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ARTICLE INFO ABSTRACT
Keywords: Phase mixing and separation phenomena abound in the formation of natural and synthetic material systems,
Hyperuniformity including alloys, composites, granular media, geological media, complex fluids, and biological media. While
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characterizing phase mixing is critical to understanding material microstructure formation and physical
properties, previous metrics that measure the degree of mixing in condensed phases often rely on empirical
observation, are applicable only to certain microstructures, and/or fail to detect nontrivial changes in mixing
with respect to length scale. To overcome these shortcomings, we introduce and study a mixing metric that
is applicable to a broad spectrum of complex microstructures and leverages the hyperuniformity concept to
provide a unifying framework to rank and classify mixing in materials across both length and time scales.
Specifically, we employ the local phase volume-fraction/field-intensity variance 0'12/ r(RD associated with a
spherical sampling window of radius R at time s as our metric. We demonstrate that o7 / #(R,1) provides a
sensitive measure of mixing across both length and time scales of a structurally diverse set of real and simulated
material microstructures: exotic disordered multihyperuniform avian retina photoreceptor cell patterns, time-
evolving spinodal decomposition patterns, and a model material mixed via the baker’s transformation. We also
describe how this metric can be used to guide future work on fabricating materials whose bulk properties can
be controlled by tuning their mixing characteristics across length and time scales.

1. Introduction model ordered-checkerboard composite microstructure [5] in Fig. 1(a),
a phase-separated microstructure in Fig. 1(b), and a portion of the
cosmic microwave background intensity [29], a well-known random
scalar field, in Fig. 1(c).

To overcome these challenges, we propose a new mixing met-

Spatial patterns are ubiquitous in materials science, where funda-
mental building blocks like atoms, molecules, nanoparticles, macro-
molecules, and grains form intricate structures in natural and synthetic
situations [1-13] whose characteristic length and time scales range
from nano- to macro-scale. A critically important characteristic of a
broad spectrum of such spatial patterns is how well spatially mixed (or
blended), alloyed, or homogeneous they are. A capacity to systemati-

ric 012, / F(R,1), which measures local fluctuations in a system’s phase
volume-fraction/concentration field-intensity associated with a spheri-
cal sampling window of radius R at time ¢ (see Section 2 for specific

cally rank, compare, and contrast these material structures according to
their degree of mixing across length and time scales can help elucidate
the physical forces driving their formation and time evolution [3,4,
11,14-17] as well as their effective physical properties [5-7,18-25].
However, the tremendous diversity of geometrical structures spanning
the order—disorder spectrum exhibited by these spatial patterns [4,
5,13,26-28] at both different length and time scales presents great
challenges to achieve such a mixture classification scheme. Fig. 1 pro-
vides illustrative examples of such diverse microstructures, including a

details) — generalizing previous work using the quantities 05 (R) [30-
33] and af_(R) [34,35] for characterizing time-independent microstruc-
tures. To get a sense of the diversity of microstructures that our
mixing metric can characterize, we show in Fig. 1 three different
two-dimensional images (ordered two-phase medium, phase-separated
system, and a random scalar field) and corresponding sampling win-
dows of radius R for the local variance. By measuring the degree of
mixing via compositional fluctuations, a unifying property of all spatial
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scale of segregation" metric S only provides an estimate of phase aggregate size [1], a relatively short-range property.
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Fig. 1. Sampling windows of radius R for the local variance (yellow shaded circles) for three different two-dimensional systems that represent the diversity of spatial patterns
with distinct phase mixing and separation characteristics: (a) an ordered checkerboard composite microstructure, (b) a phase-separated microstructure, and (c) a portion of the
cosmic microwave background intensity [43], which is a prototypical example of a random scalar field. In (a) and (b), the two discrete phases are colored in red and blue. In
(c), blue and red correspond to regions of low and high temperature, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)
Source: This figure is adapted from Ref. [40].

patterns, across space and time, our mixing metric can be applied
to a wide-variety of complex microstructures — setting it apart from
existing mixing metrics which are typically limited to time-dependent
and time-independent microstructures that consist of discrete parti-
cles [19,36-38]. While well-known mixing metrics like Danckwerts’
“intensity of segregation metric” I [1] or Lacey’s “mixing index”
M [39] are applicable to more general time-dependent and time-
independent spatial patterns, they only measure mixing at individual
points in the system. As such, these previously proposed metrics are
insensitive to important length scale-dependent variations in mixing
behavior.!

In contrast, our metric crlz, #(R.1) explicitly incorporates non-trivial
[40] information about mixing related to spatial correlations via the
sampling window radius R. We note that while the mixing metrics
based on the Rényi statistical entropy introduced in Refs. [41,42] are
functions of both length and time and certainly improvements over
the metrics I and M, they have difficulty distinguishing mixing in
microstructures at large-length scales. Additionally, the rankings of
mixing in systems by such metrics are input parameter-dependent. Our
metric, on the other hand, does not require input parameters and is
sensitive to variations in mixing across all length and time scales (see
Section 2.2 for details).

The importance of characterizing disordered spatial patterns at
various length scales has become increasingly apparent in recent years
with the analysis of the local variance 62(R) associated with a spherical
window of radius R and the discovery of exotic disordered hyper-
uniform point patterns [44]. The hyperuniformity concept was then
subsequently generalized to treat two-phase heterogeneous media [33]
as well as scalar and vector fields [34]. In all cases, disordered hyper-
uniform materials possess a hidden form of long-range order in which
the material is globally uniform, despite not being crystalline [40].
Since they are characterized by an anomalous suppression of density or
volume-fraction fluctuations relative to garden-variety disordered non-
hyperuniform materials [33,40,44], disordered hyperuniform materials
are receiving considerable attention [16,45-66].

As a state of matter that lies between a crystal and a typical
liquid, disordered hyperuniform materials can be endowed with novel
directionally independent physical properties that are robust with re-
spect to defects [40]. Examples of such materials include avian retina
photoreceptor patterns [46], photonic and phononic band gap ma-
terials [67-71], multifunctional materials [23,72-75], special optical
and lasing materials [76-81], certain medium entropy alloys [61],
transparent materials [23,48,50,73,74,82-84], materials endowed with
optimal transport [85,86] and mechanical properties [87], as well as

conductive disordered two-dimensional materials [60,88]. The reader is
referred to Refs. [40,75] for comprehensive reviews on hyperuniformity
and hyperuniform materials.

Hyperuniformity provides a unifying framework for classifying ma-
terials according to their anomalous suppression of density fluctuations
at large length scales. Such long-range density fluctuations in a material
can be measured via the time-independent local volume-fraction/scalar
field-intensity variance a%, / r(R) associated with a spherical sampling
window of radius R (depicted schematically in Fig. 1) in the large-
R asymptotic limit [30,33,34,40]. Naturally, this long-distance regime
of ¢2(R) is central to the hyperuniformity concept (see Section 2.2
for specific details). In our recent work [28], we further extended
the utility of o2 (R) as a microstructural probe by demonstrating its
utility as a robust metric of order/disorder at any length scale R in
heterogeneous materials. We specifically found that greater disorder
(order) across a length scale R results in a (larger) smaller value of
62 (R).

In this work, we extend the local volume-fraction/field-intensity
variance 0'12/ / p(B) to also include time dependence, i.e., 0'12/ / (R, thus
providing a unified and rigorous means to systematically rank and
classify phase mixing and separation across length R and time ¢ scales
in spatial patterns consisting of discrete phases or concentration fields.
Additionally, we define a 3 x 3 “mixing matrix” M in which the entries
are values of 612, p(R.1) evaluated at all 9 combinations of system-
specific, selected small-, intermediate-, and large-length (i.e., Ry /,)
and time (i.e., Ji /,) scales (see Sections 4 and 5 for additional details).
We show how the matrix M can be used to quantitatively extract over-
all mixing trends across both length and time scales as a supplement to
the detailed information contained in 612, / p(R.1). To demonstrate the
utility of the mixing metric ‘712/ rRD and matrix M, we test them
on a diverse set of real and simulated material microstructures with
distinct phase geometries with varying degrees of order/disorder. We
also discuss ways that 012, / FRD and M can be used in combination to
guide the inverse design of materials with desirable effective physical
properties by tuning their mixing characteristics across both length and
time scales. While our focus in this paper is on the quantification of
mixing in materials, we note that our metric is readily applied to spatial
patterns arising in other fields including physics [89], biology [90],
ecology [91], and mathematics [92].

As a first test of our metric, we examine the mixing characteristics
of experimentally obtained time-independent avian retina photorecep-
tor patterns consisting of five different types of cone cells [26,46].
We specifically quantify mixing in this system via the metric 6;2/ (R)
and demonstrate how disordered hyperuniform mixtures can exhibit a
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greater degree of mixing than disordered nonhyperuniform ones above
certain length scales (see Section 5.1 for more information). The metric
also shows how the mixing in this system is destroyed by certain
random perturbations.

As a second test our metric, we bring in the additional complexity of
time by examining the well-known time-evolving spinodal decomposi-
tion pattern, which we simulate via the Cahn-Hilliard equation [93,94].
This system is a natural example to explore the time-dependent tran-
sition of a nonhyperuniform mixture to a hyperuniform one [35,95],
which we study using the metric ai( R,1). We find that this transition
is characterized by a gradual increase in mixing at large length scales
over time until the system attains hyperuniformity (see Section 5.2
for details). Our metric also reveals the existence of a structurally
distinct, transient hyperuniform state at intermediate-times prior to
the emergence of the so-called “scaling regime” pattern which is also
hyperuniform [35].

As a final test of the sensitivity of our mixing metric, we devise a
new two-phase model microstructure that undergoes an order—disorder
transition by repeated application of the baker’s map. Originally a
purely mathematical transformation [96], the baker’s map has been ap-
plied in simulated and experimental systems by the fluids and polymers
communities [21,22,97-100]. In short, our two-phase model mixture
evolves over time from a hyperuniform and phase-separated state to a
disordered, isotropic and nonhyperuniform mixed one (see Section 5.3
for specific details). We examine the length- and time-dependent mix-
ing behaviors of this system using our metric and the mixing matrix
M, which reveal that the dynamical destruction of hyperuniformity
in this system is characterized by a sequential erosion of order over
increasingly smaller length scales until the system cannot be mixed any
further. Through theory and simulation, we show that such “mixing
invariant” structures occur after a “characteristic mixing time” r,,
that grows logarithimically with the system size (see Section 5.4 for
details). We supplement our analysis of this disorder-order transition
with the first determination of the spectral density (i.e., scattering)
data for a heterogeneous microstructure evolving under the baker’s
transformation.

In Section 2, we provide basic definitions and key background
material. Section 3 describes the microstructures that we examine.
The mixing matrix M is introduced in Section 4. The main results of
the paper are presented in Section 5. Conclusions and future research
directions are discussed in Section 6.

2. Definitions and background

In this section, we introduce key concepts and definitions used
to describe multi-phase microstructures and scalar fields; including
correlation functions, and the classification of hyperuniform and non-
hyperuniform materials.

2.1. Correlation functions

The microstructure of a multi-phase material with P phases in d-
dimensional Euclidean space R? at time ¢ is uniquely determined by the
indicator functions 7)(x, t) for the individual discrete phases which are
defined as

) 1, x in phase i at time ¢
I10(x,1) = P ) ' , m
0, x otherwise
where i = 1,...,P and x is a position vector [5,101]. The n-point

correlation function S,(,i) for phase i is defined as [5]

n
SOX, Xy, ..., X, 1) = <Hl(i)(xj,t)> 2
=1

where the angular brackets denote an ensemble average. The quantity
S,(,')(xl,xz, ....X,,1) can be interpreted as the probability of finding the
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ends of all vectors x,...,x, in phase i at time 7. Using the expression
(2), we can write the one-point correlation function as [5]

SV = (19x.1) 3)

which is equal to the volume fraction of phase i at time ¢, ¢;(r).
Similarly, the two-point correlation function is written as

SV %0, 1) = (TOx,, DIV (x,,1)). 4

For statistically homogeneous multi-phase materials in which there
are no preferred centers, this quantity only depends on the relative
displacement vector r = x, — x; and thus S;’)(x,,xz,t) = Sé')(r,t) [5].
Then, the time-dependent autocovariance function is given by [5]

2, (0,0 = 8901 = ). (5)

For statistically isotropic materials, the autocovariance function de-
pends only on the magnitude r = |r| of the displacement vector.
We define the time-dependent spectral density 7, (k,t) as the Fourier
transform of %, (r.,1) at wavevector Kk, i.e.,

— / 1, (e dr. (6)
Rd

One can measure the spectral density, which is a non-negative real-
valued function of k, directly in the laboratory via elastic scattering
experiments [102].

In what follows, we show that the time-dependent local volume-
fraction variance o2 (R, ?) (i.e., the mixing metric for multi-phase mate-
rials) can be expressed by the following equivalent real- and Fourier-
space integrals, which notationally are trivial extensions of the time-
independent counterparts [30,33,34]:

1
m /]Rd ;(V(r,t)az(r;R)dr

B W /Rd 7, (&, Dy (k; R)dk. -
1

In these expressions, a,(r; R) is the scaled intersection volume of two
spherical windows of radius R separated by a distance r (know analyti-
cally in any dimension [103]), v, (R) is the observation window volume,
and a(k; R) is the Fourier transform of a,(r; R) which is given exactly
by the expression [34]

2
o2 (R.1)

[J4/2(kR)J?
kd
where I'(x) is the Gamma function. We use spherical observation
windows in this paper, so the d-dimensional window volume is v(R) =
#42R4/I'(d/2+1). We also note that o> (R =0,1) = §;(1)(1 - ¢;(1) [30],
which sets an upper bound on the metric for multi-phase materials,

ie., ai(R, ) < ;O — ¢;(t)) for all R and 1.

For scalar fields, we replace the time-dependent phase indicator
function 7 (x, t) with the analogous real valued field-intensity function
F(x,t) in RY [34]. The scalar field F(x,#) could represent a time-
varying concentration field [35] and can be interpreted as a multi-
phase microstructure in which there is an infinite number of phases.
The autocovariance function for F(x,?) is [34]

a(k; R) =2792rd/2 + 1) , (8)

w(r,t) = ([F(x, 1) = (F(xp, D) I[F (X, 1) = (F(x,1))]). 9

The corresponding non-negative and real-valued field spectral density
is obtained via the Fourier transform [34]

k1) = / ) w(r, De*Tdr. (10)
R

Expressions for the time-dependent local field-intensity variance
ai(R, t) (i.e., the mixing metric for scalar fields) are similar to those
[cf. Eq. (7)] used for alz/(R, 1) [34]:

1
ai(R,z) = m/w w(r, Day(r; R)dr
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=;ﬁéﬂgéﬁ“ﬁ%WMﬂ. an
1

Lastly, note that o>(R = 0. = (F(x,n)(1 = (F(x,n)) [34], which
sets an upper bound on the metric for scalar fields, i.e., Ui(R’ 1 <
(F(x,1))(1 — (F(x,1))) for all R and 1.

2.2. Classification of hyperuniform and nonhyperuniform materials
We will assume statistically homogeneous multi-phase microstruc-

tures and fields in d-dimensional space at time ¢ whose spectral densi-
ties exhibit the following respective power-law forms:

7, (1) ~ BO)|k|?, (12)
and
Wk, 1) ~ C(Ok|®, a3)

where the exponent «(¢) and coefficients B(r) and C(¢) are now generally
dependent on time. The hyperuniformity of time-varying multi-phase
systems is defined by the following infinite-wavelength condition on
the spectral density [33,34]:

‘%1‘1110 7,01 =0. 14)
The analogous condition for time-varying hyperuniform scalar fields is
given by the following limit of the field spectral density [34]:

Jim (k1) = 0. (15)

Equivalently, one can define hyperuniformity based on the local
volume-fraction/field-intensity ~variance 0[2/ / (R [28,33,34,40].
Specifically, a multi-phase material or concentration field is hyperuni-
form at time ¢ if the inverse of its variance grows in the large-R limit
faster than the observation window volume (i.e., R?). This behavior
contrasts that of typical disordered systems for which 612/ / p(R.1) decays
as the inverse of the spherical observation window volume.

Through the hyperuniformity concept, one can classify equilibrium
and non-equilibrium states of matter, hyperuniform or not, according
to their large-scale spatial fluctuations. For statistically homogeneous
hyperuniform systems [33,40], there are three different classes (scaling
regimes) that describe the associated large-R behaviors of 512, / (R
when the (field) spectral density goes to zero as a power-law scaling
(i.e., Egs. (12) or (13)) in the limit |k| — 0 [40]:

R-@+D), a(t)>1 (ClassI)
"Iz//F(R’ f)~4R @R a@)=1 (Class II) (16)
R-@+e®) 0 < a(t) <1 (Class III).

Classes I and III are the strongest and weakest forms of hyperunifor-
mity, respectively. Class I systems include all perfect crystals, many
quasicrystals and exotic disordered materials [40,75] and fields [35,
104]. An example of a crystalline class I hyperuniform two-phase
microstructure is shown in Fig. 1(a). Also belonging to class I are
stealthy hyperuniform systems which are defined to be those which
exhibit zero-scattering intensity for a set of wave vectors around the
origin [104], i.e., stealthy multi-phase materials have [34]

vk )=0 for 0<|k| <K, a7

and stealthy scalar fields have [34]

vk =0 for 0<|kl<K. 18)

Examples of stealthy multi-phase heterogeneous materials are periodic
packings of spheres, disordered sphere packings derived from stealthy
point patterns, as well as specially designed stealthy hyperuniform
dispersions and medium-entropy alloys [61,85,86,104]. Stealthy hype-
runiform scalar fields were first characterized in Ref. [35] and have
been observed experimentally in certain amorphous laser-speckle pat-
terns [105]. Multi-phase materials may also exhibit multihyperunifom
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order. In these systems, each phase is individually hyperuniform. This
behavior has been previously observed in real [46] and simulated [61,
106] point patterns.

Any statistically homogeneous nonhyperuniform multi-phase ma-
terial has a local variance with the following large-R scaling behav-
iors [107]:

2R+ R, a(t) =0 (typical nonhyperuniform)
oy (R0~ R-6+®)  _g < q(t) < 0

For statistically homogeneous scalar fields, the local field-intensity
variance has identical large-R scaling behaviors, i.e.,

19)
(antihyperuniform).

2(R.1) R, a(r)=0 (typical nonhyperuniform)
o L) ~
F R™@+eM) g <a(t) <0

A typical nonhyperuniform system has %,0,0,%0,7) > 0 as can be
seen via the power-laws (12) and (13), implying that B(r) = 7,0,
and C(t) = @(0,7). The spectral density of antihyperuniform sys-
tems is unbounded at the origin [107], i.e., antihyperuniform multi-
phase materials and scalar fields have limy_o 7, (k1) — +oco and
limy_o ¥(k,#) = +o0, respectively. These zero-wavevector conditions
make antihyperuniform systems diametrically opposed to hyperuniform
ones. Examples of antihyperuniform systems include systems at thermal
critical points (e.g., liquid-vapor and magnetic critical points) [108,
109], fractals [110], disordered nonfractals [111], and certain substitu-
tion tilings [112]. An example image of an antihyperuniform two-phase
microstructure is shown in Fig. 1(b).

A system is deemed “effectively hyperuniform” (i.e., hyperuniform
for all intents and purposes) depending on the magnitude of its hype-
runiformity index H, which is defined for multi-phase microstructures
and scalar fields as [113],

7,0%.10

(20)
(antihyperuniform).

Ht)s ——— 21
0= TG 3D}
and
w0+, 1)
Hlt) = ————, 22
0= 265 22)

respectively. Here, k., is the wavenumber corresponding to the
largest peak in the spectral density. The condition for effective hype-
runiformity in multi-phase systems and scalar fields is H < 1073 [35,
114]. We note that Egs. (21) and (22) are exact in the infinite-system
limit.

3. Microstructures

In this subsection, we summarize the salient details of the mi-
crostructures that we examine using the metric 612/ F(RD. While we
only examine systems in two-dimensional (2D) Euclidean space R? in
this paper, our methods are readily applied to general d-dimensional
systems.

3.1. Avian retina photoreceptor patterns

Light sampling is essential for living organisms to interact with
their surrounding environment. While the optimal sampling of light
requires ordered arrangements of photoreceptor units [115], birds,
which are known for their acute sense of vision, have disordered
photoreceptor mosaics. As it turns out, the exquisite light sampling
qualities of the avian retina are attributable to the exotic disordered
multihyperuniform arrangement of the five types of photoreceptor cells
(cones) within it [46], i.e., each cone population is individually hype-
runiform in addition to the collective arrangement of cells also being
hyperuniform. In short, multihyperuniform disorder balances the need
for uniform light sampling by each cone type with their various packing
constraints. The lack of crystallization in this system is attributed to
the geometric frustration due to size and composition disparities of



M. Skolnick and S. Torquato

the four single cone (violet, blue, green, and red) and one double
cone species [46]. Furthermore, a statistical-mechanical formulation
presented in Ref. [46] has modeled the multihyperuniform disorder
in these photoreceptor patterns as a five-component system involving
short-ranged hard-core repulsions between all cells and longer-ranged
soft-repulsive interactions between pairs of like-cells.

3.2. Spinodal decomposition patterns

The Cahn-Hilliard equation [93,94] has been used to model phase-
separation dynamics by spinodal decomposition in a multitude of natu-
ral and synthetic materials such as alloys [116], polymer blends [117],
and biological fluids [13]. Additionally, spinodal phase decomposition
has been exploited to manufacture porous materials with desirable
mechanical properties [118-121] that can be tuned by varying their
degrees of anisotropy and phase separation [122]. Here, we specifically
simulate spinodal decomposition in 2D by evolving the concentration
field ¢ = ¢(x,1) by the equation
% _v.ova, 23)
Here, D is the diffusion coefficient and y is the chemical potential
which is a function of c¢(x,7) and the free energy density f(c), and is
defined as

w=f'c)—yViec. 29

The square-root of the parameter y sets the width of the transition
regions between different phases. Following Ref. [35], we use the
double-well form f(c) = (¢> — 1)?/4 for the free energy density. At long
times, the system enters the so-called self-similar “scaling regime” in
which the average domain size will continuously follow a r'/3 power
law while the system looks statistically the same [95]. We note that Ma
and Torquato previously determined via simulations that such “scaling
regime” patterns in 2D are class I hyperuniform with exponent a« =
4 [35].

3.3. The Baker’s transformation

The baker’s transformation (or map) is a nearly century-old con-
cept from dynamical systems theory [96], that has been applied and
studied as a mixing procedure by the fluids community [97-100].
Recently, the baker’s transformation has been employed in the labora-
tory to efficiently manufacture polymer-nanoparticle composites [21]
and polymer-based dielectric materials [22] with desirable physical
properties that can be tuned by varying the number of transformation
steps. It is named after the kneading procedure applied to dough by
bakers: the dough is cut in half, the halves are stacked, compressed,
and then the process repeats. In the context of material mixing, the
“dough” is initially two stacked layers of the different materials to
be mixed. Repeated application of the baker’s transformation to the
“dough” will result in a well-mixed microstructure consisting of many
thin alternating layers of the two materials.

As an illustrative quantitative example, we can consider how an
initial two-dimensional distribution of N points in an L x L square
evolves under the baker’s transformation. A point (x, y) in the initial
configuration is labeled as species 1 (red) if 0 < y < L/2 or species 2
(blue) if L/2 < y < L. The locations of all points are transformed via
the baker’s map as [96],

(23).

(2L—2x,L—§), Lex<L

(=]

<x<

Dol

Sp(x,y) = (25)

To create a platform for examining time-dependent changes in
mixing with the metric 612/ / r(R.1), we have devised a new two-phase
model microstructure that undergoes an order—disorder transition upon
repeated application of the baker’s map. The specific implementation

details for this model are detailed in Section 5.3.
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4. The mixing matrix M

The metric 012, (R, 1) provides a numerical score of mixing quality
for any specific point in the (R-1) plane. To quantitatively extract overall
mixing trends across all length and time scales as a supplement to
the detailed information contained in 0'12, / (R, 1), we identify specific
sampling window radii Ry, R;, and R, that represent the overall mixing
quality of the system’s characteristic small-, intermediate-, and large-
length scales. Analogously, we select specific times ¢, #;,, and ¢, that
capture the overall mixing quality of the system’s characteristic short-
, intermediate-, and long-time scales. With these parameters, we can
define the following “mixing matrix”:

oy p(Routy) oy p(Rity) o p(Ry.t)
M=o} ;Ret) o} ((Rity) o} (Rp.t) (26)
oy p(Reut) oy (Rt o p(Rp.1)).

In addition to being specific sampling points, the values of R/,
and t,,;,, could also represent boundaries between regions of interest
in the (R-t) plane. In such cases, the entries of the matrix M could
be taken to be averages of the metric over those regions. In general,
the precise selection of values for these characteristic length and time
scales is application-dependent.

Specific choices for the parameters R,;, and t,,, for the mi-
crostructures considered in this paper are detailed in Sections 5.1-5.3.
Corresponding numerical results for the matrix M are presented in
these sections as well.

5. Results
5.1. Avian retina photoreceptor patterns

In this subsection, we present numerical results for the mixing met-
ric 62 (R) for the static multihyperuniform avian photoreceptor patterns
that were described in Section 3.1. We specifically examine multi-phase
microstructures made by taking two-dimensional point patterns formed
by the cell centroids that were obtained via fluorescence microscopy
methods in a published study [26], and decorating each point with a
nonoverlapping disk. In the absence of size-polydispersity information
for these systems, we set each disk radius ¢ = 0.51 micrometers, as
this value is half of the smallest inter-particle distance among all of the
configurations.” To study the sensitivity of multihyperuniform mixing
to structural perturbations, we modify the photoreceptor arrangements
in two different manners: randomly shuffling the identities (colors)
of the photoreceptor cells, and equilibrating the system via Monte
Carlo translational moves subject to the hard-disk non-overlapping con-
straint [10,123]. Representative images of the unperturbed, shuffled,
and equilibrated configurations are shown in Figs. 2(a), 2(b), and 2(c),
respectively.

To account for the lack of periodic boundaries in these experimen-
tal systems, we sample ai(R) directly from the configurations using
Monte Carlo methods. In doing so, we can explicitly avoid placing
sampling windows of any size that would overlap with a configura-
tion’s boundaries. The 14 experimentally-obtained, multihyperuniform
photoreceptor patterns consist of, on average, N ~ 4400 points (cells)
total (see Refs. [26,46] for additional details). Here, we use the disk
radius a as the characteristic length scale for these systems. From each
of the 14 multihyperuniform patterns, we generated 20 configurations
each of the perturbed shuffled and equilibrated systems.

It is seen that all individual cell types in the unperturbed configura-
tions are more well-mixed than those in the shuffled ones for sampling

2 Note that we preserve the multihyperuniformity of the underlying
point patterns by transforming them into equal-sized nonoverlapping disk
packings [34].
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Fig. 2. Zoomed images of the avian retina system with (a) the original multihyperuniform order, as well as the same system with (b) the cell identities randomly shuffled, and
(c) after equilibration using hard disk Monte Carlo moves. The red, blue, green, violet, and gray colored disks represent the red, blue, green, violet, and double photoreceptor
cells, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

window radii greater than the mean inter-particle distance (i.e., R >
5a) from the plots of the metric o2 (R) as a function of dimensionless
sampling window radius R/a in Fig. 3(a). The lower degree of mixing
of the shuffled system is attributable to its clusters of like-species
which are not observed in the unperturbed system. Note that a similar
lack of clustering of like-species has also been observed in simulated
multihyperuniform medium entropy alloys [61]. Windows smaller than
this length scale will typically contain at most one cell, which is why
the metric for the unperturbed and shuffled systems are identical for
R 5 5a. The inset plot in Fig. 3(a) highlights the class II hyperuniform
and nonhyperuniform scalings in the large-R asymptotic regimes of
the unperturbed and shuffled systems, respectively. Thus, not only are
the metrics for all cone types smaller in the multihyperuniform system
when R/a 2 5, but they decay to zero in the large-R asymptotic limit
more quickly as well.

We observe similar differences between the mixing of the collective
unperturbed and equilibrated systems in the plots of their metrics in
Fig. 3(b). Specifically, ai(R) for the hyperuniform unperturbed system
is less than that of the nonhyperuniform equilibrated system for win-
dow sizes greater than a disk diameter (i.e., R/a > 2). Note that this
deviation of the metrics begins at a smaller length scale because of
the relatively smaller average inter-particle distance in the equilibrated
configurations.

To determine the entries of the mixing matrix M, which is just a
row vector for the time-independent avian systems, we set the small-
, intermediate-, and large-length scales for the individual population
systems as R;/a =1, R;/a =10, and R;/a = 25, respectively. Those for
the collective systems are respectively set as R;/a = 1, R;/a = 5, and
R;/a = 15. Note that the values of R, and R, are selected to represent
the small-length roughly constant and large-length asymptotic decay
regions of the metric, respectively. The values of R; are set slightly after
the metrics for the unperturbed and perturbed systems start to deviate.
The mixing matrices for the individual cell populations and collective
patterns are listed row-wise in the top and bottom portions of Table 1,
respectively. Overall, the trends shown in Table 1 are reflective of those
seen in the plots of the full metric 61% (R).

5.2. Spinodal decomposition

In this subsection, we present numerical results for the mixing
metric ai(R, t) as calculated for the simulated spinodal decomposition
patterns that were described in Section 3.2. In order to probe mixing
up to large-length and long-time scales, we generate 10, 10* x 10* pixel
systems that we simulate up to 10° discrete time-steps. We use the
pixel side-length # as the characteristic length scale. To generate the
initial configurations, the value of each pixel is sampled uniformly from
the open interval (~107%,10%). Sample images of simulated spinodal

Table 1

Entries of the mixing matrix M listed row-wise for (top) the five different cone types
in the multihyperuniform (MHU) and shuffled avian retina configurations as well as
the (bottom) collective hyperuniform (HU) and equilibrated (EQ) systems.

Cone R, =a R; = 10a R, =25a

Violet (MHU) 1.17x 1073 1.80 x 1073 1.09 x 1076
Violet (Shuffle) 1.19x 1073 2.31x 107 3.79 x 107°
Blue (MHU) 1.72x 1073 2.10x 1073 1.27x 107¢
Blue (Shuffle) 1.55x 1073 3.01x 1075 4.92x 107
Green (MHU) 2.06x 1073 2.35x 1073 1.53x 107°
Green (Shuffle) 231x 1073 4.16x 1073 6.72x 107°
Red (MHU) 1.85x 1073 2.23%x 107 1.39 x 10-°
Red (Shuffle) 1.80x 1073 3.42x 1073 5.60 x 1070
Double (MHU) 4.41x1073 2.51x 107 2.24x107°
Double (Shuffle) 408 x 1073 6.36 x 107> 1.00 x 107>
System R =a R; =5a R, =15a

Collective (HU) 1.08 x 1072 435x107* 1.96 x 107>
Collective (EQ) 1.06 x 1072 7.77 % 1074 8.99 x 1075

decomposition patterns at different times are shown in Fig. 4. We
specifically compute the metric Gi(R’t) via the Fourier-space integral
(11) using spectral densities (k) that were obtained with the fast
Fourier transform algorithm. In the simulations of Eq. (23), we use
diffusion coefficient D = 0.01 and length-scale y = 0.5.

Generally, the system becomes more phase-separated across length
scales over time, as seen in the plots of the metric as a function of
dimensionless sampling window radius R/# for various dimensionless
times Dt/#? in Fig. 5(a). However, we note that the metric actually de-
creases in magnitude for window sizes greater than a pixel (i.e., R/¢ 2
1) during the first 0.1% of the total simulation time (i.e., 0 S Dt/£? §
10). The large-R asymptotic decay rate of the metric is nonhyperuni-
form (i.e., o-i(R, t) « 1/R?) during this relatively short time interval, but
it abruptly increases to class I hyperuniform (i.e., af_(R, 1) x 1/R?) once
Dt/¢? > 10. Example images of nonhyperuniform and hyperuniform
structures taken during this interval are shown in Figs. 4(a) and 4(b),
respectively. During the subsequent, three-times longer interval 10 <
Dt/¢?* < 40, it is seen that the metric decays non-monotonically for
R/¢ 2 1. We note that 02_ (R) for stealthy hyperuniform Gaussian
random fields obtained by superposition of random plane waves [124]
exhibit similar non-monotonic decay [35]. Lastly, after only 0.5% of the
total simulation time (i.e., Dt/£? ~ 50), the system enters the hyperuni-
form “scaling regime” during which the metric decays monotonically
for relatively small window sizes (i.e., R/# = 5). These hyperuniform
late-time “scaling regime” spinodal decomposition patterns are more
phase-separated than the hyperuniform intermediate-time ones, as seen
in Fig. 4(c).
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Fig. 3. Log-log plots of the mixing metric a:j (R) vs. dimensionless sampling window
radius R/a for (a) the 5 different cone species and (b) the collective system. Solid lines
in (a) and (b) correspond to the unperturbed multihyperuniform system. Dashed lines in
(a) correspond to the randomly shuffled configurations while those in (b) correspond to
the equilibrated ones. In (a), the gray, green, red, blue and violet curves correspond to
the double, green, red, blue, and violet cone types, respectively. The solid and dashed
black lines highlight the class II hyperuniform and nonhyperuniform large-R asymptotic
scalings observed in the unperturbed and perturbed systems, respectively. The red tick
marks in (a) and (b) denote our selected values of the length scales R,/ for these
systems. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

We identify the most well-mixed structures to occur when Dt/£? ~
15 via plots of the metric 62 (R,?) as a function of Dt/#? for various
window sizes R/¢ in Fig. 5(b). We note that such maximally-mixed
structures occur at a time intermediate to Dr/#%2 = 0 and the onset
of the “scaling regime” (i.e., Dt/£?> ~ 50). This maximal-mixing is
attributable to the combination of these systems’ hyperuniformity and
relative lack of phase-separation (see white-hued regions in Fig. 4(b).)
It is also seen that the metric starts to increase across all length
scales at the onset of the “scaling regime”; behavior that is consistent
with phase-coarsening. Moreover, log-log regression of the metric for
relatively large window sizes (e.g., R/¢ ~ 200), shows that ai o 1108
(R* = 0.99). This observed power-law growth will be elaborated on
further in Section 6.

To populate the entries of the mixing matrix M, we set R, /¢ =1,
R;/¢ = 10, and R;/¢ = 100 to represent the small-length roughly
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constant, intermediate-length fluctuating, and large-length asymptotic
decay regions of the metric, respectively. Similarly, we set Dt,/¢£? =
0.5, Dt;/¢*> = 15, and Dt;/¢> = 300 to represent the short-time
nonhyperuniform, intermediate-time most well-mixed, and long-time
“scaling-regime’ structures, respectively. Evaluating the metric at all 9
combinations of these length and time scales, we find that the spinodal
mixing matrix is:

798x 1072 1.26x 1073 1.24x 107
Mg =[575x10"2 839x10™ 9.42x107%]. 27)
1.58 6.14x 1072 556 % 1075

As expected, the intermediate-time entries (middle row) are the small-
est across all length scales. We also see that the bottom-left most entry
ffi(R.wt/) is the largest in Mg, reflecting the phase-separated struc-
tures that occur at long-times. However, since these “scaling regime”
patterns are hyperuniform, they are slightly more well-mixed than the
nonhyperuniform short-time structures across intermediate- and large-
length scales. Lastly, the metric decreases from R to R; for all time
scales, reflecting the fact that even largely phase-separated systems will
appear to be well-mixed when viewed from sufficiently large length
scales.

We can use ¢ (R, 1) to identify sets of structures in the simulated
R/?¢-Dt/¢? plane that are (quantitatively) equally mixed as seen by the
ai = 1.75 “equimixing” contour plotted in the heatmap representation
of the metric in Fig. 6(a). The small-window, short-time (i.e., R/¢ = 35,
Dt/¢? = 30) and the relatively large-window, long-time (i.e., R/¢ =
260, Dt/¢?> = 250) structures shown in Fig. 6(b) that were taken
from the contour appear to be qualitatively equally phase-separated.
In contrast, the small-window, long-time (i.e., R/Z = 35, Dt/£* = 250)
structure is relatively more phase-separated and thus has ai =2.12.

5.3. Baker’s transformation

We devise here a new two-phase model system that undergoes
an order—disorder transition upon repeated application of the baker’s
transformation. We use these structures to test the sensitivity of the
metric o-i (R, 1) to time-dependent changes mixing. To generate the time
t structure, we evolve an initial Poissonian (i.e., spatially uncorrelated)
point pattern by the baker’s map (25) ¢ times. These point patterns
are represented as two-phase microstructures by taking their Voronoi
tessellations under periodic boundary conditions and labeling (color-
ing) each cell according to the species of its generating point. Here,
a Voronoi cell associated with any given point is the region of space
closer to this point as measured by the Euclidean distance than to any
other points, while the Voronoi tessellation is the collection of all such
Voronoi cells [5].

Images shown in Fig. 7 show how this two-phase mixture evolves
over time through a series of ordered and anisotropic striated structures
(i.e., Figs. 7(a)-7(c)) to disordered and increasingly isotropic mixed
ones (i.e., Figs. 7(d) and 7(e)). Unlike the perfectly rectangular stri-
ations present in previous implementations of the baker’s map [98—
100], the irregular boundaries of those in our model cause it to un-
dergo the aforementioned order-disorder transition. Thus, this model
system provides a platform for examining time-dependent structural
transformations caused by mixing that we probe using the metric
o2 (R.1).

We generated structures consisting of between N = 1024 and N =
10° total particles (Voronoi cells), with species 1 and 2 being present
in nearly equal proportions. For each system size, 20 configurations
were generated, each of which was simulated for 30 discrete time-
steps (folds). Since the average cell area of these structures is (A) =
1/p [125], we use the characteristic length scale a = \/m =1/ \/E
here. We compute 0'12/ (R, 1) for these simulated two-phase systems via
the integral (7) using their spectral densities 7, (k. 7). Since each phase
in these systems is represented by a set of non-overlapping convex
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Fig. 4. Snapshots of the simulated spinodal decomposition pattern after (a) Dt/¢*> = 0.5, (b) Dt/£*> =5, and (¢) Dt/¢?> = 50 dimensionless time steps in a square observation
window with dimensionless side length R/# = 175. The dark blue and red colors correspond to regions of high-concentration of the two different solute species (phase-separated),
while white regions have equal concentrations of each species (well-mixed). (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)

polygons, we specifically compute 7, (k,) using the formulas derived
in Ref. [126] (see Ref. [127] for specific implementation details).

Generally, we observe that the system becomes more mixed across
length scales with each application of the baker’s transformation, as in-
dicated in the plots of the metric 51% (R, 1) as a function of dimensionless
window size R\/;_; for various times ¢ in Fig. 8. Specifically, for window
sizes greater than half of the average cell-size (i.e., R\/E > 0.15) the
metric decreases non-monotonically over half of the simulated time
interval shown (i.e., 0 < 7 < 6) — behavior that is attributable to the
alternating red and blue striations present in the systems at these times.
Moreover, the large-R asymptotic decay regions of the metrics for the
structures in this interval show class I hyperuniform scaling. Although
the + = 6 structure still has striations (see Fig. 7(c)), and thus its
metric decays non-monotonically, this system is not hyperuniform. This
loss of hyperuniformity can be attributed to the presence of random
substitutional defects® within the ¢ = 6 system, i.e., red (blue) cells
within a blue (red) striation.

During the second half of the simulated time interval (i.e., 7 <
t < 12), the striations disappear (see Figs. 7(d) and 7(e)), and thus
the metric decays monotonically across all length scales during this
interval. For ¢ > 7, the metric does not change appreciably with respect
to time — indicating that the system is not mixed further during this
period. Thus, we define the “characteristic mixing time” z,, to be
the time when the striations first disappear, or equivalently, the time
above which the system becomes mixing invariant. For this system with
N =210 cells, 7,, = 7. How 7,, varies with respect to system size will
be the subject of Section 5.4.

The destruction of hyperuniformity in this system is further high-
lighted in the plots of the angular-averaged spectral density 7, (k,t) as
a function of dimensionless wavenumber k/4/p in Fig. 9. Computing
the hyperuniformity index H(r) [cf. Eq. (21)] from these data, we
specifically find that H(f) ~ 10~* over the first half of the simulation
interval (i.e.,, 0 < ¢ < 6), while 1 < H(r) < 1072 for the second half
(ie., t > 6). We also note that the Bragg peaks present in 7, (k1)
over 75% of the simulated time interval (i.e., 0 < r < 8) reflect the
increasingly thinner striations in the systems during this period. Lastly,
the directional-dependence of the Bragg peak locations seen in the inset
plot of the 2D spectral density 7,k t=2) quantitatively captures the
structural anisotropy of the striated structures.

To fill the entries of the mixing matrix M, we set the length scales
R,/¢ =1, R;/¢ =10, and R,/¢ = 100 using the same criteria as for the

3 Note that in Ref. [128], it was shown via theory and simulation that
the hyperuniformity of crystalline point patterns is degraded/destroyed by
substitutional defects.

spinodal system. We set 1, = 0 to represent the most phase-separated
structure, while 7, = 10 is chosen to represent the long-time mixing
invariant structures. We set #; = 6 since it is the last striated structure.
We find that the mixing matrix for the baker’s system is:

250x 1071 247x 107" 2.05%x 107!
Mp=1223%x10"1 945x 1072 1.00x 107*]. (28)
208x 107" 6.12x 1072 255x 1074

Interestingly, we see from My that the final-striated structure (middle
row) is slightly more well-mixed than the mixing invariant one (bottom
row) for R,;. Thus, while the disorder of the long-time systems makes
them more well-mixed at small- and intermediate-length scales, the
relatively more-ordered last striated structure is more well-mixed at
large-length scales.

5.4. Characteristic mixing times for the Baker’s transformation

In this subsection, we use simple geometrical arguments to derive an
equation for the characteristic mixing time as a function of system size
N, i.e., 7);(N). We support these analytical predictions by numerically
estimating 7,,(N) from simulated systems using our metric.

To begin, the N-particle Poisson point patterns used to generate the
two-phase baker’s systems have fixed simulation box side lengths L =
\/N_/p. While the striation thickness in the two-phase systems varies
along the horizontal direction due to the irregularity of the Voronoi
cells’ shapes, sizes and positions, the average thickness as a function of
time /(r) may be approximated as

L __ VN

= o1 = 21+l\/;' (29)
Since the distribution of points within each striation remains Poissonian
for all times, the average Voronoi cell size within a striation is time-
independent, i.e., a(t) =a =1/ \/E Note that the boundary irregularities
always cause red (blue) cells to penetrate the edges of the blue (red)
striations. Thus, we hypothesize that the presence of such substitutional
defects will cause the striations to disappear when their thickness is
equal to the average cell size. Solving I/(r,) = a for the characteristic
mixing time 7, results in the equation

InN
2In2
From Eq. (30), we see that 7,, grows logarithmically in N. In
order to make predictions about r,, for simulated systems, which
are only defined at integer values of time ¢, we consider Eq. (30)
rounded up and down to the nearest integer via the ceiling [x] and
floor |x]| functions, respectively. We test the accuracy of Eq. (30) by

1)

y(N) =

1. (30)
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Fig. 5. Log-log plots of the mixing metric af(R, t) as a function of (a) dimensionless
distance R/¢ for various dimensionless times Dt/#? and (b) Dt/¢? for various values
of R/¢. In (a), the solid and dashed black lines highlight the observed hyperuniform
and nonhyperuniform large-R asymptotic scaling behaviors of the metric, respectively.
While we simulated up to dimensionless time Dt/#?> = 10%, only the first 1% of this
interval is shown in (a) since the most appreciable changes in the metric occur here. In
(b), the solid black line highlights the observed power-law growth of the metric in the
long-time asymptotic limit. The red tick marks in (a) and (b) denote our selected values
of length R, and time #,,, scales, respectively. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

determining it numerically from simulated systems using our mixing
metric. We specifically estimate 7,, to be the time at which 62 (R,?)
becomes monotonically decreasing, as this behavior correlates with the
disappearance of striations and can be determined numerically by the
condition

2
(30'V (R,1)

IR <e VR. (31
1=Tpr
Here, we set the numerical tolerance ¢ = 107,
It is seen that |7,,(N)]|, as predicted theoretically by relation (30),
correlates almost exactly with the numerical estimates of z,, shown in
the plots of 7,,(N), [73/(N)] and |r),(N)] in Fig. 10. The one exception

to this trend occurs when N = 6 x 10%, for which 7,,(N) ~ 6.94 and we
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Fig. 6. Images of (a) a heatmap representing values of af(R,t) as a function of
dimensionless time Dt/¢?> and distance R/#, and (b) sample images of the spinodal
decomposition pattern at lengths and times corresponding the scatter plot points in
(a). The dashed yellow line in (a) encompasses all simulated structures with oz =1.75.
The large, outer configuration in (b) corresponds to the blue X’ in (a); the small,
superimposed configuration in the yellow box in (b) corresponds to the yellow box in
(a); the small portion of the large configuration in the green box in (b) corresponds
to the green circle in (a). Note that in (b), although R corresponds to the circular
sampling window radius, we have chosen to show square snapshots with side lengths
equal to 2R to facilitate viewing. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

observe that 7,, = 7. By definition, /(|7,,(N)|) and I([z,,(N)]) should
be slightly larger and smaller than the average cell size a, respectively.
Thus, the fact that |r),(N)| provides the most accurate predictions for
), suggests that /(r) as given by Eq. (29) is a slight overestimation of
the true striation thickness. Exact agreement between Eq. (30) and the
measured 7,, is seen for system sizes N = 219,212 214 and 2'6. This
result is consistent with the fact that Eq. (30) takes on integer values
for N = 22" where n € Z.

Lastly, we note that for general systems in dimension d > 2
consisting of P > 2 distinct layered phases, the formula for z,,(N)
becomes
In N
dlnP
For these systems, 7,,(N; P, d) will have integer values for system sizes
of the form N = P?". Furthermore, taking the thermodynamic limit of
Eq. (32), in which N, L — oo while p is constant, results in a divergent

7y (N; P, d) = (32)
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Fig. 7. Images of an (a) initially phase-separated two-phase material microstructure (+ = 0), the same microstructure after (b) 5 (r=15), (¢) 6 (t=6), (d) 7 (+=7), and (e) (+ = 8)
applications of the baker’s transformation. The zoomed-in snapshots shown in (a)-(e) are taken from systems consisting of N = 2'® Voronoi cells.
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sampling window radius R\/E for the baker’s transformation system at times ¢ =
0,1,...,12. This range of times was selected because the metric does not change
appreciably across length scales for times ¢ > 8. The inset plot highlights the large-R
asymptotic hyperuniform (solid black) and nonhyperuniform (dashed black) scalings of
the mixing metric observed here. The red tick marks on the horizontal axis denote our
selected values of the length scales R/,
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Fig. 9. Log-log plots of the angular-averaged spectral density 7, (k) vs dimensionless
wavenumber k/ \/E for the baker’s transformation system at times t = 0,1,...,12. The
inset plot is of the full two-dimensional spectral density of the system at 7 = 2.
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Fig. 10. Plots of the characteristic mixing time r,, as a function of the number of cells
(particles) in the system N. The solid red line is the theoretical prediction of 7,,(N)
given by Eq. (30), while the dashed and dotted blue lines correspond to [z,,(N)] and
| 7p(N)], respectively. The red scatter plot points are values of r,, that were obtained
numerically from the simulated systems using the inequality (31). Note the excellent
prediction of Eq. (30) as compared to numerics. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

characteristic mixing time. Thus, in this limit, the striations will never
disappear because their thickness /(f) —» oo V¢ while the cell-size a
remains finite.

6. Conclusions

In summary, we have demonstrated that the mixing metric
0'12/ / p(RD) and matrix M are sensitive quantitative measures of mixing
for three representative complex model microstructures across both
length and time scales. Through application of ai (R) and M to the
avian system, we observed that the simultaneous hyperuniformity of
the individual phases in multihyperuniform microstructures makes
them overall more well-mixed across nearly all length scales than those
in nonhyperuniform multi-phase systems. Moreover, such superior
mixing is coincident with an observed lack of clustering of like-phases
in multihyperuniform systems. Additionally, the metrics o-f_ (R,t) and M
identified previously uncharacterized intermediate-time hyperuniform
spinodal decomposition patterns that are more well-mixed across virtu-
ally all length scales than the short-time nonhyperuniform and late-time
hyperuniform “scaling regime” ones. The high-degree of mixing in
these structures is attributable to their hyperuniformity and overall lack
of phase separation. We also observed that the metric grows linearly in
time for large window sizes R > R; during the “scaling regime”. Lastly,
application of ¢?(R,f) and M to the new two-phase model system
revealed that the presence of any disorder in a finite-sized system
undergoing the baker’s transformation can cause it to not be mixed
further after a finite “characteristic mixing time”. Since experimental
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systems are finite-sized and will inevitably possess some disorder, this
behavior could be an important consideration when using the baker’s
transformation to manufacture materials.

We note that the superior mixing of multihyperuniform systems
makes them potentially desirable for applications in which spatially
uniform distributions of all phases across all length scales correlates
with desirable physical properties. One such example being certain
computationally designed stealthy multihyperuniform medium-entropy
alloys, which were shown to have larger electronic band gaps and
superior thermal transport properties than those observed in nonhy-
peruniform model alloys [61]. Interestingly, the non-monotonic decay
of the metric for intermediate-time hyperuniform spinodal structures
is typically observed in ordered and disordered stealthy hyperuniform
two-phase microstructures [28] and scalar fields [35]. Thus, future
work might consider leveraging spinodal decomposition phenomena
to create stealthy hyperuniform materials, which are known to exhibit
exotic physical properties [67-70,83,129]. Future research could also
examine the origins of the power-law growth of the metric for large
window sizes during the “scaling regime". In addition to examining
multi-phase generalizations of the two-phase model baker’s transfor-
mation system in 2D and 3D, it would be interesting to study how the
mixing behaviors of this system change as the underlying point pattern
becomes increasingly correlated. Such explorations could determine if
hyperuniform point patterns produce hyperuniform mixing invariant
structures, and thus possibly guide the fabrication of hyperuniform
materials.

Beyond the multi-phase and scalar field microstructures examined
here, one could generalize our metric to characterize mixing in vector
fields. Such a metric would quantify fluctuations in local orientational
homogeneity and could be applied to, for example, the director fields
of liquid crystalline materials [95], or the “spin microemulsions” that
were recently observed in certain simulated Bose-Einstein conden-
sates [130]. Since 012, F(R, t) can be computed directly from scattering
data, it could be used to quantify mixing in 3D systems whose internal
microstructures cannot be resolved using microscopy techniques, such
as medium- and high-entropy alloys [11]. We note that in Ref. [131],
ai(R) was computed from small angle X-ray scattering data for certain
porous silicas, aerogels, and semicrystalline polyethylene.

Another potentially fruitful area of future research is applying our
mixing metric to the inverse problem of designing a material whose
bulk physical properties are tuned via specific length-dependent mixing
properties. Specifically, one could devise a realizable 012, /F(R) with
prescribed small-, intermediate-, and large-length scale mixing quali-
ties, and then generate the corresponding microstructure using inverse
methods described in Refs. [86,132]. One could also use our mixing
metric to design materials with novel bulk properties by tuning the
mixing characteristics of the microstructures in both space and time.
While the computational cost of devising and constraining a realizable
oi(R, t) for this problem would be prohibitively high, one could reduce
this cost by only targeting the 9 entries of the mixing matrix M. From
here, a numerical optimization algorithm could be used to determine
the specific free energy density f(c) that satisfies the prescribed mixing
matrix. Finally, the metric ai(R, t) could be used to the characterize
mixing behaviors in this designed microstructure across both length and
time scales.
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