 10. Constructed microstructures with φ1 = 1/8 associated with increasing χ . From left to right, χ = 0.05, 0.2 and 0.4, respectively.
The linear size of the system is L = 8 voxels. The smaller system size allows fast convergence of the construction algorithm.

Here, we also show volume renderings of representative 3D
morphologies of the phases of interest (a = 5 and φ1 = 0.25,
0.5, and 0.75) for each class of media (see Fig. 11). One can

clearly see that the degree of connectivity of the red phase
increases as φ1 increases, which complements the “surface
plots” for these systems.

FIG. 11. Representative images of the 3D microstructure reconstructions (a = 5 and φ1 = 0.25, 0.5, and 0.75) for each class of media.

[1] S. Torquato, Random heterogeneous materials: Microstruc-
ture and macroscopic properties, Appl. Mech. Rev. 55, B62
(2002).

[2] M. Sahimi, Heterogeneous Materials I: Linear Transport and
Optical Properties (Springer, New York, 2003), Vol. 1.

[3] V. A. Podolskiy and E. E. E. Narimanov, Strongly anisotropic
waveguide as a nonmagnetic left-handed system, Phys. Rev. B
71, 201101(R) (2005).

[4] N. J. Damaskos, A. Maffett, and P. Uslenghi, Dispersion re-
lation for general anisotropic media, IEEE Trans. Antennas
Propag. 30, 991 (1982).

[5] Y. Itin, Dispersion relation for electromagnetic waves in
anisotropic media, Phys. Lett. A 374, 1113 (2010).

[6] J. Kim and S. Torquato, Extraordinary optical and transport
properties of disordered stealthy hyperuniform two-phase me-
dia, J. Phys.: Condens. Matter 36, 225701 (2024).

[7] Y. Jiao and S. Torquato, Quantitative characterization of the
microstructure and transport properties of biopolymer net-
works, Phys. Biol. 9, 036009 (2012).

[8] Q. Fan, R. Liu, Y. Jiao, C. Tian, J. D Farrell, W. Diao, X.
Wang, F. Zhang, W. Yuan, H. Han et al., A novel 3-D bio-
microfluidic system mimicking in vivo heterogeneous tumour
microstructures reveals complex tumour–stroma interactions,
Lab Chip 17, 2852 (2017).

[9] J. Yao, G. Li, Y. Jiao, Y. Zheng, Y. Liu, G. Wang, L. Zhou,
H. Zhang, X. Zhang, J. Shuai et al., Biological gel-based
microchamber array for tumor cell proliferation and migration
studies in well-controlled biochemical gradients, Lab Chip 21,
3004 (2021).

[10] O. Sigmund and S. Torquato, Design of smart composite mate-
rials using topology optimization, Smart Mater. Struct. 8, 365
(1999).

035310-12

https://doi.org/10.1115/1.1483342
https://doi.org/10.1103/PhysRevB.71.201101
https://doi.org/10.1109/TAP.1982.1142905
https://doi.org/10.1016/j.physleta.2009.12.071
https://doi.org/10.1088/1361-648X/ad2802
https://doi.org/10.1088/1478-3975/9/3/036009
https://doi.org/10.1039/C7LC00191F
https://doi.org/10.1039/D0LC00951B
https://doi.org/10.1088/0964-1726/8/3/308


THREE-DIMENSIONAL CONSTRUCTION OF … PHYSICAL REVIEW E 111, 035310 (2025)

[11] O. Sigmund and S. Torquato, Design of materials with extreme
thermal expansion using a three-phase topology optimization
method, J. Mech. Phys. Solids 45, 1037 (1997).

[12] Y. Xu, P.-E. Chen, H. Li, W. Xu, Y. Ren, W. Shan, and
Y. Jiao, Correlation-function-based microstructure design of
alloy-polymer composites for dynamic dry adhesion tuning in
soft gripping, J. Appl. Phys. 131, 115104 (2022).

[13] R. Cang, H. Li, H. Yao, Y. Jiao, and Y. Ren, Improving
direct physical properties prediction of heterogeneous mate-
rials from imaging data via convolutional neural network and
a morphology-aware generative model, Comput. Mater. Sci.
150, 212 (2018).

[14] S. Cheng, Y. Jiao, and Y. Ren, Data-driven learning of 3-
point correlation functions as microstructure representations,
Acta Mater. 229, 117800 (2022).

[15] S. Torquato, Effective stiffness tensor of composite media–
I. Exact series expansions, J. Mech. Phys. Solids 45, 1421
(1997).

[16] S. Torquato, Effective electrical conductivity of two-phase dis-
ordered composite media, J. Appl. Phys. 58, 3790 (1985).

[17] J. Kim and S. Torquato, Effective elastic wave characteristics
of composite media, New J. Phys. 22, 123050 (2020).

[18] S. Torquato and J. Kim, Nonlocal effective electromagnetic
wave characteristics of composite media: Beyond the qua-
sistatic regime, Phys. Rev. X 11, 021002 (2021).

[19] J. Kim and S. Torquato, Effective electromagnetic wave prop-
erties of disordered stealthy hyperuniform layered media
beyond the quasistatic regime, Optica 10, 965 (2023).

[20] P. Debye and A. M. Bueche, Scattering by an inhomogeneous
solid, J. Appl. Phys. 20, 518 (1949).

[21] P. Debye, H. R. Anderson Jr, and H. Brumberger, Scattering
by an inhomogeneous solid. II. The correlation function and
its application, J. Appl. Phys. 28, 679 (1957).

[22] S. Torquato, Diffusion spreadability as a probe of the mi-
crostructure of complex media across length scales, Phys. Rev.
E 104, 054102 (2021).

[23] M. Skolnick and S. Torquato, Simulated diffusion spreadabil-
ity for characterizing the structure and transport properties of
two-phase materials, Acta Mater. 250, 118857 (2023).

[24] S. Torquato and B Lu, Rigorous bounds on the fluid perme-
ability: Effect of polydispersivity in grain size, Phys. Fluids 2,
487 (1990).

[25] S. Torquato, Predicting transport characteristics of hyper-
uniform porous media via rigorous microstructure-property
relations, Adv. Water Resour. 140, 103565 (2020).

[26] A. P. Roberts, Statistical reconstruction of three-dimensional
porous media from two-dimensional images, Phys. Rev. E 56,
3203 (1997).

[27] S. R. Niezgoda, D. T. Fullwood, and S. R Kalidindi, De-
lineation of the space of 2-point correlations in a composite
material system, Acta Mater. 56, 5285 (2008).

[28] H. Okabe and M. J. Blunt, Pore space reconstruction using
multiple-point statistics, J. Pet. Sci. Eng. 46, 121 (2005).

[29] Y. Jiao, F. H. Stillinger, and S. Torquato, Modeling hetero-
geneous materials via two-point correlation functions: Basic
principles, Phys. Rev. E 76, 031110 (2007).

[30] Y. Jiao, F. H. Stillinger, and S. Torquato, Modeling het-
erogeneous materials via two-point correlation functions. II.
Algorithmic details and applications, Phys. Rev. E 77, 031135
(2008).

[31] A. Hajizadeh, A. Safekordi, and F. A Farhadpour, A multiple-
point statistics algorithm for 3D pore space reconstruction
from 2D images, Adv. Water Resour. 34, 1256 (2011).

[32] P. Tahmasebi and M. Sahimi, Cross-correlation function for
accurate reconstruction of heterogeneous media, Phys. Rev.
Lett. 110, 078002 (2013).

[33] P. Tahmasebi, A. Hezarkhani, and M. Sahimi, Multiple-point
geostatistical modeling based on the cross-correlation func-
tions, Comput. Geosci. 16, 779 (2012).

[34] H. Xu, M S. Greene, H. Deng, D. Dikin, C. Brinson, W.
K. Liu, C. Burkhart, G. Papakonstantopoulos, M. Poldneff,
and W. Chen, Stochastic reassembly strategy for managing
information complexity in heterogeneous materials analysis
and design, J. Mechan. Design 135, 101010 (2013).

[35] H. Xu, Y. Li, C. Brinson, and W. Chen, A descriptor-
based design methodology for developing heterogeneous mi-
crostructural materials system, J. Mech. Design 136, 051007
(2014).

[36] R. Cang, Y. Xu, S. Chen, Y. Liu, Y. Jiao, and M. Y. Ren,
Microstructure representation and reconstruction of hetero-
geneous materials via deep belief network for computational
material design, J. Mechan. Design 139, 071404 (2017).

[37] Z. Yang, X. Li, L. C. Brinson, A. N. Choudhary, W. Chen,
and A. Agrawal, Microstructural materials design via deep ad-
versarial learning methodology, J. Mech. Design 140, 111416
(2018).

[38] X. Li, Y. Zhang, H. Zhao, C. Burkhart, L. C. Brinson, and
W. Chen, A transfer learning approach for microstructure re-
construction and structure-property predictions, Sci. Rep. 8,
13461 (2018).

[39] U. F. Ghumman, A. Iyer, R. Dulal, J. Munshi, A. Wang, T.
Chien, G. Balasubramanian, and W. Chen, A spectral density
function approach for active layer design of organic photo-
voltaic cells, J. Mech. Design 140, 111408 (2018).

[40] M. Skolnick and S. Torquato, Quantifying phase mixing and
separation behaviors across length and time scales, Acta
Mater. 268 119774 (2024).

[41] A. Shih, M. Casiulis, and S. Martiniani, Fast generation of
spectrally shaped disorder, Phys. Rev. E 110, 034122 (2024).

[42] M. Casiulis, A. Shih, and S. Martiniani, Gyromorphs: A new
class of functional disordered materials, arXiv:2410.09023.

[43] C. L. Y. Yeong and S. Torquato, Reconstructing random me-
dia, Phys. Rev. E 57, 495 (1998).

[44] C. L. Y. Yeong and S. Torquato, Reconstructing random me-
dia. II. Three-dimensional media from two-dimensional cuts,
Phys. Rev. E 58, 224 (1998).

[45] Y. Gao, Y. Jiao, and Y. Liu, Ultra-efficient reconstruction of 3D
microstructure and distribution of properties of random het-
erogeneous materials containing multiple phases, Acta Mater.
204, 116526 (2021).

[46] D. T. Fullwood, S. R. Niezgoda, and S. R. Kalidindi,
Microstructure reconstructions from 2-point statistics using
phase-recovery algorithms, Acta Mater. 56, 942 (2008).

[47] A. Cherkasov, A. Ananev, M. Karsanina, A. Khlyupin, and
K. Gerke, Adaptive phase-retrieval stochastic reconstruc-
tion with correlation functions: Three-dimensional images
from two-dimensional cuts, Phys. Rev. E 104, 035304
(2021).

[48] S. Kirkpatrick, C. D. Gelatt, Jr, and M. P. Vecchi, Optimization
by simulated annealing, Science 220, 671 (1983).

035310-13

https://doi.org/10.1016/S0022-5096(96)00114-7
https://doi.org/10.1063/5.0082515
https://doi.org/10.1016/j.commatsci.2018.03.074
https://doi.org/10.1016/j.actamat.2022.117800
https://doi.org/10.1016/S0022-5096(97)00019-7
https://doi.org/10.1063/1.335593
https://doi.org/10.1088/1367-2630/abcc99
https://doi.org/10.1103/PhysRevX.11.021002
https://doi.org/10.1364/OPTICA.489797
https://doi.org/10.1063/1.1698419
https://doi.org/10.1063/1.1722830
https://doi.org/10.1103/PhysRevE.104.054102
https://doi.org/10.1016/j.actamat.2023.118857
https://doi.org/10.1063/1.857748
https://doi.org/10.1016/j.advwatres.2020.103565
https://doi.org/10.1103/PhysRevE.56.3203
https://doi.org/10.1016/j.actamat.2008.07.005
https://doi.org/10.1016/j.petrol.2004.08.002
https://doi.org/10.1103/PhysRevE.76.031110
https://doi.org/10.1103/PhysRevE.77.031135
https://doi.org/10.1016/j.advwatres.2011.06.003
https://doi.org/10.1103/PhysRevLett.110.078002
https://doi.org/10.1007/s10596-012-9287-1
https://doi.org/10.1115/1.4025117
https://doi.org/10.1115/1.4026649
https://doi.org/10.1115/1.4036649
https://doi.org/10.1115/1.4041371
https://doi.org/10.1038/s41598-018-31571-7
https://doi.org/10.1115/1.4040912
https://doi.org/10.1016/j.actamat.2024.119774
https://doi.org/10.1103/PhysRevE.110.034122
https://arxiv.org/abs/2410.09023
https://doi.org/10.1103/PhysRevE.57.495
https://doi.org/10.1103/PhysRevE.58.224
https://doi.org/10.1016/j.actamat.2020.116526
https://doi.org/10.1016/j.actamat.2007.10.044
https://doi.org/10.1103/PhysRevE.104.035304
https://doi.org/10.1126/science.220.4598.671


SHI, JIAO, AND TORQUATO PHYSICAL REVIEW E 111, 035310 (2025)

[49] Y. Jiao, F. H. Stillinger, and S. Torquato, A superior descriptor
of random textures and its predictive capacity, Proc. Natl.
Acad. Sci. USA 106, 17634 (2009).

[50] P. Chen, W. Xu, N. Chawla, Y. Ren, and Y. Jiao, Hierarchical
n-point polytope functions for quantitative representation of
complex heterogeneous materials and microstructural evolu-
tion, Acta Mater. 179, 317 (2019).

[51] P.-E. Chen, W. Xu, Y. Ren, and Y. Jiao, Probing information
content of hierarchical n-point polytope functions for quanti-
fying and reconstructing disordered systems, Phys. Rev. E 102,
013305 (2020).

[52] K. M. Gerke and M. V. Karsanina, Improving stochastic recon-
structions by weighting correlation functions in an objective
function, Europhys. Lett. 111, 56002 (2015).

[53] M. V. Karsanina and K. M Gerke, Hierarchical optimiza-
tion: Fast and robust multiscale stochastic reconstructions with
rescaled correlation functions, Phys. Rev. Lett. 121, 265501
(2018).

[54] J. Feng, Q. Teng, X. He, and X. Wu, Accelerating multipoint
statistics reconstruction method for porous media via deep
learning, Acta Mater. 159, 296 (2018).

[55] Y. Jiao, E. Padilla, and N. Chawla, Modeling and predicting
microstructure evolution in lead/tin alloy via correlation func-
tions and stochastic material reconstruction, Acta Mater. 61,
3370 (2013).

[56] S. Chen, H. Li, and Y. Jiao, Dynamic reconstruction of hetero-
geneous materials and microstructure evolution, Phys. Rev. E
92, 023301 (2015).

[57] Y. Jiao and N. Chawla, Modeling and characterizing
anisotropic inclusion orientation in heterogeneous material via
directional cluster functions and stochastic microstructure re-
construction, J. Appl. Phys. 115, 093511 (2014).

[58] E. Guo, N. Chawla, T. Jing, S. Torquato, and Y. Jiao,
Accurate modeling and reconstruction of three-dimensional
percolating filamentary microstructures from two-dimensional
micrographs via dilation-erosion method, Mater. Charact. 89,
33 (2014).

[59] S. Chen, A. Kirubanandham, N. Chawla, and Y. Jiao, Stochas-
tic multiscale reconstruction of 3D microstructure consisting
of polycrystalline grains and second-phase particles from 2D
micrographs, Metall. Mater. Trans. A 47, 1440 (2016).

[60] K. M. Gerke, M. V. Karsanina, and R. Katsman, Calcula-
tion of tensorial flow properties on pore level: Exploring the
influence of boundary conditions on the permeability of three-
dimensional stochastic reconstructions, Phys. Rev. E 100,
053312 (2019).

[61] M. V Karsanina and K. M Gerke, Stochastic (re) constructions
of nonstationary material structures: Using ensemble aver-
aged correlation functions and nonuniform phase distributions,
Physica A 611, 128417 (2023).

[62] P.-E. Chen, R. Raghavan, Y. Zheng, H. Li, K. Ankit, and
Y. Jiao, Quantifying microstructural evolution via time-
dependent reduced-dimension metrics based on hierarchical
n-point polytope functions, Phys. Rev. E 105, 025306 (2022).

[63] D. Chen and S. Torquato, Designing disordered hyperuni-
form two-phase materials with novel physical properties,
Acta Mater. 142, 152 (2018).

[64] W. Shi, D. Keeney, D. Chen, Y. Jiao, and S. Torquato,
Computational design of anisotropic stealthy hyperuniform

composites with engineered directional scattering properties,
Phys. Rev. E 108, 045306 (2023).

[65] S. Torquato and F. H. Stillinger, Local density fluctuations,
hyperuniformity, and order metrics, Phys. Rev. E 68, 041113
(2003).

[66] C. E. Zachary and S. Torquato, Hyperuniformity in point
patterns and two-phase random heterogeneous media, J. Stat.
Mech. (2009) P12015.

[67] S. Torquato, Hyperuniformity and its generalizations,
Phys. Rev. E 94, 022122 (2016).

[68] S. Torquato, Hyperuniform states of matter, Phys. Rep. 745, 1
(2018).

[69] M. Florescu, S. Torquato, and P. J. Steinhardt, Designer dis-
ordered materials with large, complete photonic band gaps,
Proc. Natl. Acad. Sci. USA 106, 20658 (2009).

[70] W. Man, M. Florescu, K. Matsuyama, P. Yadak, G. Nahal,
S. Hashemizad, E. Williamson, P. Steinhardt, S. Torquato,
and P. Chaikin, Photonic band gap in isotropic hyperuniform
disordered solids with low dielectric contrast, Opt. Express 21,
19972 (2013).

[71] W. Man, M. Florescu, E. P. Willamson, Y. He, S. R.
Hashemizad, B. Y. C. Leung, D. R. Liner, S. Torquato, P. M
Chaikin, and P. J Steinhardt, Isotropic band gaps and freeform
waveguides observed in hyperuniform disordered photonic
solids, Proc. Natl. Acad. Sci. USA 110, 15886 (2013).

[72] S. Yu, Evolving scattering networks for engineering disorder,
Nat. Comput. Sci. 3, 128 (2023).

[73] N. Granchi, R. Spalding, M. Lodde, M. Petruzzella, F. W
Otten, A. Fiore, F. Intonti, R. Sapienza, M. Florescu, and M.
Gurioli, Near-field investigation of luminescent hyperuniform
disordered materials, Adv. Opt. Mater. 10, 2102565 (2022).

[74] S. Park, I. Lee, J. Kim, N. Park, and S. Yu, Hearing the shape
of a drum for light: Isospectrality in photonics, Nanophotonics
11, 2763 (2022).

[75] M. A Klatt, P. J Steinhardt, and S. Torquato, Wave propa-
gation and band tails of two-dimensional disordered systems
in the thermodynamic limit, Proc. Natl. Acad. Sci. USA 119,
e2213633119 (2022).

[76] N. Tavakoli, R. Spalding, A. Lambertz, P. Koppejan, G.
Gkantzounis, C. Wan, R. Rohrich, E. Kontoleta, A F.
Koenderink, R. Sapienza et al., Over 65% sunlight absorption
in a 1 µm Si slab with hyperuniform texture, ACS Photon. 9,
1206 (2022).

[77] É. Chéron, S. Félix, J.-P. Groby, V. Pagneux, and V. Romero-
García, Wave transport in stealth hyperuniform materials: The
diffusive regime and beyond, Appl. Phys. Lett. 121, 061702
(2022).

[78] S. Yu, C.-W. Qiu, Y. Chong, S. Torquato, and N. Park, Engi-
neered disorder in photonics, Nat. Rev. Mater. 6, 226 (2021).

[79] X. Li, A. Das, and D. Bi, Biological tissue-inspired tunable
photonic fluid, Proc. Natl. Acad. Sci. USA 115, 6650 (2018).

[80] G. Zhang, F. H Stillinger, and S. Torquato, Transport, ge-
ometrical, and topological properties of stealthy disordered
hyperuniform two-phase systems, J. Chem. Phys. 145, 244109
(2016).

[81] C. E. Maher, F. H. Stillinger, and S. Torquato, Characterization
of void space, large-scale structure, and transport properties of
maximally random jammed packings of superballs, Phys. Rev.
Mater. 6, 025603 (2022).

035310-14

https://doi.org/10.1073/pnas.0905919106
https://doi.org/10.1016/j.actamat.2019.08.045
https://doi.org/10.1103/PhysRevE.102.013305
https://doi.org/10.1209/0295-5075/111/56002
https://doi.org/10.1103/PhysRevLett.121.265501
https://doi.org/10.1016/j.actamat.2018.08.026
https://doi.org/10.1016/j.actamat.2013.02.026
https://doi.org/10.1103/PhysRevE.92.023301
https://doi.org/10.1063/1.4867611
https://doi.org/10.1016/j.matchar.2013.12.011
https://doi.org/10.1007/s11661-015-3283-8
https://doi.org/10.1103/PhysRevE.100.053312
https://doi.org/10.1016/j.physa.2022.128417
https://doi.org/10.1103/PhysRevE.105.025306
https://doi.org/10.1016/j.actamat.2017.09.053
https://doi.org/10.1103/PhysRevE.108.045306
https://doi.org/10.1103/PhysRevE.68.041113
https://doi.org/10.1088/1742-5468/2009/12/P12015
https://doi.org/10.1103/PhysRevE.94.022122
https://doi.org/10.1016/j.physrep.2018.03.001
https://doi.org/10.1073/pnas.0907744106
https://doi.org/10.1364/OE.21.019972
https://doi.org/10.1073/pnas.1307879110
https://doi.org/10.1038/s43588-022-00395-x
https://doi.org/10.1002/adom.202102565
https://doi.org/10.1515/nanoph-2021-0614
https://doi.org/10.1073/pnas.2213633119
https://doi.org/10.1021/acsphotonics.1c01668
https://doi.org/10.1063/5.0097894
https://doi.org/10.1038/s41578-020-00263-y
https://doi.org/10.1073/pnas.1715810115
https://doi.org/10.1063/1.4972862
https://doi.org/10.1103/PhysRevMaterials.6.025603


THREE-DIMENSIONAL CONSTRUCTION OF … PHYSICAL REVIEW E 111, 035310 (2025)

[82] Y. Xu, S. Chen, P.-E. Chen, W. Xu, and Y. Jiao, Microstructure
and mechanical properties of hyperuniform heterogeneous
materials, Phys. Rev. E 96, 043301 (2017).

[83] J. Puig, F. Elías, J. A. Sánchez, R. C. Maldonado, G. Rumi, G.
Nieva, P. Pedrazzini, A. B Kolton, and Y. Fasano, Anisotropic
suppression of hyperuniformity of elastic systems in media
with planar disorder, Commun. Mater. 3, 32 (2022).

[84] S. Torquato and D. Chen, Multifunctional hyperuniform cellu-
lar networks: Optimality, anisotropy and disorder, Multifunct.
Mater. 1, 015001 (2018).

[85] J. Kim and S. Torquato, Multifunctional composites for elastic
and electromagnetic wave propagation, Proc. Natl. Acad. Sci.
USA 117, 8764 (2020).

[86] S. Torquato, Extraordinary disordered hyperuniform multi-
functional composites, J. Compos. Mater. 56, 3635 (2022).

[87] A. Donev, F. H. Stillinger, and S. Torquato, Unexpected
density fluctuations in jammed disordered sphere packings,
Phys. Rev. Lett. 95, 090604 (2005).

[88] C. E. Zachary, Y. Jiao, and S. Torquato, Hyperuniform long-
range correlations are a signature of disordered jammed hard-
particle packings, Phys. Rev. Lett. 106, 178001 (2011).

[89] Y. Jiao and S. Torquato, Maximally random jammed packings
of platonic solids: Hyperuniform long-range correlations and
isostaticity, Phys. Rev. E 84, 041309 (2011).

[90] D. Chen, Y. Jiao, and S. Torquato, Equilibrium phase behavior
and maximally random jammed state of truncated tetrahedra,
J. Phys. Chem. B 118, 7981 (2014).

[91] L. Berthier, P. Chaudhuri, C. Coulais, O. Dauchot, and P.
Sollich, Suppressed compressibility at large scale in jammed
packings of size-disperse spheres, Phys. Rev. Lett. 106,
120601 (2011).

[92] R. Kurita and E. R Weeks, Incompressibility of polydisperse
random-close-packed colloidal particles, Phys. Rev. E 84,
030401(R) (2011).

[93] G. L Hunter and E. R Weeks, The physics of the colloidal glass
transition, Rep. Prog. Phys. 75, 066501 (2012).

[94] R. Dreyfus, Y. Xu, T. Still, L. A. Hough, A. G. Yodh, and
S. Torquato, Diagnosing hyperuniformity in two-dimensional,
disordered, jammed packings of soft spheres, Phys. Rev. E 91,
012302 (2015).

[95] D. Hexner and D. Levine, Hyperuniformity of critical absorb-
ing states, Phys. Rev. Lett. 114, 110602 (2015).

[96] R. L Jack, I. R. Thompson, and P. Sollich, Hyperuniformity
and phase separation in biased ensembles of trajectories for
diffusive systems, Phys. Rev. Lett. 114, 060601 (2015).

[97] J. H. Weijs, R. Jeanneret, R. Dreyfus, and D. Bartolo,
Emergent hyperuniformity in periodically driven emulsions,
Phys. Rev. Lett. 115, 108301 (2015).

[98] E. Tjhung and L. Berthier, Hyperuniform density fluctuations
and diverging dynamic correlations in periodically driven col-
loidal suspensions, Phys. Rev. Lett. 114, 148301 (2015).

[99] M. Salvalaglio, M. Bouabdellaoui, M. Bollani, A. Benali, L.
Favre, J.-B. Claude, J. Wenger, P. de Anna, F. Intonti, A. Voigt
et al., Hyperuniform monocrystalline structures by spinodal
solid-state dewetting, Phys. Rev. Lett. 125, 126101 (2020).

[100] D. Hexner and D. Levine, Noise, diffusion, and hyperunifor-
mity, Phys. Rev. Lett. 118, 020601 (2017).

[101] D. Hexner, P. M. Chaikin, and D. Levine, Enhanced hyper-
uniformity from random reorganization, Proc. Natl. Acad. Sci.
USA 114, 4294 (2017).

[102] J. H. Weijs and D. Bartolo, Mixing by unstirring: Hy-
peruniform dispersion of interacting particles upon chaotic
advection, Phys. Rev. Lett. 119, 048002 (2017).

[103] Q. Lei, M. P. Ciamarra, and R. Ni, Nonequilibrium strongly
hyperuniform fluids of circle active particles with large local
density fluctuations, Sci. Adv. 5, eaau7423 (2019).

[104] Q. L. Lei and R. Ni, Hydrodynamics of random-organizing
hyperuniform fluids, Proc. Natl. Acad. Sci. USA 116, 22983
(2019).

[105] C. E. Zachary and S. Torquato, Anomalous local coordination,
density fluctuations, and void statistics in disordered hyper-
uniform many-particle ground states, Phys. Rev. E 83, 051133
(2011).

[106] S. Torquato, G Zhang, and F. H. Stillinger, Ensemble theory
for stealthy hyperuniform disordered ground states, Phys. Rev.
X 5, 021020 (2015).

[107] O. U Uche, F. H. Stillinger, and S. Torquato, Constraints on
collective density variables: Two dimensions, Phys. Rev. E 70,
046122 (2004).

[108] R. D Batten, F. H .Stillinger, and S. Torquato, Classical
disordered ground states: Super-ideal gases and stealth and
equi-luminous materials, J. Appl. Phys. 104, 033504 (2008).

[109] R. D Batten, F. H. Stillinger, and S. Torquato, Novel
low-temperature behavior in classical many-particle systems,
Phys. Rev. Lett. 103, 050602 (2009).

[110] J. L. Lebowitz, Charge fluctuations in Coulomb systems,
Phys. Rev. A 27, 1491 (1983).

[111] G. Zhang, F. H. Stillinger, and S. Torquato, Ground states
of stealthy hyperuniform potentials. I. Entropically favored
configurations, Phys. Rev. E 92, 022119 (2015).

[112] G. Zhang, F. H. Stillinger, and S. Torquato, Ground states
of stealthy hyperuniform potentials. II. Stacked-slider phases,
Phys. Rev. E 92, 022120 (2015).

[113] S. Torquato, A. Scardicchio, and C. E. Zachary, Point pro-
cesses in arbitrary dimension from fermionic gases, random
matrix theory, and number theory, J. Stat. Mech. (2008)
P11019.

[114] R. P. Feynman and M. Cohen, Energy spectrum of the excita-
tions in liquid helium, Phys. Rev. 102, 1189 (1956).

[115] J. A. Sánchez, R. C. Maldonado, M. L. Amigó, G. Nieva, A.
Kolton, and Y. Fasano, Disordered hyperuniform vortex matter
with rhombic distortions in FeSe at low fields, Phys. Rev. B
107, 094508 (2023).

[116] M. Hejna, P. J. Steinhardt, and S. Torquato, Nearly hyperuni-
form network models of amorphous silicon, Phys. Rev. B 87,
245204 (2013).

[117] R. Xie, G. G Long, S. J. Weigand, S. C. Moss, T. Carvalho,
S. Roorda, M. Hejna, S. Torquato, and P. J. Steinhardt, Hyper-
uniformity in amorphous silicon based on the measurement of
the infinite-wavelength limit of the structure factor, Proc. Natl.
Acad. Sci. USA 110, 13250 (2013).
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