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Classical spin liquids (CSLs) are intriguing states of matter that do not exhibit long-
range magnetic order and are characterized by an extensive ground-state degeneracy.
Adding quantum fluctuations, which induce dynamics between these different classical
ground states, can give rise to quantum spin liquids (QSLs). QSLs are highly entangled
quantum phases of matter characterized by fascinating emergent properties, such
as fractionalized excitations and topological order. One such exotic quantum liquid
is the Z; QSL, which can be regarded as a resonating valence bond (RVB) state
formed from superpositions of dimer coverings of an underlying lattice. In this work,
we unveil a hidden large-scale structural property of archetypal CSLs and QSLs
known as hyperuniformity, i.e., normalized infinite-wavelength density fluctuations
are completely suppressed in these systems. In particular, we first demonstrate that
classical ensembles of close-packed dimers and their corresponding quantum RVB
states are perfectly hyperuniform in general. Subsequently, we focus on a ruby-lattice
spin liquid that was recently realized in a Rydberg-atom quantum simulator, and show
that the QSL remains effectively hyperuniform even in the presence of a finite density
of spinon and vison excitations, as long as the dimer constraint is still largely preserved.
Moreover, we demonstrate that metrics based on the framework of hyperuniformity
can be used to distinguish the QSL from other proximate quantum phases. These
metrics can help identify potential QSL candidates, which can then be further analyzed
using more advanced, computationally intensive quantum numerics to confirm their
status as true QSLs.

hyperuniformity | classical spin liquids | quantum spin liquids | Rydberg atom arrays

The notion of hyperuniformity, introduced two decades ago (1), provides a powerful,
unified framework to classify and characterize different ordered systems (crystals and
quasicrystals) as well as unusual disordered ones (1, 2). The remarkable feature of
hyperuniform many-body systems is the complete suppression of (normalized) density
fluctuations at large length scales. Specifically, this means that in Z-dimensional Euclidean
space R, the normalized local number variance o2 (R)/ R? — 0 in the large-R limit,
where 62(R) = (N*(R)) — (N(R))? is the local number variance, N(R) represents
the number of particles in a spherical window of radius R randomly placed into
the system, and (---) denotes an ensemble average (1, 2). Equivalently, the static
structure factor S(k)—which is proportional to the scattering intensity in X-ray-,
light-, or neutron-scattering experiments (excluding forward scattering)—vanishes in
the infinite-wavelength limit for hyperuniform systems, i.e., limy—,0 S(k£) = 0, where
the wavenumber # = | k| is the magnitude of the wavevector k. In fact, the small-# scaling
behavior of S(#) ~ % (& > 0 for hyperuniform systems) dictates the large-R asymptotic
behavior of 6%(R), based on which all hyperuniform systems can be categorized into
three classes: O'Z(R) ~ RV for a > 1 (class I); O'Z(R) ~ R n R fora = 1 (class I1);
and 6%(R) ~ R¥™% for 0 < a < 1 (class III) (2). Typical disordered systems, such
as ordinary liquids and glasses, on the other hand, are not hyperuniform, and possess a
large-R scaling of 6%(R) ~ R%(2).

Disordered hyperuniform systems are exotic states of matter (1, 2) that lie between
perfect crystals and typical liquids. These unusual amorphous systems are similar to
liquids or glasses in that they are statistically isotropic and possess no Bragg peaks, and
yet they completely suppress normalized large-scale density fluctuations, like crystals, and
in this sense, possess a hidden long-range order (1-3). Disordered hyperuniform states
have been discovered in a variety of equilibrium and nonequilibrium classical physical
and biological systems and appear to endow such systems (1, 2, 4-12) with desirable
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optical, transport, and mechanical properties that cannot be
achieved in either ordinary disordered or perfectly crystalline
states (1, 2, 13-26). While the hyperuniformity of classical sys-
tems has been extensively investigated, its potential extension to
quantum systems has been much less explored. Besides families of
determinantal point processes (27-30) (which can exactly attain
the #-point correlation functions of certain quantum ground
states), to date, there are only a handful of quantum materials and
models (31-36) thatare known to exhibit hyperuniformity. Here,
we make a distinction between such emergent hyperuniformity
and quantum systems that are explicitly engineered to be
hyperuniform by an appropriate choice of couplings (37, 38).

A classical spin liquid (CSL) is a system characterized by
an extensive ground-state degeneracy and the absence of long-
range magnetic order (39). In recent years, CSLs have attracted
much interest, since they are closely connected to the finite-
temperature physics of frustrated magnets (39-41). A quantum
spin liquid (QSL), on the other hand, arises when quantum
fluctuations introduce dynamics between the classical ground
states of a CSL (39). The long-range many-body quantum
entanglement structure inherent in a QSL endows it with a host
of intriguing emergent properties, ranging from fractionalized
excitations to topological order (42—44). The simplest possible
QSL that preserves all symmetries, including time reversal, is
the Z; quantum spin liquid (45-47), which is a gapped state
with the same topological order as the celebrated toric code (48).
Many aspects of CSLs and QSLs have been extensively studied
over the last few decades (39—44), but a common feature of these
systems is that they usually possess no apparent long-range spatial
order. While the concept of hyperuniformity has been hitherto
unexplored in the context of these unordered states of matter, it
could potentially shed light on the fundamental understanding
of the nature of long-range correlations in these systems, and
provide a framework to distinguish different disordered and
ordered phases.

Despite decades of efforts to find Z, QSLs in solid-state
materials (49), their direct experimental detection has largely
been elusive. Recently, such a Z; QSL was realized using a
programmable quantum simulator based on arrays of neutral
atoms coupled to highly excited Rydberg states (50). Due to
strong interatomic dipole—dipole interactions, in this system,
the excitation of one atom to the Rydberg state prohibits the
simultaneous excitation of other atoms located within a so-called
“blockade radius” (51). This robust phenomenon, known as the
“Rydberg blockade,” naturally gives rise to strong correlations
between the atoms, leading to a variety of interesting quantum
phases (52-58), phase transitions (59-63), and many-body
dynamics (64-66).

The realization of a Rydberg Z; QSL is made possible by a
mapping (67-69) between Rydberg atoms and quantum dimer
models (QDMs), which are parent Hamiltonians known to host
exact QSL ground states (70, 71). In particular, Fig. 1 illustrates a
mapping between the excitations of Rydberg atoms positioned on
a ruby lattice and quantum dimers on the bonds of the kagome
lattice. Note that the ruby lattice is the medial lattice (or line
graph) of the kagome lattice, i.c., the sites of the former are the
centers of the bonds of the latter (72). The coherent quantum
superposition of all possible blockade-allowed configurations of
Rydberg excitations on the ruby lattice is thus equivalent to
a resonating valence bond (RVB) liquid state described by a
macroscopic superposition of dimer coverings of the kagome
lattice with exactly one dimer touching each vertex (72-74),
which is the aforementioned Z; QSL.
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Fig. 1. Mapping between a configuration of Rydberg atoms on the ruby
lattice (Left) and a dimer covering of the kagome lattice (Right). The blockade
radius Ry, is chosen so as to encompass two nearest neighbors, two second-
nearest neighbors, and two third-nearest neighbors of an atom in the excited
state |r) (on the ruby lattice), which implements a constraint of having exactly
one dimer touching each vertex of the kagome lattice.

In this work, we use the formalism of hyperuniformity to probe
the structural properties of representative CSLs and QSLs and
quantitatively unveil the unique nature of the “liquidity” of these
systems. We show that although CSLs and QSLs lack symmetry-
breaking spatial order, akin to a conventional liquid, they are also
characterized by an anomalous suppression of long-wavelength
density fluctuations, as expected for a crystal. In particular, in
Section 1, we demonstrate that a classical ensemble of kagome-
lattice dimer coverings is perfectly hyperuniform, with a structure
factor S(k) that scales as S(£) ~ £° at small 4. In Section 2, we
first show that fixed-point RVB states, the quantum counterparts
of classical dimer coverings, are also perfectly hyperuniform in
general. Then, we illustrate that the QSL remains effectively
hyperuniform (i.e., hyperuniform in a practical sense according
to the metric B/A, defined in Section 2), upon introducing a
finite density of quasiparticle excitations (namely, “spinons”, or
monomers) into the perfect RVB state, which are inevitable
in any realistic setting. Our results thus demonstrate how
notions of hyperuniformity can be used to distinguish between
QSLs and proximate disordered but nontopological phases in a
quantum phase diagram. Besides strengthening our fundamental
understanding of density fluctuations in CSLs and QSLs, our
work also strikingly demonstrates hyperuniformity for a strongly
interacting, long-range entangled quantum system.

1. Classical Spin Liquids

An archetypal example of a classical spin liquid is the set of all
dimer coverings of a given lattice subject to a hard-core constraint,
i.e., each site participates in a dimer with one, and only one, of
its nearest neighbors. While intriguing on their own right—as
discussed above—such CSLs also form the building blocks for
quantum RVB states. Here, we start by considering the ensemble
of all possible dimer coverings of the kagome lattice, which, as
mentioned previously, are in one-to-one correspondence with
the allowed arrangements of Rydberg atoms on the ruby lattice
when up to third-nearest-neighboring sites are blockaded. There
are D = 2V/3+ 1 guch coverings (73, 75) (where N is the number
of ruby-lattice sites), each of which represents a degenerate
ground state of a classical fully frustrated Ising model on the dice
lattice (76, 77). Owing to this extensive ground state degeneracy,
which leads to a nonzero entropy even at zero temperature, the
statistical-mechanical ensemble of such dimer coverings can be
regarded as a classical spin liquid (78).
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Focusing on the kagome lattice, we first enforce the Rydberg
blockade constraint by imposing a hard-core repulsion between
dimers that allows each kagome vertex to be covered by at most
one dimer. Then, the maximum filling fraction of 1/4 (on the
ruby lattice) corresponds to a “perfect” (monomer-free) dimer
covering of the kagome lattice. We develop a simulated annealing
algorithm (see Materials and Methods for details) to generate
such perfect dimer coverings at f' = 1/4 for various system sizes
N = 600, 2,400, 3,456, 5,400, 7,776, and 9,600 (see Fig. 6 for
a representative configuration at /V = 2,400), and compute their
pair statistics. Here, we employ periodic boundary conditions
in both the horizontal and vertical directions. Fig. 24 shows
the ensemble-averaged structure factor S(£) of the dimer centers
(corresponding to Rydberg excitations in the atomic picture) for
a few representative system sizes (/V = 600, 2,400, and 9,600),
which clearly approaches zero as £ goes to zero, indicating perfect
hyperuniformity of the perfect dimer coverings. Our work reports
the discovery of a disordered hyperuniform “packing” on a lattice
subject to well-defined packing constraints, which is different
from previous reports of disordered hyperuniform structures on
lattices (obtained, e.g., via inverse design techniques) (17,79, 80).
It is also noteworthy that, by definition, S(#) is the same for un-
occupied edges (or atoms in the ground state) and occupied edges
(or atoms in the Rydberg state). Consequently, the spatial distri-
bution of unoccupied edges is perfectly hyperuniform as well.

In Fig. 2B, we present the corresponding ensemble-averaged
local number variance 62 (R), which scales linearly as R increases
and further demonstrates that perfect dimer coverings are class-I
hyperuniform. We also compute the dimer—dimer pair correla-
tion function C(r) defined as C(r) = (n(x)n(x+7))—(n(x))? for
the system of size N = 9,600, with the result sketched in Fig. 2C.
Here, n(x) denotes the occupation at position x, which equals 1 if
the site is occupied by a dimer and 0 otherwise, and (- - - ) denotes
an ensemble and volume average over a single ensemble member.
We implicitly assume that we can perform an angular average
of C(7) to obtain C(r), where 7 is the vector displacement and
r = |r| is the magnitude of #; in SI Appendix, we show why
such an angular average is physically meaningful. Interestingly,
C(r) decays to its long-range value of zero very rapidly as r
increases. This is consistent with prior theoretical results on the
corresponding quantum dimer liquid, for which dimer—dimer
correlations are known to be exactly zero for a pair of dimers
when their corresponding triangles do not share a common vertex
(72). We note that an exponential or faster decay of C(r), as
seen here, means that the structure factor S(#) is analytic at
the origin and hence, the small-£ scaling exponent a of S(%)
should be a nonnegative even integer (2). Once again, we make
the implicit assumption that we can perform an angular average
of S(k) to obtain S(k), as justified in SI Appendix. Computing
the exponent a from the large-# scaling behavior of the excess
spreadability S(o0) — S(¢) (see SI Appendix for details) (81) for
various system sizes IV (Fig. 2D), and numerically extrapolating
to the infinite-system limit, we find that @ ~ 6 as N — oo;
combining this observation with the analyticity of S(k) at £ = 0
allows us to conclude that @ = 6 for perfect dimer coverings on
the kagome lattice in the infinite-system limit. Furthermore, in
SI Appendix, we also theoretically prove that @ = 6 in this case.

We now briefly outline an intuitive physical argument for
why the ensemble of perfect dimer coverings on the kagome
lattice should be perfectly hyperuniform and disordered. At f =
1/4, each vertex of the kagome lattice is touched by exactly one
dimer, and accordingly, each dimer covers exactly two vertices of
the kagome lattice. If one randomly throws circular observation
windows of radius R into the system, and counts the number of
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Fig. 2. (A) Structure factor S(k) of perfect classical dimer coverings on the
kagome lattice at different system sizes N. (B) Local number variance 2 (R)
of perfect dimer coverings on the kagome lattice at different system sizes N.
(C) Dimer-dimer pair correlation function C(r) of perfect dimer coverings on
the kagome lattice at N = 9,600. (D) Small-k scaling exponent a of S(k) as a
function of system size N for perfect dimer coverings on the kagome lattice.
In all these plots, we work in units where the side length of a hexagon in the
kagome lattice is set to unity.

kagome vertices as well as the number of dimers that fall within
each window, the former is exactly two times the latter within
the window, except for fluctuations concentrated near the surface
of the window, implying a local number variance 6(R) that
scales like R for large R and hence class-I hyperuniformity (see S/
Appendix for a detailed rigorous theoretical analysis). This also
means that the small-# scaling exponent a of S(#) must be larger
than 1 (2). Why are such perfect hyperuniform dimer coverings
also disordered? The answer is because of the infinite number of
arrangements of dimer coverings (high entropy configurations)
consistent with local blockade constraints in the infinite-volume
limit.

2. Quantum Spin Liquids

2.1. Quantum Resonating Valence Bond States.So far, our
analysis has examined a classical ensemble of kagome-lattice
dimer coverings, without any notion of phase coherence between
individual configurations. Quantum fluctuations introduce
dynamics between these exponentially many classical ground
states. In order to define a quantum spin liquid, we first promote
the set of allowed classical dimer configurations to quantum states
|qa)> which constitute the orthonormal basis vectors of a Hilbert
space. The quantum nature is naturally reflected in that this
vector space now also allows states that are linear superpositions
of dimer coverings.

An example of a quantum liquid, which preserves all spatial
symmetries, is the celebrated RVB state (82—85). An ansatz for

such an RVB state can be written as |¥Pryp) = ZaD:l calqa)s
where ¢, € C and D is the number of quantum states in the
macroscopic superposition. We assume that the coefficients
cq respect the translational and rotational symmetries of the
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Fig. 3. [lllustration of fixed-point quantum spin liquids, constructed by the
quantum superposition of perfect dimer coverings in the same topological
sector, on the (A) kagome and (B) triangular lattices.

underlying lattice. We also note that we define |g,) =
|n1my - - - nv) (subject to the packing constraint of dimers), where
n; = 1 if site 7 is occupied by a dimer and 7; = 0 otherwise.
This definition ensures that different dimer coverings |g,) are
orthogonal (86) by construction, as opposed to the case where
the RVB state is expressed as the superposition of different singlet
pair states that are not orthogonal (73, 87). A theory for a stable,
gapped RVB state with time-reversal symmetry was originally
developed in refs. 4547, which first described the Z; spin liquid.

An extended Z; QSL phase was discovered in the kagome-
lattice quantum dimer model (72-74). In this QSL phase, the
ground-state wavefunction is generically of the form of |¥zy3)
but the coefficients ¢, may vary across parameter space. However,
as long as each quantum state |gq) is a perfect dimer covering
at the maximal filling fraction, the resulting RVB state should
also be perfectly hyperuniform (since each individual covering
is perfectly hyperuniform per our theoretical analysis in S/
Appendix). In other words, the hyperuniformity of the QSL
is not destroyed by the presence of flux-like “vison” (88, 89)
excitations, which are marked by phase flips between different
dimer configurations.

A special case of the aforementioned RVB state is the so-called
Rokhsar—Kivelson (RK) point of the QDM Hamiltonian. At this
point, the model is exactly solvable and the ground state is defined
by an equal-amplitude superposition of all dimer coverings in a

topological sector (72, 90), i.e., |¥) = Zi);l |9a)/~/D;, where
D; is the number of states in a sector s. In Fig. 34, we illustrate
such a QSL state with dimers living on the kagome lattice. Now, it
is easy to observe that when |¢1]| = || = -+ = |ep,| = 1/4/D;,
the structure factor Sy (#) of the quantum spin liquid is given by

D, 1 D;
Sqk) = D leaPS, (k) = 5 D Su(B) = (S.()),, ()
a=1 S a=1

where (S:(£)); is the ensemble-averaged structure factor of
the classical set of perfect dimer coverings belonging to the
topological sector s. However, since the pair statistics C(r)
and S(#) are the same for classical dimer coverings in different
sectors, we can drop the label s and obtain the ensemble-averaged
structure factor by averaging over the full set of perfect dimer
coverings, without differentiating between topological sectors s;
as a result Sq(£) = (Sc(k)). Therefore, the previously established
perfect hyperuniformity of the classical spin liquid translates to
the perfect hyperuniformity of this “fixed-point” quantum spin
liquid at the RK point of the kagome-lattice QDM.

Similarly, we can construct RK QSLs on other lattices by
considering superpositions of perfect dimer coverings on different
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lattices. For instance, in Fig. 3B we show a quantum spin liquid
state with exactly one dimer touching each vertex of the triangular
lattice (91), which corresponds to a filling fraction of 1/6 for
Rydberg excitations on the kagome lattice (67). Following the
same theoretical arguments as those in Section 1, these ideal
QSL states on other lattices should also be class-I hyperuniform.
However, the exact even-integer value of a@ may vary from
lattice to lattice. For example, through rigorous finite-size-scaling
analyses (see SI Appendix for details) we have determined the
scaling exponent to be @ = 4 for perfect dimer liquids on the
triangular lattice.

2.2. Quantum Fluctuations and Matter Fields. In the preceding
section, we demonstrated the hyperuniformity of a fixed-point
Zy QSL state, which is the ground state of a quantum dimer
model and corresponds to the deconfined phase of a pure Z;
gauge theory (92). However, a more realistic QSL (as might be
realized in experiments) is described by a gauge theory coupled
to matter fields, and the consequence of this distinction for
hyperuniformity is an important question that requires scrutiny.

To this end, we consider the system of interacting Rydberg
atoms on a ruby lattice, which was demonstrated to host a Z;
QSL phase in recent experiments (50). Such an array is described
by the spin-1/2 Hamiltonian,

H:%ZUf—AZ”i+Z‘CJ”i”f’ 2]
i i

i<j

where n; = (67 + 1)/2, with 67 = +1 (—1) corresponding to
the presence (absence) of a Rydberg excitation on site 7 of the
ruby lattice. Here, Q denotes the Rabi frequency characterizing
the coherent oscillations between the ground state |g) and the
excited state |7), A is the laser detuning, and Vj; = Vo /|7; — rj|6
is the van der Waals interaction between two excited atoms that
are located at positions 7;, 7. The strength of the interactions can
be conveniently parameterized by the blockade radius, defined

according to the relation Vy = QRZ. Previously, it was found
(50) that the realistic model incorporating the van der Waals
interaction behaves similarly to a so-called PXP model, in which
the hard-core exclusion between two excited atoms within the
blockade radius is strictly enforced by an infinite energy penalty.
Therefore, in this work, for simplicity, we choose to work with
the PXP model, which yields the same physics.

In the following, we choose Ry, such that pairs of Rydberg
atoms up to third-nearest neighbors are blockaded. The associ-
ated blockade constraint ensures that there can be at most one
dimer touching each vertex of the kagome lattice (unlike the
hard constraint of the QDM, which asserts that there is exactly
one dimer touching each vertex of the kagome lattice). On the
ruby lattice, our choice of R, enforces that the maximum filling
fraction of Rydberg excitations is 1/4. However, the number of
excitations, Nexc, is not conserved by the Hamiltonian Eq. 2,
so the actual filling fraction (n;) < 1/4 varies depending on
the precise point in parameter space. Therefore, at low energies,
the Hilbert space of this model has to be expanded to allow
for monomers, which are referred to as “spinons.” In fact, the
quantum-mechanical ground state necessarily has a small nonzero
density of spinons (93).

Employing the density-matrix renormalization group
(DMRG) algorithm (94-97), we compute the system’s ground-
state wavefunction on long cylinders—with up to 288 atoms—as
a function of A/Q, keeping R;/a fixed as noted above. From
the numerically obtained tensor-network representation of the
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Fig. 4. (A) A representative snapshot of Rydberg excitations in a system
consisting of 240 sites at A/Q = 1.7; the monomers arising due to quantum
fluctuations are circled in red. (B) Topological entanglement entropy y as a
function of A/Q. (C) The distribution P(Nexc) of the number of excitations in
a system consisting of 240 sites at A/Q = 1.7 obtained by sampling 10,000
snapshots.

ground state, we then generate 10,000 individual “snapshots”
by sampling the wavefunction according to the Born rule; one
such representative configuration for N = 240 atoms is sketched
in Fig. 44. Physically, the sampling is equivalent to performing
a projective measurement in the o7 basis, which collapses the
wavefunction to a particular monomer-dimer covering from
among the exponentially many components constituting the
ground-state wavefunction. This set of snapshots, which is
analogous to the classical ensemble of dimer coverings studied
in Section 1, provides a natural starting point for studying the
possible hyperuniformity of the Rydberg Z, QSL phase. As A/Q
varies, we observe that the Hamiltonian Eq. 2 hosts three distinct
quantum phases (68): a trivial disordered phase [a quantum
paramagnet that visually resembles a typical nonhyperuniform
classical fluid (2), as we quantify below] for A/Q < 1.5, the
Zy QSL for 1.5 S A/Q < 2.0, and an ordered valence bond
solid (VBS) at large A/Q 2 2.0 [for which only a few dimer
configurations dominate in the ground state (98-100)]. These
three phases are also reflected in the topological entanglement
entropy y (101), shown in Fig. 4B, which is theoretically known
to be In 2 for a Z; QSL (102) and zero for both the disordered
and VBS phases. However, the system sizes accessible to today’s
state-of-the-art numerical methods, including DMRG and
quantum Monte Carlo, are much smaller than that required to
reliably ascertain hyperuniformity or lack thereof.

In order to overcome this limitation, we first recognize that
the key feature of the realistic monomer-dimer Z; QSL—vis-4-
vis the fixed-point QDM liquid—is that the excitation density
(or the filling fraction of dimers) is not pinned to exactly 1/4
due to quantum fluctuations. Instead, the number of Rydberg
excitations is now described by a distribution P(Ne) (with
mean < /N /4) which acquires a width, as shown in Fig. 4C
for a 20 x 4 cylinder as an example. Using this information,
we first construct the particle-number distribution for a system
with N = 2,160 sites—that is nine times as large—using
the procedure described in Materials and Methods. Then, we

PNAS 2025 Vol. 122 No.6 2416111122

generate classical dimer-monomer coverings according to this
new distribution subject to the same (cylindrical) boundary
conditions as the quantum system. This procedure captures the
essence of the quantum fluctuations in a larger system. We
emphasize that the reconstructed particle-number distribution
is not the exact one of a 2,160-site system but rather an
approximation thereto; however, this distinction is irrelevant to
the question we are asking, which is whether hyperuniformity
survives in the presence of quantum fluctuations.

Odur results in this regard are presented in Fig. 5, which shows
the scaled local number variance ¢%(R)/R?. Interestingly, for
A/Q = 1.7, 1.8, and 1.9, and the VBS state at larger A/Q,
the local number variance 6%(R) increases more slowly than
R? at large R, suggesting possible (effective) hyperuniformity of
the corresponding systems. Note that for general 2D systems
that may be class-I hyperuniform, the variance ¢%(R) rigorously
obeys the large-R asymptotic relation 62 (R) = AR*>+ BR+0o(R),
where A and B are constants involving certain moments of
the total correlation function, and o(R) represents all terms
of order less than R (1). For perfectly hyperuniform systems,
A = 0 and the ratio B/A diverges; in general, as a system
tends toward hyperuniformity, the ratio B/A increases (103).
Therefore, the ratio B/A provides a measure of the degree of
hyperuniformity (103), and here, we classify any system with
B/A > 10 as effectively hyperuniform. In practice, to obtain
smooth asymptotic behaviors, it is often advantageous to perform

a quadratic fitting of the cumulative moving average ¢2(R)
defined as 62(R) = fOR dx 62 (x) /R instead of the variance 62 (R)

(1, 104). Using 6%(R) within the range 2.0 < R < 5.0, we
compute the B/A ratio to be 2.54, 10.10, 11.27, and 12.48 for
A/Q = 0.5, 1.7, 1.8, and 1.9, respectively, suggesting that the
three states in the QSL phase (at A/Q = 1.7, 1.8, and 1.9) are
effectively hyperuniform, while the trivial state at A/Q = 0.5
is far from being hyperuniform. The associated mean filling
fractions are found to be 0.124, 0.231, 0.234, and 0.236 for
A/Q =0.5,1.7, 1.8, and 1.9, respectively. On the other hand,
the long-range-ordered VBS state, which is a pinwheel crystal
(98-100), is not only perfectly hyperuniform but also stealthy
hyperuniform due to its periodic structure, i.e., its S(£) is zero
for an extended range of small £ near the origin (105, 106), in
distinction to the QSL. These results clearly show that metrics
based on the framework of hyperuniformity can be used to
distinguish between the three distinct quantum phases of the
Rydberg atom array.

In addition, we find that the classical dimer-monomer cover-
ings at a fixed filling fraction f become effectively hyperuniform
only as f increases above 0.227 (see SI Appendix for details).
For the QSL, however, f is no longer fixed for different
snapshots due to quantum fluctuations and the departure from
perfect hyperuniformity is highly nonlinear as f deviates from
its maximum possible value. Hence, the hyperuniformity of
quantum systems is further degraded compared to their classical
analogs at the same (mean) filling fraction. For example, we
find the quantum liquid to be effectively hyperuniform (i.e.,
B/A > 10) only for a mean filling fraction f above >~ 0.231,
which is 0.004 more than the requirement for the classical dimer-
monomer coverings.

3. Discussion and Outlook

In this work, we uncover the hidden hyperuniformity of paradig-
matic classical and quantum spin liquids, and demonstrate
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Fig. 5. The scaled local number variance s2(R)/R? for the 2,160-site
classical analogs of the quantum systems at A/Q = 0.5, 1.7, 1.8, and 1.9
(the results are averaged over 10,000 configurations/snapshots) as well as
for the ordered valence bond solid state.

how such hyperuniformity can be used as a powerful tool to
distinguish spin liquids from both trivial disordered (such as
a quantum paramagnet) and crystalline ordered (e.g., valence
bond solid) states. Specifically, we establish the perfect disordered
hyperuniformity of classical ensembles of dimer coverings on
different lattices as well as for the corresponding ideal quantum
RVB states, which are Zy QSLs. It is noteworthy that we find that
S(k) is analytic at the origin with small- scaling exponent a = 6.
Interestingly, it has recently been shown that « is also equal to 6
for the quasiperiodic Penrose tiling, but there S(4) is nonanalytic
at the origin, implying a power-law decay in the pair correlation
function (107), to be contrasted with a compactly supported
pair correlation function for the dimer covering. Moreover, we
show that the Zj QSL remains effectively hyperuniform even in
the presence of a nonzero density of spinons and visons, which
are inevitable in any realistic experimental setting. In contrast
to the Z; QSL, the trivial disordered state is far from being
effectively hyperuniform, while the VBS state is perfectly stealthy
hyperuniform.

We emphasize that hyperuniformity is a structural metric,
so it cannot probe the signature ground state degeneracy on
a torus that characterizes a topological phase. Moreover, hyper-
uniformity—being a measure of density fluctuations—is insen-
sitive to phase perturbations and accordingly, to the existence in
the spectrum of fractionalized vison excitations that distinguish
a quantum spin liquid from a classical one. Nonetheless, hyper-
uniformity does tell us about the particular nature of the
“liquidity” of CSLs and QSLs by quantifying the large-length-
scale density fluctuations. The disordered hyperuniformity of
CSLs and QSLs originates from the satisfaction of an underlying
dimer constraint that results in fluctuations concentrated near
the surface of an observation window, with the local number
variance scaling linearly with R at large R (see the intuitive
argument in Section 1 for details), in sharp distinction to a
simple paramagnet. Hence, even though the trivial disordered
and QSL phases both lack any local spatial order, they can
be distinguished based on the unique fingerprints of each
phase in the framework of hyperuniformity. Thus, our results
suggest that one can first perform single-site measurements in
experiments and then employ structural analysis that leverages
metrics based on the framework of hyperuniformity to identify
potential QSL candidates from these measurements, which is
often a challenging task. After this initial identification, more
advanced and computationally demanding quantum numerics
can be employed to confirm the existence of a true QSL phase.

Our finding presents the Z; quantum spin liquid as an example
of hyperuniformity in a strongly interacting, highly entangled

https://doi.org/10.1073/pnas.2416111122

quantum system. The fact that we observe hyperuniformity
in multiple lattice realizations of Z, spin liquids suggests that
hyperuniformity may be a generic feature of such QSLs, likely
originating from the fundamentally constrained character of
close-packed dimer configurations (which, in turn, is intimately
related to the emergent large-scale entanglement structure of
these systems). However, the small-£ scaling exponent a differs
for dimers on the kagome and triangular lattices, which is
the result of the different microscopic dimer constraints. For
example, in the kagome lattice, all the first-, second-, and third-
nearest-neighboring pairs of dimers are forbidden by the dimer
constraint, whereas, for the triangular lattice, certain third-
neighbor pairs of dimers are permitted. The dependence of a
on the lattice structure as well as the theoretical determination
of its exact value in the infinite-system limit for perfect dimer
coverings on other lattices (generalizing the analysis presented in
SI Appendix) will be the subject of our future investigation.

It would also be interesting to extend our work to other
QSLs [such as, e.g., RVB states constructed from trimer—
rather than dimer—coverings (108, 109)], which may have
different invariant gauge groups but are still fundamentally
characterized by long-range quantum entanglement. We expect
to see hyperuniformity in other QSLs where some form of local
regularity is present that leads to fluctuations concentrated near
the surface of an observation window for a large window. For
example, in spin ice (110), according to the “ice rule” or the
“2-in, 2-out rule,” in each tetrahedron, two spins must point
inward and two spins must point outward, and we expect the
spatial distribution of “in” (or “out”) spins to be hyperuniform.
However, the implications of the exact form of local regularity
for the hyperuniformity property of the associated spin liquids
remain an open question that merits further exploration. It is
noteworthy that our prediction of hyperuniformity also applies
to quantum materials, such as NaYbSe;, which was proposed
as a candidate for a Z QSL (111). Moreover, a proximate spin
liquid state was detected in KYbSe; using entanglement witnesses
such as one tangle, two tangle, and quantum Fisher information
(112). However, this proximate state has recently been shown
to possess long-range 120° magnetic order (111), so we expect
it to be stealthy hyperuniform, unlike the effective nonstealthy
hyperuniformity of the QSLs studied in this work.

4. Materials and Methods

4.1. Generation of Classical Dimer Coverings. We devise a simulated
annealing algorithm to obtain classical dimer coverings on the kagome and
triangular lattices at various filling fractions f. Due to the singular nature of
the hard-core exclusion potential between dimers, which makes it difficult to
be directly incorporated into a conventional simulated annealing algorithm,
we instead use the number of dimer pairs that violate the Rydberg blockade
constraintasafictitiousenergy £. Foragivenfilling fraction f, we start by randomly
assigning fN bonds to be occupied by dimers and all the others unoccupied,
where Nis the total number of bonds on the kagome lattice, or equivalently, the
total number of lattices sites on the ruby lattice. Due to this random assignment,
there are initially multiple violations of the hard-core exclusion between dimers.
To resolve these violations (which is a nontrivial task, especially for f ~ 1/4
and large N), at each time step, we randomly select an occupied edge with at
least one of its nearest neighbors not occupied, move the dimer to one of its
unoccupied neighboring edge, and accept the trial state swap according to the
probability

Pacc(0ld — new) = min {1, exp (—M)} . (3]
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Fig. 6. A configuration of N = 2,400 atoms satisfying the dimer constraint
(see SI Appendix, Fig. S5 for a visualization of just the dimers), as generated
by our simulated annealing algorithm. As before, light (dark) green circles
represent an atom in the |r) (|g)) state.

Here, T is the fictitious temperature of the system that is initially set high
and gradually decreased according to a cooling schedule (113, 114), and Enew
and E,q are the fictitious energy associated with the configuration after and
before the trial move, respectively. Note that in the kagome lattice, each edge
shares a common vertex with 6 other edges, while in the triangular lattice each
edge shares a common vertex with 10 other edges. We stop the simulation
when we obtain a configuration with £ = 0, i.e., no violations of the Rydberg
blockade are found. A representative example of a configuration of N = 2,400
atoms generated using this algorithm is shown in Fig. 6. We emphasize here
that the hard-core exclusion constraint at f = 1/4 is fully satisfied in this
configuration, which is nontrivial to achieve for this relatively large system size.
Using thisalgorithm, we are able to efficiently generate classical dimer coverings
on the kagome lattice that fully satisfy the hard-core exclusion constraint for
filling fractions up to the maximum f = 1/4 and for system sizes as large as
N = 9,600.

4.2. Quantum Numerics. We study the Hamiltonian Eq. 2, describing an
interacting system of Rydberg atoms on the ruby lattice, using DMRG, which
is a tensor-network algorithm that provides an optimized matrix product state
representation of a target wavefunction. The DMRG calculations were preformed
using the ITensor library (115). Throughout our computations, we maintain a
truncation error of <10~/ by adaptively increasing the bond dimension as
required, up to bond dimension y = 1,600. Employing cylindrical (periodic
along the vertical direction and open along the horizontal) boundary conditions,
we explore the possible ground states for a broad range of A/Q. For small
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