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ABSTRACT

The knowledge of exact analytical functional forms for the pair correlation function g, () and its corresponding structure factor S(k) of
disordered many-particle systems is limited. For fundamental and practical reasons, it is highly desirable to add to the existing database of
analytical functional forms for such pair statistics. Here, we design a plethora of such pair functions in direct and Fourier spaces across the
first three Euclidean space dimensions that are realizable by diverse many-particle systems with varying degrees of correlated disorder across
length scales, spanning a wide spectrum of hyperuniform, typical nonhyperuniform, and antihyperuniform ones. This is accomplished by
utilizing an efficient inverse algorithm that determines equilibrium states with up to pair interactions at positive temperatures that precisely
match targeted forms for both g, () and S(k). Among other results, we realize an example with the strongest hyperuniform property among
known positive-temperature equilibrium states, critical-point systems (implying unusual 1D systems with phase transitions) that are not
in the Ising universality class, systems that attain self-similar pair statistics under Fourier transformation, and an experimentally feasible
polymer model. We show that our pair functions enable one to achieve many-particle systems with a wide range of translational order and
self-diffusion coefficients D, which are inversely related to one another. One can design other realizable pair statistics via linear combinations
of our functions or by applying our inverse procedure to other desirable functional forms. Our approach facilitates the inverse design of
materials with desirable physical and chemical properties by tuning their pair statistics.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0189769

Z¥:20'G) v20z Menuer g

. INTRODUCTION

The determination of equilibrium and nonequilibrium proper-
ties of disordered many-particle systems in d-dimensional Euclidean
space R based on structural information contained in correlation
functions is of fundamental and practical importance in statistical
and condensed-matter physics, chemistry, mathematics, biological
sciences, and materials engineering.' ® The pair correlation func-
tion g,(r) and the corresponding structure factor S(k) are widely
used structural functions due to their computational simplicity and
experimental accessibility through diffraction measurements. They
enable one to determine key equilibrium bulk properties, such as
the pressure, the isothermal compressibility,"” and the two-body
excess entropy.” Moreover, pair statistics are crucial inputs for the
determination of transport properties of many-particle systems,

including Enskog theories for the self-diffusion coefficient'’ ' and
the shear and bulk viscosities,'” as well as the effective temper-
atures of structural glasses'* and the time-dependent diffusion
spreadability.'”

Despite the importance of such pair functions in direct and
Fourier spaces [i.e., g,(r) and S(k), respectively], there are only
a relatively small number of disordered many-particle systems for
which we know exact analytical pair functions over their entire para-
meter regime. These include determinantal point processes across
space dimensions,"”'**" equilibrium one-dimensional (1D) hard
rods,”” “ghost” random sequential addition (RSA) process across
dimensions,”” and 2D and 3D unit-step function g, (r) at all densi-
ties up to the “terminal packing fraction” 1/2¢.** Given our current
limited knowledge of analytical pair functions, it is highly desir-
able to expand the existing database of radial functional forms of
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g,(r) and S(k) that can be achieved by statistically homogeneous
and isotropic disordered many-particle systems, where r = |r| and
k = |k|. Substantially increasing such a database would enable one
to probe the space of equilibrium and nonequilibrium properties
analytically in comprehensive ways not heretofore possible. Fur-
thermore, adding to such a database would facilitate the inverse
design of materials with desirable mechanical, optical, and chemical
properties, which could be further accelerated by machine learning
techniques.”

A hypothesized functional form for the pair correlation func-
tion g,(r) is not necessarily realized by a many-particle system at
number density p, even if the corresponding structure factor S(k)
is nonnegative for all k, as it must be.'”***” This realizability prob-
lem has a rich and long history,'””*~*' but it is a notoriously difficult
problem to solve because an uncountable number of necessary and
sufficient conditions are generally required,’””" which are not pos-
sible to check in practice. This complexity places great importance
on the need to formulate algorithms to construct particle configura-
tions that realize targeted hypothetical functional forms of the pair
statistics.”""”

In this work, we design a plethora of exact functional forms for
pair correlations in direct and Fourier spaces across the first three
Euclidean space dimensions that are realizable by diverse many-
particle systems with varying degrees of correlated disorder across
length scales with novel structural and physical properties. As sug-
gested by Zhang and Torquato,”* we solve this realizability problem
here by employing an efficient inverse algorithm®® that determines
classical equilibrium states with up to pair interactions v(r) at pos-
itive temperature T that precisely match targeted forms for both
g,(r) and S(k). Our methodology minimizes an objective function
that incorporates pair statistics in both direct and Fourier spaces
so that the small-, intermediate-, and large-distance correlations are
very accurately captured; see Sec. II for details.

For purposes of illustration, we consider a broad range of
functional forms that span across a wide spectrum of hyperuni-
form and nonhyperuniform classes. Disordered hyperuniform sys-
tems anomalously suppress large-scale density fluctuations com-
pared to typical disordered systems, such as liquids.” A point
pattern in R is hyperuniform if the local number variance o*(R)
= (N?(R)) - (N(R))* of the number of points N(R) found in a
spherical window of radius R grows slower than R? in the large-
R limit.”*"” Equivalently, a hyperuniform state is characterized by
a structure factor that vanishes in the infinite-wavelength limit,
i.e., limg_ S(k) = 0. Often, the structure factor of hyperuniform
systems takes a radial power-law form in the vicinity of the ori-
gin, ie., S(k) ~ k% where « is a positive exponent. The value of
o determines different large-R scaling behaviors of the number
variance,” ° i.e.,

RN a1 (classI),

o’ (R) ~{ R In R, a=1(classII), (1)

R, 0<a<1(classIII).

Disordered hyperuniform systems are exotic states of matter that
have been receiving great attention because they connect a vari-
ety of seemingly unrelated systems that arise in physics, chemistry,
materials science, mathematics, and biology.>” By contrast, for any
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nonhyperuniform system, the local variance has the following large-R
scaling behaviors:*’

4. a = 0 (typical nonhyperuniform),

R
o*(R) ~ { i ©))

, & < 0 (antihyperuniform).

For a “typical” nonhyperuniform system, S(0) is bounded. In anti-
hyperuniform systems, $(0) is unbounded, i.e., limy_ S(k) = +o0,
and, hence, they are diametrically opposite to hyperuniform systems.
Typical nonhyperuniform states have a bounded nonzero value of
S(k) as k — 0.7 Antihyperuniform systems include those at thermal
critical points (e.g., liquid-vapor and magnetic critical points),” "
as well as fractals* and certain substitution tilings.**

Table I lists the target g,(r) and S(k) functions considered
here and shown to be realizable. The hyperuniform pair functions
that we target include d-dimensional Gaussians, d-dimensional gen-
eralization of the one-component plasma (OCP) and their Fourier
duals,” d-dimensional hyperbolic secant function g,(r), and a 2D
Gaussian-damped polynomial. The typical nonhyperuniform func-
tions include a 1D Hermite-Gaussian function, a hypothetical 3D
hyposurficial state,” as well as 1D and 2D ghost RSA packings.”’
These functional forms are chosen for their fundamental signif-
icance, their capability to yield systems in which particles form
clusters of various sizes, and their potential applications in material
design. It is noteworthy that the Gaussian functions, the 1D hyper-
bolic secant function, the 2D Gaussian-damped polynomial, and
the 1D Hermite-Gaussian function have the property that they are
self-similar under Fourier transformations. Self-similar pair statis-
tics enable one to exploit duality relations in the phase diagrams
of soft-matter systems. For example, via duality relations, informa-
tion about low-density classical ground states under short-ranged
interactions can be mapped to high-density ground states under
long-ranged interactions. " This knowledge facilitates the deter-
mination of ground-state structures over large density ranges,"
which may provide good solutions to covering and quantizer prob-
lems that arise in discrete geometry and have many applications,*’
including wireless communication network layouts.

We also, for the first time, demonstrate the realizability of
antihyperuniform systems across the first three space dimensions
corresponding to critical points that do not belong to the Ising uni-
versality class, including a remarkable 1D critical-point state, which
is to be contrasted with typical 1D systems in which phase transitions
cannot exist. Note that the pair functions in Table I possess analyti-
cal forms in both direct and Fourier spaces in all but two cases: the
2D hyperbolic secant g, (1) and the 2D ghost RSA packing, for which
&, (r) are known analytically but S(k) must be numerically evaluated
to high precision. The reasons for choosing the targets in Table I are
detailed in Sec. III.

The functional forms of our pair statistics and their corre-
sponding potentials can be used to model soft-core polymers with
varying magnitudes of short- and long-range repulsive forces [Egs.
(3)-(10), (20), (21)], “sticky” macromolecules with oscillatory inter-
actions [Eqgs. (16)-(19)], as well as polymer-grafted nanoparticles
with both hard- and soft-core interactions [Egs. (22)-(24)]. Notably,
we discover that one of our models possesses a stronger hyperuni-
form property (i.e., a larger exponent ) than any other positive-
temperature equilibrium state known previously. To illustrate that
our procedure can be used to guide experimental polymer design,
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TABLE 1. Analytical target pair statistics studied here and shown to be realizable by statistically homogeneous and isotropic disordered many-particle systems in various spatial
dimensions. The small-k scaling exponents « in Eq. (1) are shown. All states are at p = 1. The definitions of the special functions and symbols in the pair statistics are given in

the table footnotes.

Functional form d £,(r) S(k) o
Gaussian 1,2,3 1-exp (-7r?) (3) 1 —exp (—%) (4) 2
1257 K
1_1F4 1;7)7)7)7;_72
3366 20736m
2\3/4
2mber: ( (];}E )

Generalized OCP* 3 1 —exp (—4?”1’3) (5) s NV (6) 2

3V3

@)"
271ber_§ ( V.

33

Fourier dual of OCP 1 1- ﬁ (7) 1 —exp (-k/m) (8) 1
1257 »
1=y Fy| L5 = os—g i r
3’36 6 324
2mber. (%\/fn(rz)m) .
. 18 + 3 _ _
Fourier dual of OCP 3 33 9) 1—exp( any k) (10) 3
2mber_» (%\/571(1’2)3/4)
+ 3
3V3
Hyperbolic secant g, () 1 1 —sech(zr) (11) 1 —sech(k/2) (12) 2
Hyperbolic secant g, (r)" 2 1 - sech(2v/nGr) (13) No closed analytical form 2
4/3 22/3%tanh % sech %

Hyperbolic secant g, () 3 1- sech(’z’,%r) (14) - (2/ ;ﬁ) (2/ %) (15) 2

*ﬁ 4 2 2
Gaussian-damped polynomial 2 1- %e‘”’z (47'[2;'4 — 8t + 3) (16) - W (17) 2
Hermite-Gaussian™’ 1 1-M4r* - 127 +3)e” > (18) 1- AW2m(-4k* + 12k° - 3)e_k7 (19) 0

.15 exp (=r*)  exp(=r*)sin(r*) 6k*+12k*0 +19k*4 +24k** +16
Hyposurﬁc%al . 3 1+ &2 — = (20) (P T (K72 +2) (KP4 2k* 12) (21) 0
Ghost RSA™ 1 s (22) 1-4 cos (W)[Ci(3) + Ci(2k)] 0
— 4 sin (k)[Si( %) + si(2k)] - 2525 (23
Ghost RSA”? 2 *2@)(’*_1) — (24) No closed analytical form 0
2o (5)- 1317 Joa-rt)

Antihyperuniform™ 1,2,3 O(r/D - 1)( ( /DA;'” + 1) (25) See Appendix -1

we also study a case of prescribed pair statistics whose functional
forms are motivated by the polymer reference interaction site model
(PRISM)’ > and show that they can be realized. It is important to
note that one can realize many designed pair functions at differ-
ent densities and temperatures other than those explicitly shown in
Table I, either by creating linear combinations of our pair functions
or by applying our inverse procedure to other desirable functional
forms. We further show that our pair functions exhibit distinctly
different translational order metric 7 (defined in Sec. V)°” and self-
diffusion coefficients D, and that T and D are inversely related for
our 3D models.

Section II provides a comprehensive description of our inverse
methodology. In Sec. 1], we present our results for the target and
optimized pair statistics and the corresponding effective potentials.
In Sec. IV, we probe the realizability of the prescribed polymer pair

statistics motivated by the PRISM model. In Sec. V, we show that the
translational order and the self-diffusion coefficients are inversely
correlated to one another for our 3D designs. In Sec. VI, we discuss
the implications of our work for outstanding problems in statistical
mechanics and materials design via classical and quantum systems
in and out of equilibrium.

Il. INVERSE METHODOLOGY

To determine effective classical one- and two-body interactions
from prescribed pair statistics, we employ an accelerated version of
an inverse algorithm that we developed recently,”” which enables
one to recover the unique pair potential corresponding to given
pair statistics, as dictated by Henderson’s theorem.”® Our current
methodology improves upon the original one™ by incorporating
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automatic differentiation®” and canonical ensemble reweighing®
techniques, achieving significantly faster convergence of potentials.
A flowchart of the algorithm is shown in Fig. 1.

The methodology uses a parameterized potential v(r; a),
whose initial functional form is informed by the small- and large-
distance behaviors of the target pair statistics.” The scalar com-
ponents a; of the potential parameter vector a are of three types:
dimensionless energy scales ¢j, dimensionless distance scales ¢, and
dimensionless phases 0j;*" see Appendix B for the potential para-
meters in each case. To obtain an initial form of the small- and
intermediate-r behavior of v(r; a), we numerically fit the hyper-
netted chain (HNC) approximation for the target pair statistics; see
details in Ref. 33. The large-r behavior of v(r; a) is given by the tar-
get direct correlation function ¢(r) under mild conditions.””’ For
hyperuniform targets, the large-r asymptotic form of v(r) ~ —c(r) is
given by Eq. (28).%° That is, the potential is long-ranged in the sense
that its volume integral is unbounded. Thus, one requires a neutral-
izing background one-body potential to maintain stability,"’>*"**
and the Ewald summation technique® is used to compute the total
potential energy. For nonhyperuniform targets, the volume integral
of ¢(r) is bounded, and one only requires two-body interactions.

Once the initial form of v(r; a) is chosen, the low-storage
Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm® is used to
minimize an objective function ¥ (a) based on the distance between
target and trial pair statistics in both direct and Fourier spaces,

(@) = p [ e (0)(r(x) - ga(r:2))” dr

" ﬁfn&d ws (k) (Sr(k) - S(k;a)) dk,  (26)

where g, (r) and Sr(k) are the target pair statistics, wg,(r)
and ws(k) are the weight functions, and g,(r; a) and S(k; a)
are the equilibrated pair statistics under v(r; a) obtained from

X . R . s 24,33,65
Monte Carlo simulations. As done in our previous studies,”"””"” we

Small- and
intermediate-r
behaviors (HNC)

Large-r
behaviors (c(r))

i=i+1 MC simulation
a;4; = argming (P(a’)) | Ensemble of
¥ configurations C;
BFGS with AD
Find ¥ (a’)
from C;

FIG. 1. Flowchart of the inverse methodology developed in this work, assuming a
homogeneous target system.
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use Gaussian weight functions: wg, (1) = exp [-(r/4)*] and ws(k)
— exp[-(k/2)"].

The BFGS algorithm requires the gradient of the objective func-
tion ¥(a). In this work, we replace the finite difference method in
Ref. 33 with automatic differentiation (AD), a technique that quickly
generates precise gradients on input parameters of computer pro-
grams by repeatedly applying the chain rule.”” AD has the advantage
that its computational complexity for gradients is independent of
the number of parameters.”” Because standard implementations of
AD®® can only compute gradients for deterministic functions, but
¥ (a) depends on stochastically simulated pair statistics, one requires
a deterministic function y(a) that approximates ¥(a) in the vicin-
ity of the given a. In this work, we define y(a) via the canonical
ensemble reweighing technique® described below.

Let C; be a set of configurations equilibrated under v(r; a;)
drawn from a simulated canonical ensemble in iteration i, and
let a’ be a perturbed potential parameter in the vicinity of a.
The ensemble-averaged pair statistics under v(r; a’) are esti-
mated by reweighing the pair statistics of each configuration in
Ci by a Boltzmann factor involving the difference in total con-
figurational energies ®(r") = ¥ jv(|ri —r;j|) under v(r; a;) and
v(r;a’),V e,

Epveq, (1) exp [-(@(r";a") - ©(rY;a:))/T]
Seveq, exp [-(@(rY;a") - O (1 a:))/T]

p(xa’) = , 27)

where ¢(x; 1) is g,(r) or S(k) computed from each configu-
ration " in C;. The approximate objective function y(a’) at the
perturbed parameters a’ can then be computed by inserting (27)
into (26). For a fixed set of simulated configurations C;, y(a’) is a
deterministic function of a’. Thus, one can apply BFGS optimiza-
tion with AD-generated gradients to find the optimal parameters
a;;1 that minimize w(a’). In the next iteration, simulations are
performed under v(r; aj+1) to obtain a new set of configurations
Ci+1. The iterations repeat until ¥(a;) computed from C; is smaller
than some given convergence threshold e, set to be 107 in this
study. If convergence is not achieved, a different set of basis func-
tions is chosen, and the optimization process is repeated. Note that
this inverse methodology accelerates our original algorithm® as it
requires just one simulation per iteration for # potential parameters,
as opposed to 2n simulations using finite differences. For systems
away from the critical point, convergence can be achieved within
5 h on an Intel 2.8 GHz CPU with 15 cores and 4 GB of memory
per core.

For systems near the critical point, common inverse methods
based on predictor-corrector approaches, such as iterative Boltz-
mann inversion (IBI),°” do not perform well due to critical slowing
down and the large number of iterations required for the trial poten-
tial to converge.” IBI updates a binned trial potential v(r) based
on the difference between the target and simulated g,(r) in each
iteration. By contrast, our inverse method uses an analytical poten-
tial form dictated by statistical-mechanical theory. This form is
robust to variations in the large-r behavior of the simulated g, (7),
which can cause undesirable long-range oscillation in v(r) in the
IBI approach. Thus, the potential in our method converges in much
fewer iterations. For the 1D antihyperuniform state, which is the
most challenging target among the ones studied here, convergence
was achieved within 24 h.
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I1l. RESULTS FOR DESIGNED PAIR
CORRELATION FUNCTIONS

In this section, we describe the targeted analytical forms for pair
statistics in direct and Fourier spaces in various space dimensions
summarized in Table I and then show their realizability by equilib-
rium states with up to pair interactions via the inverse algorithm
described in Sec. II. For each target, we show that the optimized
pair statistics precisely match the prescribed functions. The initial
functional forms of the effective potentials are chosen based on the
small- and large-r behaviors of the target pair statistics, as dictated
by statistical mechanical theory.”> The asymptotic decay rate of the
direct correlation function ¢(r), which is linked to the total correla-
tion function h(r) = g, () — 1 via the Ornstein-Zernike equation,"
determines whether one needs both one-body and two-body inter-
actions (for hyperuniform states) or only two-body interactions (for
nonhyperuniform states); see Sec. 11 for details. Note that certain pair
interactions for hyperuniform states are not square integrable, but
the total energy is nevertheless bounded due to the background one-
body interaction that maintains overall charge neutrality.””*” Unless
otherwise stated, we take p = 1, and the lengths are expressed in units
of p~4. We also set the reduced temperature ks T to be unity for all
the equilibrium states, where kg is the Boltzmann constant.

A. D-dimensional hyperuniform Gaussian
pair statistics

We consider d-dimensional generalizations of Gaussian pair
statistics given by Eqgs. (3) and (4) in Table I. These targets are
hyperuniform, with « =2 in Eq. (1). Note that the pair func-
tions are self-similar under Fourier transformations up to scal-
ing and are independent of the dimensionality. Gaussian pair
statistics incorporate soft-core short-ranged repulsions found in
macromolecules and, thus, are commonly used to model polymer
systems.””*”" The Gaussian pair functions represent the low-
density, high-temperature limit of the pair statistics for the popular
Gaussian-core model,'”’* "* which is known to exhibit anomalous
phase behaviors, such as reentrant melting." h75

Figures 2(a) and 2(b) show the target and optimized g,(r)
and S(k), respectively, for the hyperuniform Gaussian pair statis-
tics in one, two, and three dimensions. It is clear that the target and
optimized pair statistics agree very well with one another. The pre-
cise form of the corresponding effective potential is given in the
Appendix and plotted in Fig. 12(a). Torquato® showed that for
hyperuniform targets, the long-ranged asymptotic form of v(r) is
given by

oy
v(r) ~ '  dre (28)
~In(r), d=q,

which can be regarded as a generalized Coulombic interaction of
“like-charged” particles. For a =2, the long-ranged parts of the
potentials are given by the Coulomb interactions v(r) ~ @ in
the respective dimensions. Note that for the 2D Gaussian pair statis-
tics, it is known that the effective pair potential is exactly given by the
2D Coulombic interaction v(r) = —2In(r).”’ Our inverse procedure
has accurately recovered this potential.

Figures 2(c) and 2(d) show representative configurations of the
2D and 3D equilibrium states with Gaussian pair statistics. Note that

ARTICLE pubs.aip.org/aipljcp
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FIG. 2. (a) and (b) Target (solid curves) and optimized (dashed curves) g,(r) and
S(k) for Gaussian pair statistics. For clarity, the pair statistics for d = 2and d = 3
are shifted up by 1 and 2, respectively. (c) A 400-particle configuration of the 2D
equilibrium state with Gaussian pair statistics. (d) A 125-particle configuration of
the 3D equilibrium state with Gaussian pair statistics. The point particles are shown
as spheres for visualization purposes.

while particles can get arbitrarily close, both configurations do not
contain large clusters or large spherical holes that are void of par-
ticles. Indeed, the particles tend to form short chains that are well
separated. These observations are consistent with the soft repulsive
interactions in the effective potentials.

B. D-dimensional hyperuniform generalized
OCP and their Fourier duals

We consider 3D generalizations’” of the hyperuniform OCP
given by Eqs. (5) and (6) as well as the 1D and 3D Fourier duals
of OCP given by Eqs. (7)-(10) in Table I. An OCP is an equilib-
rium system of identical point particles of charge e interacting via
the Coulomb potential and immersed in a rigid uniform background
of opposite charge to ensure overall charge neutrality.”” OCPs are
classical analogs of the quantum jellium model and are used as a
first approximation to dense plasmas.”® The pair statistics for the 2D
OCP, which is equivalent to the Ginibre ensemble, are exactly given
by the Gaussian functions (3) and (4).”

Zhang and Torquato®” proposed a generalization of the OCP
pair correlation function to arbitrary dimensions, given by

o(r)=1-exp[-vi(r)], (29)

where v;(r) is the volume of a d-dimensional sphere of radius r.
The corresponding structure factors at p = 1 are hyperuniform with
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a = 2. For d = 1, the generalized OCP pair statistics are identical to a
Lorenztian target,

&(r) =1 -exp(-27), (30)
which has been shown to be realizable by a determinantal point
process.”” Thus, we study the 3D case here, whose realizability is
unknown.

For the d-dimensional Fourier duals of OCP, the structure fac-
tors assume the same form as the OCP pair correlation function (29)
up to scaling, i.e.,

S(k) =1 —exp[-vi(k/27)], (31)

for which the exponent in Eq. (1) is given by « = d. This implies that
S(k) is nonanalytic at the origin for any odd dimension and, thus,
the corresponding g, (r) has power-law asymptotic 243

We achieved excellent agreement between target and opti-
mized pair statistics for both OCP and its Fourier dual. Figures 3(a)
and 3(b) show the target and optimized pair statistics for the 3D
OCP. The corresponding configuration [Fig. 3(c)] is similar to
that for the 3D Gaussian pair statistics, as both systems have soft-
core repulsive interactions. However, the OCP has larger force
magnitudes as r — 0, as shown in Fig. S1 in the supplementary

ARTICLE pubs.aip.org/aipl/jcp

material, which plots the forces —duv(r)/dr corresponding to the
effective potentials for our 3D hyperuniform models. The differ-
ence in the small-r repulsion is due to the fact that the OCP
g,(r) increases as 7! in the vicinity of the origin, rather than r*
for the Gaussian. Our capacity to design systems with varying
magnitudes of short-range repulsive forces enables coarse-grained
modeling of polymers with different levels of chain rigidity and
penetrability.”””*

Figures 3(d)-3(f) present the results for the Fourier dual of
OCP in the first three spatial dimensions. Note that the exponent
a in (1) for the simulated 3D Fourier dual of OCP, i.e., a =3, is
larger than that of any other positive-temperature equilibrium states
known previously. The largest known exponent prior to this work
was « = 2 for systems under Coulombic interactions.” Our result
here shows that states with « > 2 can be attained by pair potentials
that are longer-ranged than the d-dimensional Coulombic interac-
tions. While it is experimentally challenging to create nanoparticles
with such long-range molecular interactions, they are hypothesized
to be attainable by topological defects in the gauge fields in the form
of space-time instantons.””*’ Hyperuniform systems with large
are desirable for optical purposes because they tend to be effectively
transparent for a wide range of wave numbers compared to non-
hyperuniform ones.’’ We note further that despite having strong
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C L L
0 1 2 3
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o
(a)
2 . o]
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FIG. 3. (a) and (b) Target and optimized g, (r) and S(k) for 3D generalized OCP. (c) A 125-particle configuration of the 3D equilibrium state with the generalized OCP pair
statistics. (d) and (e) Target (solid curves) and optimized (dashed curves) for 1D and 3D Fourier duals of OCP. For clarity, the pair statistics for the 3D case are shifted up by
1. (f) A 125-particle configuration of the 3D equilibrium state with the Fourier dual OCP pair statistics. In all 3D configurations, the point particles are shown as spheres for

visualization purposes.
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large-r repulsion, particles in the 3D Fourier dual of OCP are less
repulsive at small r than those in the 3D OCP, as shown in Fig. S1.

C. d-dimensional hyperuniform hyperbolic secant
function g,(r)

We consider the hyperuniform states characterized by the
hyperbolic secant function g, (r) given by Eqs. (11)-(15) in Table I.
As in the case of the Gaussian pair statistics, these are soft-core
models, and the structure factors scale as k> at small k. Moreover,
in the 1D case, g,(r) and S(k) are self-similar up to scaling. We
have chosen this target for its capability to model polymers with
softer repulsive interactions than the Gaussian core®” and to gen-
erate configurations with a higher degree of clustering than the
Gaussian pair statistics. A hyperbolic secant probability distribu-
tion is leptokurtic, i.e., it has a smaller probability density around
the mean but a heavier tail than the corresponding Gaussian dis-
tribution with the same mean and variance.” For a hyperuniform
state at unit number density, the hyperbolic secant g, (r) rises more
rapidly at small r but decays to unity more slowly at large r compared
to the Gaussian g,(r). Thus, we propose that hyperbolic secant
pair functions and other leptokurtic functions®” can be applied to
describe polymer systems with “ultrasoft” particles, such as star
polymers.”**

Figures 4(a) and 4(b) show the target and optimized pair statis-
tics for the hyperbolic secant g,(r). Because these pair functions
imply softer core interactions than those for the Gaussian pair statis-
tics, the corresponding 3D configuration [Fig. 4(c)] contains more
clusters with four or more closely spaced particles with pair dis-
tances r < O.4p71/ ? compared to the Gaussian case. Clusters in the
latter system are primarily dimer and trimer; see Fig. 2(d). Cluster
statistics can be quantified by mapping the point configurations to a
two-phase medium generated by decorating each point particle with
a sphere of a certain radius and then using theoretical tools from
percolation theory.”** Figure S1 shows that the effective poten-
tial for the hyperbolic secant g,(r) is the least repulsive at small
r among the 3D hyperuniform models. As remarked in Sec. III B,
softer interactions are useful in describing polymer molecules with
high penetrability.

ARTICLE pubs.aip.org/aipl/jcp

D. 2D hyperuniform Gaussian-damped
polynomial and 1D nonhyperuniform
Hermite-Gaussian pair statistics

We consider the 2D hyperuniform Gaussian-damped polyno-
mial pair statistics given by Egs. (16) and (17) in Table I, as well as
the 1D nonhyperuniform Hermite-Gaussian pair statistics given by
(18) and (19). These pair functions mimic those found in dense poly-
mer systems, which often exhibit oscillations due to the coordination
shells.””*® In both cases, the pair functions are self-similar under
Fourier transformations up to scaling. Notably, the forms of the 2D
pair functions are chosen to closely resemble the pair statistics of
polymer chains modeled by freely rotating fused hard spheres.** The
oscillatory g,(r) function [Fig. 5(a)] dictates that the correspond-
ing many-particle system must have significant particle clustering.
In addition, note that the form of the 1D total correlation function
h(r) is a Hermite-Gaussian function of order 4. Hermite-Gaussian
functions have been used to describe semiflexible polymers such as
DNA and actin.®” We can precisely realize how the pair functions
in both cases, as shown in Figs. 5 and 6. The effective potentials for
both cases are oscillatory and may be realized by “sticky” macro-
molecules, such as DNA-coated nanoparticles, as one can achieve
precise control of attraction and repulsion at specific radial distances
for these particles;”””' see Appendix for the precise functional forms.
Compared to the configuration for the 2D Gaussian pair function
[Fig. 2(c)], the configuration for the 2D Gaussian-damped poly-
nomial [Fig. 5(c)] contains considerably fewer chains. Instead, it
contains many clusters with more than four closely spaced particles
due to the peak in g, (7) at rp** ~ 0.6. Despite this heterogeneity on
the small to intermediate scale, Fig. 5(c) is homogeneous on the large
scale as a result of the prescribed hyperuniformity, i.e., there are no
large clusters or spherical holes void of particles on the order of the
system size.

E. 3D hyposurficial state

We consider, for the first time, the possible realizability of the
nonhyperuniform hyposurficial state specified by Eqs. (20) and (21)
in Table I, which apply in three dimensions. Hyposurficial systems

.
I < ;‘ Q}E
- -d=1 []--a=1 1 > » 1 @
4 -d=2 ] I .a“ %‘;@%‘Q @?5
=3 f bd=3 ] ©e < $C v e
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/ ., “ 'Q‘ €
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Tpl/d kp—l/d
(2) (b)

FIG. 4. (a) and (b) Target (solid curves) and optimized (dashed curves) for 1D-3D hyperbolic secant g, (r). For clarity, the pair statistics for d = 2 and d = 3 are shifted up
by 1 and 2, respectively. (c) A 125-particle configuration of the 3D equilibrium state with hyperbolic secant g, (r). The point particles are shown as spheres for visualization

purposes.
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FIG. 5. (a) and (b) Target and optimized g, (r) and S(k) for the 2D Gaussian-damped polynomial pair statistics. (c) A 400-particle configuration of the 2D equilibrium state
with the Gaussian-damped polynomial pair statistics.
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— Target — Target
---- Optimized ---- Optimized

N(R) because they lack a “surface-area” term proportional to R~ in
the growth of N(R), i.e., 0*(R) ~ AR? + o(R*!) as R — oo, where A
is a positive constant. Hyposurficial pair statistics obey the following
sum rule:**

(32)

[oo rdh(r)dr =0,
0

which implies that they must generally contain both negative and

CO i é é 4‘1 5 CO i 4‘1 é é 10 positive correlations. Ideal gases are trivially hyposurficial. Figure 7
3 shows that we can precisely realize the designed hyposurficial target.
( )T'D ( )p The configuration [Fig. 7(c)] shows spatial heterogeneities, i.e., there

a b

exists significant particle clustering as well as large spherical holes

FIG. 6. Target and optimized (a) g,(r) and (b) S(k) for the 1D hyposurficial
Hermite-Gaussian g, (r) with A = 1/20.

are a special class of nonhyperuniform states that can be observed
in nonequilibrium phase transitions in amorphous ices,”” super-
critical equilibrium liquids,** and certain hard-core systems.’* They
behave like ideal gases in their large-scale local number variance

void of particles.

F. 1D and 2D ghost RSA

We consider the nonhyperuniform pair statistics correspond-
ing to the 1D and 2D ghost RSA packings, given by Egs. (22)-(24)
in Table I. The nonequilibrium ghost RSA process”” is a special
case of a generalization of the standard RSA process”’””* and is the
only known model for which all n-particle correlation functions are
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FIG. 7. (a) and (b) Target and optimized g, (r) and S(k) for the 3D hyposurficial state. (c) A 125-particle configuration of the 3D equilibrium hyposurficial state. The point
particles are shown as spheres for visualization purposes.
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exactly solvable.”” In the ghost RSA process, spherical “test” particles
of diameter D are added continually to R? during time ¢ > 0 accord-
ing to a translationally invariant Poisson process of density # per
unit time, i.e., 7 is the number of points per unit volume and time,
here taken to be unity without loss of generalization. A test sphere
centered at position r at time ¢ is retained if and only if it does not
overlap with any test sphere added in the time interval (0, ¢).”> The
saturation packing fraction for the ghost RSA process is ¢(t = +o0)
=1/2%

We have previously shown that the 3D ghost RSA pair statis-
tics at the terminal packing fraction are realizable by an equilibrium
state with up to pair interactions.”* Here, we investigate whether the
same is true for d = 1 and 2. It is not obvious that the ghost RSA
processes are realizable in these lower dimensions because, gener-
ally speaking, it is known that the lower the space dimension, the
more difficult it is to satisfy realizability conditions.”” This dimen-
sionality effect arises on account of the decorrelation principle,”
which states that spatial correlations that exist for a particular model
in lower dimensions diminish as the space dimension becomes
larger.

Figure 8 shows that we can achieve the nonequilibrium 1D and
2D ghost RSA packings with the effective potentials in Fig. 12(i),
which contain both a hard-core and soft repulsion beyond the
diameter. Effective soft repulsion ensures that particles are well-
separated and corresponds to the exclusion of real particles by the
“ghost” test particles in the nonequilibrium process. This combi-
nation of hard core and soft repulsion in v(r) can be found in
colloidal suspensions of highly charged nanoparticles.”” Note that
the soft repulsion is more significant for the 1D case than the 2D
case, reflecting the aforementioned decorrelation principle.”” For d
= 3, the ghost RSA g,(r)* is nearly equal to unity for D <r < 2D,
and the soft repulsion in its effective potential’* is weaker than
that in the 2D case. In the limit that d — oo, the ghost RSA g,(r)
approaches the unit-step g,(r),”” and the effective potential would
consequently converge to that of the hard-sphere potential. The
effective potentials also exhibit weak attractive wells [Fig. 8(a)],
which offset the oscillations in g, (r) that would occur in a pure equi-
librium hard-sphere system, ensuring that g,(r) is flat beyond two
diameters.

I
N —

U

1,

C L L L L

0 5 10 15 20 25
kp—l/d

(b)

FIG. 8. Target (solid curves) and optimized (dashed curves): (a) g,(r) and (b)
S(k) for the 1D and 2D ghost RSA packings. For clarity, the g, (r) curve for d = 2
is shifted up by 2 and the S(k) curve for d = 2 is shifted up by 1.
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G. d-Dimensional antihyperuniform pair statistics

We study the antihyperuniform pair statistics (25) in one-,
two-, and three-dimensions. Note that the target g,(r) functions
imply a hard core with diameter D. The functional forms of S(k)
as well as the packing fraction ¢ = pv,(D/2) and the parameter A
are given in Appendix A. The values of ¢ and A chosen ensure the
necessary condition that S(k) must be nonnegative at all k. As men-
tioned in the Introduction, S(k) for an antihyperuniform state has
the small-k scaling behavior S(k) ~ k*, where « is negative. This
divergence behavior of S(k) at small k is characteristic of fluids at
thermal critical points, which can have fractal-like structures.”**’
For our antihyperuniform targets in any dimension, we take
a = —1/2, implying that h(r) has a long-ranged power-law decay
behavior at large r as h(r) ~ r~@/? ** Realizable systems with such
pair statistics would correspond to a different universality class than
the Ising class, which gives the large-r behavior h(r) ~ r~ @2,
where 77 = 1/4 for d = 2 and 5 = 0.036.*

Computing equilibrium properties at critical points using
Monte Carlo or molecular dynamics simulations is known to be
challenging due to the critical slowing down phenomena, i.e., the
relaxation time to the equilibrium state diverges at the critical
point.”” Our inverse method reduces the time required to reach
the targeted critical-point pair statistics compared to previous meth-
ods, as it uses parameterized analytical pair potentials rather than
binned potentials;”* see Sec. II for details. We have realized the

FIG. 9. (a) and (b) Target (solid curves) and optimized (dashed curves) g,(r) and
S(k) for d-dimensional antihyperuniform pair statistics (25). For clarity, g, (r) for
d=2and d =3 are shifted up by 1.5 and 3, respectively, and S(k) for d = 2
and d = 3 are shifted up by 1 and 2, respectively. (c) A 400-particle configuration
of the 3D equilibrium antihyperuniform state. (d) A 125-particle configuration of
the 3D equilibrium antihyperuniform state. The disk and sphere diameters in the
configurations are the hard-core diameter D.
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antihyperuniform critical-point pair statistics in one, two, and three
dimensions, as shown in Fig. 9. The 2D and 3D critical-point states
[Figs. 9(c) and 9(d)] clearly show large clusters and large empty
spherical holes on the order of the system size, confirming that
antihyperuniformity corresponds to divergent long-range number
density fluctuations.

The realizability of the 1D critical state is unusual because
it is commonly thought that phase transitions cannot exist in
1D systems, but this is only true when the interactions are suffi-
ciently short-ranged.wx Indeed, in the Appendix, we show that the
effective pair potential has a long-ranged attractive part, i.e., v(r)
~ =412 45 ¥ - co. This long-range behavior in the interaction

J
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explains why our 1D, 2D, and 3D critical-point states do not belong
to the Ising universality class that is characterized by short-ranged

39-42

interactions.

IV. REALIZABILITY OF PAIR STATISTICS
FROM A 3D POLYMER MODEL

To illustrate that our procedure can be used to guide exper-
imental polymer design, we now examine a case of prescribed
pair statistics whose functional forms are motivated by the PRISM
model.”>*° According to this model, the total correlation function
for polymer chains is given by™®

2 1 r r
Er 1 B3 1 V3r T, 1 V3r
(e B 3 3 7&(3#) = 1 gp(l*ﬁ) e P[efﬂerfc(\/—Tép‘FT)*e SPerfC(\[Tgpr)]
(V:P)—Z e &l 1- -

28

where lengths are measured in units of the radius of gyration
Rg, & = 1/[\/2(71\/5;) +1)], and f,', =1/(27p). The corresponding
S(k) is also known analytically.”® Yatsenko et al.”® showed that for
0.86 < p < 1.62, Eq. (33) accurately describes the experimental radial
distributions of polyethylene and polypropylene melts at small to
intermediate r. However, the experimental realizability of (33) out-
side of this density range has not been tested. We have applied our
inverse algorithm to Eq. (33) at p = 0.5 and have achieved excellent
agreement between the target and optimized pair functions by a soft-
core effective potential, as shown in Fig. 10. These hypothetical pair
statistics might be experimentally achievable by polymer melts at low
density, e.g., via polyethylene molecules with a smaller number of
monomers per chain than those considered in Ref. 56.

V. TRANSLATIONAL ORDER METRICS
AND SELF-DIFFUSION COEFFICIENT

To demonstrate that our designed analytical pair functions
enable one to achieve a wide range of structural order and

2 2
— Target — Target
---- Optimized ---- Optimized
= =2
= 1/—— =1
O L L L G L L L L
0 1 2 3 0 2 4 6 8 10
"R, kR
(a) (b)

FIG. 10. Target and optimized (a) g,(r) and (b) S(k) for a hypothetical 3D poly-
mer motivated by the PRISM model with the total correlation function (33) at
p=05.

2r ’ (33)

physical properties, we compute the translational order metric 77
and the self-diffusion coefficient D'” for the 3D states studied here.
The 7 order metric is defined by”’

_ 2 P 72
T—pfh (r)dr = (zﬂ)dedh (k)dk, (34)

where h(k) is the Fourier transform of i (r). This order metric mea-
sures deviations of pair statistics from those of the uncorrelated
(Poisson) distribution g,(r) = 1. Since both positive and negative
correlations contribute to the integral, due to the fact that h(r)
is squared, T measures the degree of translational order across all
length scales. It vanishes for the Poisson distribution and diverges
for an infinite crystal,”” and it is a positive bounded number for
correlated disordered systems without long-range order (i.e., Bragg
peaks).“’“

To compute the self-diffusion coefficients, we utilize the semi-
empirical scaling laws developed by Rosenfeld.'’! The reduced self-
diffusion coefficient Dpl/ 3TY2 for 3D fluids in the dilute limit is
given by'"!

Dp' TV = 037(-52) 7, (35)

where
s==(p/2) [ @) n[g()] - ()« 1)dr (36)

is the two-body excess entropy. Equation (35) provides a good
approximation for soft-core models with —s; < 0.5,'> which is sat-
isfied by all the soft-core pair statistics in this study. For the ghost
RSA and the antihyperuniform packings, which have hard-core
interactions, we use the corresponding scaling law,"’

Dp'PT'/? = 0.58 exp (0.78s,). (37)

Figure 11 plots 7 against the reduced self-diffusion coeffi-
cient, where hyperuniform states are indicated with filled circles.
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FIG. 11. Translational order metric = and the reduced self-diffusion coefficient
Dp'BT'/2 for the 3D pair statistics studied in this work and Ref. 24. The filled
circles refer to hyperuniform states, and the unfilled ones refer to nonhyperuniform
states.

It is evident that T and D are inversely correlated to one another.
Pair functions with smaller translational order metrics are closer
to the Poisson pair statistics. Thus, in equilibrium states with
smaller 7, particles encounter less hindrance from neighboring par-
ticles, resulting in higher self-diffusivity. Importantly, 7 has a strong
positive correlation to —s,'"* and in the limit that g,(r) is an
infinitesimal perturbation from unity (i.e., from an ideal gas), one
has exactly 7 ~ —4s,.!” Consequently, 7 is inversely related to D
via Eq. (35).

The ghost RSA and the antihyperuniform packings have hard-
core interactions and achieve higher 7 and lower D because the
hard particles are more locally confined due to the frequent col-
lisions with their neighbors.'”” The soft-core hyperuniform states
have intermediate 7 and D. Figure S1 shows the forces correspond-
ing to the effective potentials for these states, from which it is clear
that models with larger magnitudes of small-r repulsion give larger
7 and smaller D. The OCP, which has the strongest small-r repul-
sion among the 3D hyperuniform states, is least diffusive. This is
followed by the Fourier dual of OCP, the Gaussian pair statistics,
and the hyperbolic secant g,(r). Interestingly, while OCP and its
Fourier dual both have 7 = 1/2, the former has a slightly lower self-
diffusivity because its g,(r) scales as #* at small r, representing a
stronger small-r repulsion than the 7* scaling for the Fourier dual of
OCP. Our observation that particles with soft repulsive interactions
are more diffusive than hard-core particles is consistent with the
findings for macromolecules via molecular dynamics simulations’®
and for lattice gases via Monte Carlo simulations."*

Finally, the hyposurficial state, which lacks both hard-core
interactions and hyperuniformity, has the smallest 7 and largest
D, as its pair statistics are closest to those of an ideal gas.
Its low translational order is consistent with the observation in
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Ref. 105 that hyposurficiality appears to be associated with spatial
heterogeneities.

VI. DISCUSSION

We have designed a diverse set of pair functions with varying
degrees of disorder across length scales that are realizable by disor-
dered many-particle systems, of which many have novel structural
and physical properties. We achieved this via an efficient algorithm
that determines equilibrium states with up to pair interactions at
positive temperatures. The realizability of the prescribed pair statis-
tics via classical equilibrium states with up to pair interactions is
rather strong because once realizability by classical equilibrium sys-
tems is shown, it does not exclude the possibility of realizing the
same pair statistics via quantum-mechanical equilibrium systems or
even nonequilibrium systems.

We have chosen our pair functions based on their capability to
generate a wide spectrum of hyperuniform and nonhyperuniform
systems with various short-range correlations, including hyperuni-
form soft-core systems with different small-r repulsive forces, a
nonhyperuniform 3D hyposurficial state, 1D and 2D ghost RSA
packings, and antihyperuniform packings. These forms of pair func-
tions dictate that the corresponding systems have different cluster
sizes from one another. Notably, the 3D Fourier dual of OCP pos-
sesses a larger hyperuniformity exponent « than any other positive-
temperature equilibrium state known previously, which can be use-
ful in optical applications.®’ We have designed a diverse family of
pair functions that are self-similar under Fourier transformations,
which means that their low-density and high-density ground-state
structures under the effective potentials can be mapped to one
another via duality relations.””*® Furthermore, we have realized a
case of pair statistics whose functional forms are motivated by the
PRISM model,”® indicating that it may be experimentally achieved.
Our designed pair functions exhibit distinctly different translational
order metric 7 and self-diffusion coefficients D. We have shown
that for our 3D models, 7 and D are inversely correlated, the same
trend of which should be true for the corresponding one- and two-
dimensional designs as well. This relationship enables one to easily
achieve the desired diffusivity through designed pair functions.

The pair potentials for many states can be experimentally
achieved by polymer or nanoparticle systems with tunable chemical
components. For example, Yatsenko et al.”® showed that in the limit
of long polymer chains, the total distribution function of polyethy-
lene melts with a radius of gyration Rg can be approximated by a
Gaussian-damped polynomial,

) )
h(i, ) = —?i\/if(l N \/56)(1 _ 92’6)exp(—3;), (38)

where 7=r/Rg and & is a parameter inversely proportional to
the number density of polymer chains. At small to intermediate
7, Eq. (38) resembles our Gaussian pair statistics. Interestingly, it
has been suggested that hyperuniform pair statistics with soft-core
interactions can be achieved by star or bottlebrush polymers.'’
Note that the effective potentials of many of our hyperuniform
models'”” contain a Gaussian-damped logarithmic term for their
short-ranged parts; see the Appendix for the precise functional
forms. Such logarithm-Gaussian pair potential is commonly used

J. Chem. Phys. 160, 044911 (2024); doi: 10.1063/5.0189769
Published under an exclusive license by AIP Publishing

160, 044911-11

Z¥:20'G) v20z Menuer g


https://pubs.aip.org/aip/jcp

The Journal . ~
of Chemical Physics ARTICLE pubs.aip.orglaip/jcp
20 5 r r 2
15} [—d=1,000+2nr —d=1,0() +In()
— 10 —=d=2, vu(r) + 2In(r) s ol s 1 d=3,v(r)+ 3In(7)
S d=3,v() - Ur = =
=1 = =
2 S Z of
7 N 4l s
-1l |
-10! - L 2 . !
0 2 4 0 2 4
7p1/d 0 rpl/d
(a) (b) ()
0 3 r T
— d=2,v(r) + (1/G)In(r)
d=3,v(r) - 0.5162/r 5 — u() + (6/11)In(r)
£
S R |
7
| ok
L L L L _1 L L
o 1 2 3 4 5 0 2 4
1/d 12
o 7
() (e) ()

|

) (k)

FIG. 12. (a) Short-ranged part of the effective pair potentials (B1)—(B3) for the 1D, 2D, and 3D Gaussian pair statistics. (b) Short-ranged part of the effective pair potential
(B5) for the 3D OCP pair statistics. (c) Short-ranged part of the effective potentials (36) and (B7) for 1D and 3D Fourier dual of OCP pair statistics. (d) Short-ranged part of
the effective potential (B8) for the 1D hyperbolic secant g, (r). (e) Short-ranged part of the effective potentials, Eqgs. (B9) and (B10), for 2D and 3D hyperbolic secant g, (r),
respectively. (f) Short-ranged part of the effective potential (B11) for the 2D Gaussian-damped polynomial pair statistics. (g) Effective potentials (312) for the 1D hyposurficial
Hermite—Gaussian g, (r) with A = 1/20. (h) Effective potential (513) for the 3D hyposurficial state. (i) Effective potentials (514) and (B15) for the 1D and 2D “ghost” RSA. (j)
Effective potentials (B16)-(B18) for 1D, 2D, and 3D antihyperuniform states. (k) Effective potentials for a 3D polymer model with the total correlation function (33) at p = 0.5.
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to describe the intermolecular forces of star polymers.'”* We also
find that the oscillatory soft potentials in the cases of polynomial-
damped pair statistics can be achieved by “sticky” macromolecules
such as DNA-coated nanoparticles” and that the combination of
hard core and soft repulsion in the interactions for the ghost RSA
packings can be found in colloidal suspensions of highly charged
nanoparticles.”

The excellent agreement between the designed and simulated
pair statistics in all cases studied in this work demonstrates the
power of our inverse procedure to tackle realizability problems. It
can be applied to study many prescribed pair functions at differ-
ent densities and temperatures other than those explicitly shown
in this work, provided that g,(r) and S(k) at least meet necessary
nonnegativity conditions. For example, we have shown that anti-
hyperuniform critical-point systems can be designed that do not
belong to the Ising universality class. Remarkably, 1D critical-point
states, which are impossible in 1D models with Ising-like short-
ranged interactions, can be achieved as a result of the long-ranged
pair potentials determined via our inverse procedure. Knowledge of
the critical point is essential in the construction of phase diagrams
for fluids.” Previous studies on critical points typically utilized the
direct approach of statistical mechanics, i.e., simulations with known
potentials. Our inverse approach in generating antihyperuniform
systems of different universality classes can significantly accelerate
the exploration of the phase diagram and the fabrication of systems
with fractal-like structures. One can also systematically study the
realizability of g,(r) with different asymptotic decay rates at large
r, including power-law, exponential, and super-exponential rates. It
is known that the decay behavior of g,(r) for a fluid determines the
Fisher-Widom line that separates liquid-like and gas-like behaviors
in the supercritical region.””'"” Thus, g,(r) with prescribed decay
rates may enable one to create many-particle systems with desired
phase behaviors.

Another important future project is to target disordered hype-
runiform structure factors with a >3 for their potential optical
applications.®! Furthermore, we remark that the pair functions in
Table I can be used as basis functions to create new designs at unit
density, i.e.,

o (r) =2 igi(r), 0<A<LEA=1 (39)
Equation (39) is expected to be realizable because it is realizable
in all of the extreme cases where A; = 1. For example, in quantum-
mechanical systems, the form (39) may be achieved by a quantum
superposition of individual states with pair correlation functions
given by g, .(r). Finally, note that if a given g,(r) is realizable at
p =1, then it is also realizable at all lower densities because the
realizable density range for a given g,(r) is always a continuous
interval.''’

Because pair statistics based on our designed functions exhibit
distinctly different translational order and self-diffusivity, they can
have potential applications in the design of many-particle systems
with tailored mass transport properties. Importantly, while Fig. 11
shows discrete values of T and D for the 3D models in Table I, values
between the plotted points can be achieved by linear combinations
of our pair functions in the form of Eq. (39), and their correspond-
ing potentials can be readily determined via our inverse procedure.
Thus, one can flexibly design pair functions that yield a continuous
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spectrum of 7 and D values. In the context of diffusion-controlled
reactions, the designed pair statistics would guide the fabrica-
tion of nanoparticles, micelles, or vesicles loaded with reactants or
catalysts to achieve desired reaction rates.' "' Moreover, since our
procedure can realize a wide range of short- and long-range orders,
the equilibrium states can be modified into multi-phase media
with tailored long-time diffusion spreadability''’ for controlled drug
delivery purposes.''*

Our study also has important implications for the
Zhang-Torquato conjecture, which states that any realizable
set of pair statistics, whether from a nonequilibrium or equilibrium
system, can be achieved by equilibrium systems involving up to
two-body interactions.”” We have previously tested this conjecture
by accurately determining effective potentials for various nonequi-
librium pair statistics, including the unit-step function g,(r) from
zero density to the dimension-dependent maximum realizable
densities across the first three space dimensions,”* 3D ghost RSA,*
“cloaked” uniformly randomized lattices,”” and perfect glasses and
critical absorbing states.> The realizability of all the prescribed pair
statistics in this study lends further support to this conjecture. In
the future, it is important to further test this conjecture with other
nonequilibrium pair statistics, including those of quantum states.*

SUPPLEMENTARY MATERIAL

The supplementary material provides a plot of the intermolec-
ular force dv(r)/dr corresponding to the effective pair potentials for
our 3D hyperuniform models.
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APPENDIX A: STRUCTURE FACTORS FOR
ANTIHYPERUNIFORM STATES

e 1D case:
S(k) =1+ ¢Ay/ ig(—ZFresnelC(\ / ZI;D) + 1)
sin (k)
-2 Al
s (AD)
where we use ¢ = 0.2, A = 0.1 in this work.
e 2D case:
1.5 K
S(k) = 1 - 16A¢1F2 Z; 1, Zy_z)
4/2A¢T (L
L A2 S9h(K) )
V()
where we use ¢ = 0.1,A = 0.3.
e 3D case:
24\/2mA¢ - 48\/271A¢Fresne1C(\ /MTD)
S(k) =1+
(k) )
. 48A¢ sin (kD)  24¢ sin (kD) N 24¢ cos (kD)
kD (kD)? (kD)*
(A3)

where we use ¢ = 0.1, A = 0.25.

APPENDIX B: EFFECTIVE POTENTIALS

e 1D Gaussian pair statistics:

o(r) = —27r — e exp (=(r/o1)*)(In (1) + &)
+Z4:ej cos (r/oEl) +9j)exp(—(r/0](.2))z), (B1)
Jj=2

where the optimized values of the parameters are given in
Table II.
o 2D Gaussian pair statistics:

v(r) = -2 In(r). (B2)

TABLE |II. Parameters of the effective pair potential (B1) for 1D Gaussian pair
statistics.
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e 3D Gaussian pair statistics:

v(r) = (1/r)(1 = exp (~(r/o1)")) = 2 exp(~(r/02)*) In(r),
(B3)
where o1 = 0.4672,¢\") = 1.877, 0, = 0.6176.
e 1D OCP pair statistics:

v(r) = -2r— &) exp (~(r/o1)")(In (1) + &)

3
+ > & cos (r/a](.l) +0;) exp (—(r/a?z))z), (B4)
=)

where the optimized values of the parameters are given in
Table III.
e 3D OCP pair statistics:

5/6p( 4
930G) (1 exp (—(rfe)))

2 22343,
~ &2 exp (=(r/01)*) In (r), (BS)

v(r) =

where 01 = 0.4149, &, = 3.008, 03 = 0.5624.
e Fourier dual of 1D OCP pair statistics:

vo(r) = =In(r)(1 - exp (=(r/01)*))
— & exp (f(r/az)z) In (7), (B6)

where 07 = 0.2331,¢; = 1.375, 0, = 0.2331.
o Fourier dual of 3D OCP pair statistics:

v(r) = =3 In(r) +In (r/c D) exp (- (r/c?)?),  (B7)

where 01(1) =0.4791 and 01(2) =0.4038.
e 1D hyperbolic secant function g, (r):

v(r) = ~4r - exp (~(r/a1)*) (In (r) + £

+ 23: & cos (r/aj(.l) +6;) exp (—(r/ci](.z))z), (B8)
j=2

TABLE |Il. Parameters of the effective pair potential (B4) for the 1D OCP pair
statistics.

e 7368 & 2015 e —02078 & 0.02070

o 5433 oV 2311 o oases ol 1/(2m)

e 03824 6, 453 6 2911 6 0
d® 07983 o 3305 o 8607

e 1.727 & 35.72 & -8.917
o 14.22 otV 6.501 o) 1.915
e 1.947 0 4.438 65 3.520

o 1.560 o 1.393
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TABLE IV. Parameters of the effective pair potential (B8) for the 1D hyperbolic secant
function g, (r).

e 5.172 & 22.28 &5 —0.06283

o 7.728 o) 8.071 otV 0.1610

e? 0.4883 6, 4517 65 3.241
o 06085 o 4170

TABLE V. Parameters of the effective pair potential (B11) for the 2D Gaussian-
damped polynomial pair statistics.

o 1.081 otV 0.1843
& 0.8532 6 0.3920
2 0.4884 o 0.9862
& 0.7009

where the optimized values of the parameters are given in
Table IV.
¢ 2D hyperbolic secant function g,(r):

o(r) = —éln(r)(l —exp(—(a—rl)z))
—e exp(-(giz)z)ln(r), (B9)

where 01 = 2.269, ¢, = 1.367, 0, = 2.269.
¢ 3D hyperbolic secant function g,(r):

v(r) = 7(1 —exp (=(r/m)?)) — & exp (~(r/02)*) In (1),
(B10)
where 01 = 0.1557,&, = 1.922,0, = 0.1174.

e 1D antihyperuniform state:

U(r):{oo, r<D,

—e1/\/1/D+ & exp (~(r/D=1)/a;) + &3 exp (—((r/D - 1)]03)?), r>D,

where &1 = 0.3311, & = 0.0552,02 = 70.21, &5 = 0.4299, 03 = 0.7560.
e 2D antihyperuniform state:
oo, r<D,
o]

—&1/(r/D)** + & exp (~=(r/D - 1) [0\ ) cos (r/(Do{?) +6), r>D,

where 1 = 0.1483, &, = 1.647, 02 = 0.7530, 02(2) =—4.120,0 = 4.987.
o 3D antihyperuniform state:
oo, r<D,
o]

—&1/(r/D)** + & exp (~(r/D - 1)/0{) cos (r/(Do{?) +6), r>D,

where & = 0.2100, &, = 0.6116,0; = 0.7927, 0% = —0.5982, 6 = 7.203.
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¢ 2D Gaussian-damped polynomial pair statistics:

v(r) = —l%ln (r)(l —e_(i)z) —& In(r)

we (5) 4 cos(’l)w)e_("i”), (B11)

%

where the optimized values of the parameters are given in
Table V.
1D Hermite-Gaussian pair statistics with A = 1/20:

2
v(r) =3 & cos (r/o](.l) +6;) exp (—r/o](.z)) + & exp (-r/03),

j=1
(B12)
where the optimized values of the parameters are given in
Table VI.
3D hyposurficial state:

v(r) = Y & exp (—1/0)) + & exp (~((r—oi ) /a{)?),
j=1

(B13)
where the optimized values of the parameters are given in
Table VIIL.
1D ghost RSA:

( ) oo, r<0.5
v(r) =
&1 exp (7(r/01(1))2) cos (r/ol(z) +0), r>05,

(B14)
where e =-2341, oM =09045, o) = —0.4406,
6= —1.686.
2D ghost RSA:

v(r)z{oo, r<l/\/_,

&1 exp (—(r/al(l))z) cos (r/ol(z) +0), r>1/\m,
(B15)
where & = 0.8107,0") = 0.7860,0>) = 0.2867,60 = —1.982.

(B16)

(B17)

(B18)
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o 3D hypothetical polymer motivated by the PRISM model:

ARTICLE pubs.aip.org/aipl/jcp

v(r) =& exp (—(r/al(l))) cos (r/al(z) +0) + & exp(-r/a), (B19)

where & = 3.635,01") = 0.9891,0'%) = 1.663,0 = —0.4998, ¢, = —1.133, 3, = 0.3150.

TABLE VI. Parameters of the effective pair potential (B12) for the 1D
Hermite-Gaussian pair statistics with A = 1/20.

& 0.4143 & 3.174 & 0.2663
oM 0.4250 oM 14.24 o3 2.392
61 0.2047 0 4.609

o 2.829 o 1.544

TABLE VII. Parameters of the effective pair potential (B13) for the 3D hyposurficial
state.

& 1.646 & ~0.1241
o1 0.4070 oM 0.2020
& 0.8742 ot 1312
2 0.8884
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