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Ordered and disordered stealthy hyperuniform point patterns across spatial dimensions
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In previous work [Phys. Rev. X 5, 021020 (2015)] it was shown that stealthy hyperuniform systems can be
regarded as hard spheres in Fourier space in the sense that the structure factor is exactly zero in a spherical
region around the origin in analogy with the pair-correlation function of real-space hard spheres. While this
earlier work focused on spatial dimensions d = 1–4, here we extend the analysis to higher dimensions in order
to make connections to high-dimensional sphere packings and the mean-field theory of glasses. We exploit
this correspondence to confirm that the densest Fourier-space hard-sphere system is that of a Bravais lattice in
contrast to real-space hard spheres, whose densest configuration is conjectured to be disordered. In passing, we
give a concise form for the position of the first Bragg peak. We also extend the virial series previously suggested
for disordered stealthy hyperuniform systems to higher dimensions in order to predict spatial decorrelation as
a function of dimension. This prediction is then borne out by numerical simulations of disordered stealthy
hyperuniform ground states in dimensions d = 2–8, which have only recently been made possible due to a
highly parallelized algorithm.
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I. INTRODUCTION

Hyperuniform systems are defined by a structure fac-
tor S(k) which approaches zero as the wave number k ≡
|k| approaches zero, yielding density fluctuations that are
anomalously suppressed at long length scales as compared to
standard liquids or gases [1]. These systems describe states
that are ubiquitous in nature ranging from ordered systems,
like crystals and quasicrystals, to disordered systems, like
perfect glasses, fermionic point processes, jammed particle
packings, quantum states, plasmas, galaxy distributions, and
eigenvalues of random matrices [2]. Hyperuniform systems
can be classified according to the precise way the structure
factor approaches zero, which is useful because different
classes have distinctive properties and applications.

Stealthy hyperuniform point patterns are a subclass of
hyperuniform states wherein S(k) is precisely zero within
an exclusion region 0 < k < K for some positive K , which
gives these systems novel transport, photonic, and mechanical
properties [2]. For instance, using a protocol that transforms
these point patterns into a dielectric network, one can create
solids with an isotropic complete photonic band gap [3] with
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no Anderson localization [4–7]. From a theoretical perspec-
tive, their defining property suggests an analogy: Up to two
particle correlations, stealthy hyperuniform point patterns can
be regarded as hard spheres in Fourier space [8] in the sense
that the pair-correlation function for hard spheres, g2(r), has
an exclusion region in real space, where g2(r) is precisely
zero for 0 < r � σ , where r is the distance between particles
and σ is the sphere diameter (see Fig. 1 for a comparison).

(a) (b)

(c) (d)

FIG. 1. Comparison between (a) real-space hard disks with
(b) their exclusion region in g2(r) and (c) a disordered stealthy hy-
peruniform point pattern (Fourier-space hard spheres) with (d) their
exclusion region in S(k).
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The analogy breaks down when considering higher-order cor-
relations (gn with n > 2), but the correspondence is strong
enough to deduce several properties of stealthy hyperuniform
systems. While bearing in mind this qualification, we use the
terms stealthy hyperuniform point pattern and Fourier-space
hard spheres interchangeably in order to help build intuition
regarding their behavior, particularly as the spatial dimension
increases.

In considering the analogy, it is natural to extend the
concept of packing fraction for hard spheres in real space
to Fourier space, as in Ref. [8]. For hard spheres in real
space, the packing fraction is proportional to σ d , where d
is the dimension of space. In Fourier space, the effective
packing fraction of stealthy hyperuniform configurations is
proportional to Kd [8]. In the special case of crystalline
stealthy hyperuniform systems, K is simply the location of
the first Bragg peak [9], while for disordered stealthy hy-
peruniform systems, K is the smallest wave number for
which S(K ) is positive. This suggests a simple question:
Is there a direct correspondence between ideal hard-sphere
packings in real space and in Fourier space (i.e., solutions to
the densest packing, the covering problem, or the quantizer
problem [10,11])?

In real space, each of these problems is quite difficult.
In particular, the densest packing has only been rigorously
proven in dimensions d = 1 (a trivial solution), d = 2 [12],
d = 3 [13], d = 8 [14], and d = 24 [15]. For all other dimen-
sions, only lower [16] and upper bounds [17,18] have been
proven, though conjectured but unproven densest packing
candidates are often quoted for d � 48 [10]. Most of these
candidates are Bravais lattices, though notable exceptions ex-
ist in d = 10–13 [19], where the densest known packings
are m-component crystals derived through binary codes. The
question of the densest crystalline hard-sphere packing in real
space is thus made more difficult by the existence of infinitely
many non-Bravais crystals (such as the honeycomb crystal
in d = 2 and hexagonal close packing in d = 3). To com-
plicate matters further, it has been conjectured that in large
enough d , the densest packing should be disordered due to the
decorrelation principle [20], which states that as d → ∞ all
unconstrained spatial correlations vanish beyond the hard core
and all n-particle correlation functions gn for n � 3 can be
inferred from g2 and the number density. However, two other
possibilities have been suggested through thermodynamic ar-
guments, as discussed in Ref. [21].

For Fourier-space hard spheres, the densest packing in any
dimension has constraints that do not exist in real space,
allowing for stronger restrictions on its properties. In d = 1–4,
it was proven [8] that the densest Fourier-space hard-sphere
packing in is a Bravais lattice, specifically, the dual to the
densest Bravais lattice in real space. This statement was then
conjectured to hold for higher dimensions, which we address
in Sec. III. The densest configuration in Fourier space thus
does not necessarily correspond to the densest configuration
in real space except in cases where the densest Bravais lattice
is self-dual. Here we derive an expression that makes this
statement explicit, thus allowing the full phase diagram of
stealthy systems to be computed.

We also comment directly on the decorrelation principle as
applied to disordered stealthy hyperuniform states. In Ref. [7]

we demonstrated the ability to create large disordered stealthy
hyperuniform systems to ultrahigh accuracy by adapting their
standard generating protocol to double-double precision on
GPUs. With ultrahigh-accuracy systems at our disposal, it is
then possible to test the decorrelation principle through g2(r),
S(k > K ), and the τ order metric (which measures the degree
of translational order) in d = 2–8. While we cannot simulate
dimensions high enough to show complete decorrelation, we
show a loss of higher-order structure that is consistent with
both the decorrelation principle [20] and the mean-field theory
of hard-sphere liquids and glasses [22,23]. By understanding
how structure diminishes in stealthy hyperuniform systems as
a function of dimension, we can then begin to understand
the role of spatial structure in determining the many novel
properties of stealthy hyperuniform systems in the physical
dimensions d = 1–3 [7,24–45].

The goals of this work are then threefold. First, in Sec. II
we give basic definitions and derive the constraints on all
stealthy hyperuniform point patterns (both ordered and dis-
ordered) imposed by the hard-sphere condition. In Sec. III we
use these constraints to confirm that the densest Fourier-space
configuration (i.e., the highest value of K for a fixed number
density of points) is a Bravais lattice, as stated in Ref. [8].
Then in Sec. IV we discuss disordered stealthy hyperuniform
systems and derive their effective Fourier-space packing frac-
tion from the virial theorem. This then allows us to compare to
numerical results showing decorrelation in Sec. V. Finally, in
Sec. VI we summarize our results and discuss the implications
they have on glasses.

II. DEFINITIONS

A Bravais lattice � ∈ Rd is a subgroup consisting of inte-
ger linear combinations of vectors constituting a basis for Rd .
There are d basis vectors of � labeled ai, and every point on
the lattice can be specified as

p =
d∑

i=1

niai, (1)

where ni ∈ Z. In lattices, space can be divided into identical
regions F called fundamental cells that each contain a single
point p. The volume of F is denoted by vF . Bravais lattices
are often simply referred to as lattices in mathematics, so to
avoid confusion, we will adopt this terminology henceforth.
Periodic structures with an m-particle basis will then be de-
noted as crystals, noting that a lattice is simply a crystal with
m = 1.

Every lattice has a dual lattice �∗, whose points are de-
fined such that that if p ∈ � and q ∈ �∗, then p · q = 2πm,
where m ∈ Z. The dual fundamental cell F ∗ has a volume
vF ∗ = (2π )d/vF such that the number densities of the lattice
ρ� and its dual ρ�∗ are related as

ρ�ρ�∗ = 1

(2π )d
. (2)

While the concept of a dual lattice can be formally extended
in some cases to crystals [46,47], most crystals with m > 1
do not have a formal dual, and Eq. (2) cannot generally be
extended to them.
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In addition to lattices and crystals, we consider disordered
point patterns consisting of N-point particles in Rd embedded
in periodic boxes F with volume vF with positions r j . The
structure factor for any of the aforementioned individual sys-
tems is given by

S(k, rN ) = |ñ(k, rN )|2
N

, (3)

where k is a nonzero dual lattice vector of F , rN de-
notes the positions of all N particles, and ñ(k, rN ) is
the complex collective coordinate of the wave vector k
given by

ñ(k, rN ) =
N∑

j=1

exp(−ik · r j ). (4)

Disordered stealthy hyperuniform systems can be ob-
tained through the collective coordinate procedure [7,9,48–
51], which searches for a global minimum (ground state) of a
potential related to S(k, rN ) via numerical minimization. This
potential energy can be derived as [50]

�(rN ) = N

2vF

⎛
⎝ ∑

0<k�K

ṽ(k)S(k, rN ) −
∑

0<k�K

ṽ(k)

⎞
⎠, (5)

where v(r) is a positive, bounded, and integrable function
with compact support over the interval 0 < k < K whose
Fourier transform ṽ(k) exists. In practice, because the second
term is a potential-dependent constant independent of the po-
sitions of the particles, it is dropped, and a disordered stealthy
hyperuniform point pattern is then given by �(rN ) = 0. While
numerical simulations cannot reach this strict bound, they
are able to achieve values of � which are indistinguishable
from zero [52] to within double [9,48–50] or double-double
precision [7]. To simplify notation, the dependence of the
structure factor on rN will be suppressed throughout this work,
instead referring to S(k).

While stealthy hyperuniform systems are characterized by
the linear size of the exclusion region K , it is useful to consider
the number of independently constrained wave vectors for
which S(k) = 0, labeled M. The total number of independent
degrees of freedom in a system of N particles is (N − 1)d ,
and thus the fraction of independent degrees of freedom that
are constrained, labeled χ , is

χ ≡ M

(N − 1)d
. (6)

The maximum value of χ for any disordered system [53] is
χ = 1

2 for d � 2 [8] (note also that d = 1 is a special case,
which we do not treat here, for which only χ < 1

3 are fully dis-
ordered; see Ref. [54]). All systems with χ > 1

2 are therefore
ordered. In addition to crystalline states, the ordered regime
contains stacked slider phases [9,51]. Stacked sliders have
implicit constraints that necessitate order (like a crystal), but
these states do not contain Bragg peaks and are not periodic
in real space (see Refs. [9,51] for visual examples).

Following the arguments of Ref. [8], χ can be calculated
in the thermodynamic limit by noting that M is simply half
the volume of a sphere of radius K in reciprocal space and by

(a)

(b)

FIG. 2. Plot showing χ for root lattices Ad , Dd , and Zd ; their du-
als A∗

d , D∗
d , and Z∗

d = Zd ; the exceptional root lattices Ed in d = 6–8
and their duals E∗

d ; Kd and its dual K∗
d in d = 7–13; and the duals of

the laminated lattices �d in d = 1–48. We also show the upper bound
for disordered systems, χ = 1

2 (gray line), and the lower bound for
the densest lattice in any given dimension, χ = (1 − 1

d )ζ (d ) (black
line) [63], showing that the densest Fourier-space hard-sphere pack-
ing in all dimensions is ordered. The same data are plotted with χ in
both (a) linear and (b) logarithmic scale.

using Eq. (2) to simplify the resulting equation

χ = vd Kd

2dρ(2π )d
. (7)

Here ρ is the number density of points and vd is the volume
of a d-dimensional sphere of unit radius

vd = πd/2



(
1 + d

2

) . (8)

III. DENSEST STEALTHY
HYPERUNIFORM CONFIGURATIONS

There are two natural points of interest when discussing
χ as an effective packing fraction: (i) the transition point be-
tween disordered and ordered systems at χ = 1

2 for d � 2 and
(ii) the maximum obtainable value of χ in each dimension,
which we denote by χmax. In Ref. [8] it was shown that χmax is
associated with the lattice that is the dual to the densest lattice
in real space. This section is devoted to finding an expression
for χmax that makes this statement more explicit and that
allows the full phase diagram of Fourier-space hard spheres to
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be written in any dimension whose densest real-space lattice
is known.

To find the maximum value of χ for a given dimension, we
first consider the value of χ for a given lattice �, labeled χ�.
Here we relate the number density of the dual lattice ρ�∗ to its
packing fraction ϕ�∗ by assuming spheres of diameter K :

ρ�∗ = 2dϕ�∗

vd Kd
. (9)

Combining this with Eq. (7) yields

χ� = 2dϕ�∗

2d
= ϕ̂�∗

2
. (10)

Thus, the numerical value of χ associated with a given lat-
tice is directly related to the packing fraction of its dual
lattice in real space. Values of χ� for several standard lattices
and their duals in d = 1–48 are shown in Fig. 2. Notably,
Eq. (10) makes explicit use of the scaling notation used to
compare disordered real-space hard spheres across dimen-
sions [20,22,23,55,56]

ϕ̂ = 2dϕ

d
. (11)

This scaling ensures that the minimal jamming packing frac-
tion, the (avoided [57]) dynamical transition, and the onset of
Fickian diffusion are all O(1) and smoothly evolve as d → ∞
[58–62]. The appearance of this scaling when considering
lattices is a subtle point, which has been noted elsewhere
[60,61,63]. Here it will be used to make previous statements
about the densest Fourier-space hard-sphere packing more
apparent.

From Eq. (10) we define the absolute maximum χmax as
the maximum value of χ� taken over all crystals � in a given
dimension,

χmax ≡ max
�

(χ�). (12)

We have two tools which allow for the calculation of χ� when
the maximum packing fraction of the dual (ϕ�∗) is unknown
or when the dual does not exist (i.e., in crystals with m > 1 or
stacked slider phases). The first of these is an application of
the stacked slider theorem [51]

χ = vd Kd
m

2d (2π )dρPρQ
, (13)

where P and Q refer to lower-dimensional crystals, for which
dP + dQ = d and Km = min(KP, KQ). Applying this recur-
sively allows the calculation of χmax in all laminated lattices.
The second tool is an application of the lemma on additive
stealthy systems [8], which states that for a system made
additively from m stealthy subsystems with the same value
of K , the combined value of χ is

χ =
(

m∑
i=1

χ−1
i

)−1

. (14)

Here, because χi > 0 for all i, we have that χ < χi for all
i. Thus the value of χ for a crystal with an m-particle basis is
lower than that of the lattice with the same unit cell. In Ref. [8]
this was used to show that the densest crystal in Fourier space
is a lattice. From the construction of Eq. (10) it is then clear

that the densest lattice in Fourier space is the dual of the
densest lattice in real space, a statement noted in d = 1–4 in
Ref. [8]. This lattice was also proven to be the unique ground
state in any given dimension [64].

Furthermore, it was shown [8] that the densest lattice in
Fourier space is more dense than the densest disordered sys-
tem by logically extending the results of d = 1–4. The explicit
connection to real-space systems from Eq. (10) allows us to
reinforce that proof. While the best lower [16] and upper
bounds [17,18] on general sphere packings put the densest
packing in the range

max
�

(ϕ̂�) ∈
(

65 963,
20.401d

d

)
, (15)

as d → ∞, a much weaker constructive lower bound is all
that is necessary to prove that χmax is associated with a lattice.
For any given dimension, Ball showed that a lattice �B exists
with ϕ̂�B � 2(1 − 1

d )ζ (d ), where ζ (d ) is the Riemann zeta
function [63], and thus

χmax �
(

1 − 1

d

)
ζ (d ) (16)

for d > 1. Note that for d = 1 where ζ (1) diverges, χmax =
1. For positive integers d , ζ (d ) → 1+ as d → ∞, which
converges rather quickly, meaning that χmax > 1

2 in all
dimensions.

One caveat, which is clear from Fig. 2, is that while χmax >
1
2 in all dimensions, individual lattices may have χ� < 1

2 in
any dimension, such as Zd for d > 5. Additionally, crystals
may have χ� < 1

2 even in low dimensions, such as kagome
(χ = 0.3022) and honeycomb (χ = 0.4534) crystals in d = 2
and the pyrochlore (χ = 0.2267) and diamond (χ = 0.4534)
crystals in d = 3 [8].

IV. MAPPING TO REAL-SPACE DISORDERED SYSTEMS

While we have focused so far on the exclusion region
S(k < K ), we would like to predict the behavior of the
structure factor of disordered stealthy hyperuniform systems
outside the exclusion region, i.e., S(k � K ). In Ref. [8],
a subset of stealthy hyperuniform systems was identified
for which this problem was tractable, namely, entropically
favored states (EFSs), which are first thermally equilibrated
at a low temperature and then rapidly quenched through
energy minimization. The EFSs thus act like equilibrium
Fourier-space hard spheres. Following Ref. [8], we use the
mapping between a stealthy hyperuniform ensemble with S(k)
at an effective packing fraction χ and a real-space hard-sphere
ensemble with gHS

2 (r) at real-space packing fraction ϕ̂ by

S(k, χ ) = gHS
2 (r = k, ϕ̂), (17)

where χ = b(d )ϕ̂. Because Eq. (17) is only a statement of
two-point correlators, it should only be accurate for small
values of χ , though it should be increasingly accurate as d
increases and higher-order correlations become trivial due
to the decorrelation principle [20]. Whether this mapping is
precisely realizable in a given d at any order of approximation
is left as an open question.
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To first order in ϕ̂, the pair-correlation function for equili-
brated hard spheres can be written as [65,66]

gHS
2 (r) = �(r − σ )[1 + ϕ̂α(r; R)d + O(ϕ̂2)], (18)

where α(r; R) is the overlap of two spheres of radius R sepa-
rated by a distance r [65],

α(r; R) = 2
(1 + d
2 )

π1/2
( d+1
2 )

∫ cos−1(r/2R)

0
sind (θ )dθ. (19)

The special case r = R, which obtains the maximum value of
α(r; R), is then

α(R; R) = 2F1
(

1
2 , 1+d

2 ; 3+d
2 ; 3

4

)



(
1 + d

2

)(
3
4

)(1+d )/2

π1/2

(

3+d
2

) , (20)

where 2F1 is the ordinary hypergeometric function. In infinite
dimensions, gHS

2 (r) approaches a step function for all densities
[20,61,67], which is reflected in the asymptotic form of the
coefficient of ϕ̂ at the maximum value r = R:

α(R; R)d ∼
√

6d

π

(
3

4

)d/2

. (21)

As expected, this asymptotes to zero for all values of ϕ̂ as
d → ∞, and gHS

2 (r) approaches a step function.
Using the mapping of Eq. (17), we obtain [68]

S(k) = �(k − K )[1 + b(d )χα(k; K )d + O(ϕ̂2)]. (22)

In Ref. [8] it was argued that b(d ) = [α(K ; K )d]−1, noting a
strong fit to d = 2 and d = 3 data [69]. However, this scaling
gives an erroneous result in the prediction for S(K ) yield-
ing S(K ) = 1 + χ + O(χ2). By construction, S(k) should
approach a step function as dimension increases, and thus
S(K ) should approach 1 as d → ∞ for all values of χ < 1/2.
In Sec. III we noted that χ could be compared directly to
real-space packing fractions in hatted units [see Eq. (11)],
suggesting that b(d ) = 1, and thus

S(k) = �(k − K )[1 + χα(k; K )d + O(χ2)]. (23)

Figure 3 demonstrates that this achieves the appropriate
limit to first order in χ , because α(K ; K )d → 0 as d → ∞.
Over the densities considered in Ref. [8], the differences be-
tween the choices of b(d ) = 1 and b(d ) = [α(K ; K )d]−1 yield
curves which are almost indistinguishable, and thus Eq. (23)
fits EFS simulation data well (see the Appendix).

It is of course important to note that the mapping of
Eq. (17) does not imply that all real-space hard-sphere proper-
ties can be directly transferred to Fourier-space hard spheres.
In Eq. (17) the mapping is only made at the two-particle
level, which is most relevant at low densities and in high
dimensions. We thus expect it to fail when considering highly
correlated systems. It is thus unsurprising that the configura-
tion with the maximum effective packing fraction in Fourier
space [Eq. (10)] is not what might have been expected using
a straightforward substitution ϕ̂ → χ . Similarly, the freezing
point for Fourier hard spheres appears to be χ = 1

2 , while for
real-space hard spheres, ϕ̂ f ∼ 1 in d = 3–10 (see Ref. [60] for
numerical values) [70].

FIG. 3. First-order coefficient in the χ expansion of S(k) for
entropically favored states α(K ; K )d as a function of dimension. We
see that α(K ; K )d ∼ O(1) for d � 20, but it then rapidly decreases
as d → ∞.

V. EVOLUTION OF STRUCTURE
IN DISORDERED SYSTEMS

The collective coordinate minimization procedure de-
scribed in Sec. II can be used to create disordered stealthy
hyperuniform systems by minimizing S(k) in the exclusion
region. The behavior of the structure factor outside the exclu-
sion region S(k > K ) and the pair-correlation function g2(r)
will then depend largely on the initial conditions and the
type of minimizer used [50]. While the theory of Ref. [8]
gives theoretical predictions for both g2(r) and S(k > K ) in
EFSs, these states are difficult to obtain when N is large,
and the question of how to create EFSs at large scales is
left for future work. We instead focus on states with ran-
dom initial conditions, equivalent to an infinite-temperature
quench (ITQ), and ask whether key features predicted in EFSs
remain.

Figure 4 shows ITQ data in d = 2–8 for χ = 0.1, 0.2,
0.3, and 0.4 averaged over five systems with N = 2 × 105.
In d = 2, we see large discrepancies between the theoretical
values of g2(0) and S(K ) from EFSs as already noted in
Ref. [50] (see Fig. 1 therein) but these differences become
negligibly small as dimension increases. For higher values
of χ , the nonmonotonicity in S(k) predicted in EFSs are
present in ITQ ensembles. However, the oscillations in S(k)
at high χ and the spike near k = K present in ITQ systems
both decrease as dimension increases, in agreement with the
decorrelation principle [20]. We also note an apparent exclu-
sion region forming in g2(r) for high values of χ , which has
been observed elsewhere in large but finite systems [9,50] and
exploited to map to packings of nonoverlapping spheres. [26].

In addition to g2(r) and S(k), we measure the degree of
translational order through the order metric τ [8], given by

τ ≡ 1

Dd

∫
Rd

[g2(r) − 1]2dr

= 1

(2πD)dρ2

∫
Rd

[〈S(k)〉 − 1]2dk, (24)
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FIG. 4. Plots of S(k) (left) and g2(r) (right) at fixed χ . As dimension increases, several prominent features in both metrics decrease, namely,
the peaks at low values of k and r, respectively, and oscillations in S(k) at high values of χ . As d → ∞, S(k) tends towards a step function for
all values of χ ; however, the dimensional range shown here is not enough for this trend to be clear, as the first correction to the step function
in Eq. (23) is O(1) for d � 20 (see Fig. 3). Instead, the curves appear to collapse towards a common curve as dimension increases. Noise in
low-χ high-dimensional g2(r) data at small values of r is due solely to low sampling.

where angular brackets 〈. . .〉 denote an average over
configurations and D is a characteristic length, which we take
to be D = K−1. In an ideal gas τ = 0, and thus τ represents
the degree of departure from the fully uncorrelated case. To
compare systems across dimension, we define a modified ver-
sion, labeled τ̂ , which for isotropic systems [g2(r) = g2(r)] is

τ̂ ≡ vdτ

4d2(2π )d
= Kdv2

d

4d (2π )d

∫ ∞

0
[g2(r) − 1]2rd−1dr

= Kdv2
d

4dρ2(2π )2d

∫ ∞

0
[〈S(k)〉 − 1]2kd−1dk. (25)

For EFSs, to first order in χ , this integral can be broken up
into three regions using the form of Eq. (23),

[S(k) − 1]2 =

⎧⎪⎨
⎪⎩

1 if k < K
χ2α(k; K )2d2 if K � k � 2K
0 if k > 2K.

(26)

The integral over the region k < K is trivially χ2, and
the integral over the region k > 2K is trivially zero. The
integral over the region K � k � 2K can then be reduced to
a nondimensional form to become

Kdv2
dχ

2d

4ρ2(2π )2d

∫ 2K

K
α(k; K )2kd−1dk = χ4d3

∫ 2

1
α(t, 1)2t d−1dt

= c4(d )χ4, (27)

where c4(d ) can be calculated numerically. We can thus write

τ̂ = χ2 + c4(d )χ4 + O(χ5). (28)

Values of c4(d ) rapidly decrease with dimension above
d ≈ 20 (see Fig. 5), meaning that τ̂ → χ2 as d → ∞, which
is the result one would get using S(k) = �(k − K ). Given that
the χ2 contribution will be common to all stealthy systems,
we examine the excess contribution to τ̂ as τ̂ − χ2.

This can then be compared to the ITQ data (Fig. 6), where
we find remarkable functional agreement with the EFS predic-
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FIG. 5. Coefficient c4(d ) of the χ 4 term in the expansion of τ̂ in
Eq. (28) plotted as a function of dimension. While c4(d ) ∼ O(1) for
d � 20, it then decreases rapidly as d → ∞.

tion as d increases, yielding τ̂ − χ2 ≈ c̄χ4 for d > 4 with c̄
approaching c4(d ) as dimension increases. As noted in Ref.
[7], this indicates that, in d = 2, the integrated measure of
order across length scales is essentially the same between
EFSs and ITQ states, despite significant departures in both
S(k) and g2(r), and this is increasingly true as dimension
increases.

The decorrelation effects seen in both S(k) and τ indicate
that disordered systems are also generally easier to find as
dimension increases. This is borne out through the collective
coordinate minimization procedure, which becomes signifi-
cantly faster in higher dimensions and which always finds
a global minimum. This also strongly indicates that ground
states will continue to exist for all χ < 1

2 as d → ∞.

FIG. 6. Excess τ̂ order metric τ̂ − χ 2 as a function of both d and
χ from the N = 2 × 105 infinite-temperature quench data (circles).
For d > 4, the ITQ data match the functional form of the entropically
favored state prediction τ̂ − χ 2 ≈ c̄χ 4 (black dashed line). Lines
between points are kept as a guide to the eye. The prefactor to the
quartic term c̄ also approaches c4(d ) as d increases, as evidenced in
the inset, which shows the relative error of c̄.

VI. CONCLUSION

By elaborating on the analogy of stealthy hyperuniform
points patterns as hard spheres in Fourier space, we have made
several connections that allow insight into real-space packing
problems. While the full phase diagram for real-space hard
spheres is contested in high dimensions [21], the case for
Fourier hard spheres is far simpler. In all dimensions d � 2,
systems with χ < 1

2 are generically disordered ground states,
with crystalline and stacked slider phases comprising a zero-
measure set. For χ > 1

2 , only crystalline and stacked slider
phases are allowed, and we have derived a set of relations
which clarify that the densest Fourier hard-sphere packing in
any dimension is the dual to the densest Bravais lattice in
real space, as previously shown [8]. In d = 1–8, the densest
known Fourier-space hard-sphere packing happens to corre-
spond to the best known solution to the quantizer problem
[11], though this correspondence is notably broken in d = 9
and 10 [72].

Furthermore, features in S(k > K ), g2(r), and the τ order
metric of disordered stealthy hyperuniform states decor-
relate as dimension increases, implying that higher-order
correlations become trivial. This implies that disordered
stealthy hyperuniform systems should be reconcilable with
the infinite-dimensional mean-field theory of glasses [22,23],
wherein all pair interactions between spheres are completely
decorrelated. In infinite dimensions, the EFSs become the
full Fourier-space equivalent of real-space equilibrium hard
spheres, whose dynamics and phase behavior are well under-
stood within the mean-field theory. A full investigation of this
mapping is therefore within reach.
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APPENDIX: COMPARISON OF DENSITY
SCALING FACTORS

Here we compare the structure factor of stealthy systems
under the EFS ensemble summarized in Eq. (22). In Fig. 7
the two scalings of b(d ) noted in Sec. IV are plotted for
the χ values considered in Ref. [8] for d = 3 point patterns:
χ = 0.05, 0.1, and 0.143. In Refs. [8,69], it was argued that
b(d ) = 1/α(K ; K )d because it fit the simulation data. Here
we argue that b(d ) = 1 based on the requirements of the
d → ∞ scaling and a strict use of χ as the relevant effec-
tive density for stealthy systems. While the prefactors differ
dramatically, the curves are nearly indistinguishable over the
ranges considered, which led to the erroneous adoption of
b(d ) = 1/α(K ; K )d in the previous work [8].
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FIG. 7. Comparison of the structure factor for entropically favored states [Eq. (22)] with the previously reported [8] value of b(d ) =
1/α(K ; K )d and the corrected value b(d ) = 1 used in this work. Note that the curves are nearly indistinguishable over the range of χ values
studied in Ref. [8] and differences between the two curves are smaller than the margin of error for the simulation data contained therein.
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for S(k) = 0.

[54] Y. Fan, J. K. Percus, D. K. Stillinger, and F. H. Stillinger, Con-
straints on collective density variables: One dimension, Phys.
Rev. A 44, 2394 (1991).

[55] S. Torquato and F. H. Stillinger, Controlling the short-range
order and packing densities of many-particle systems, J. Phys.
Chem. B 106, 8354 (2002).

[56] M. Skoge, A. Donev, F. H. Stillinger, and S. Torquato, Packing
hyperspheres in high-dimensional Euclidean spaces, Phys. Rev.
E 74, 041127 (2006).

[57] P. Charbonneau, J. Kurchan, G. Parisi, P. Urbani, and F.
Zamponi, Glass and jamming transitions: From exact results
to finite-dimensional descriptions, Annu. Rev. Condens. Matter
Phys. 8, 265 (2017).

[58] P. K. Morse and P. Charbonneau, Amorphous packings of
spheres, in Packing Problems in Soft Matter Physics, edited by
H.-K. Chan, S. Hutzler, A. Mughal, C. S. O’Hern, Y. Wang, and
D. Weaire (Royal Society of Chemistry, Cambridge, 2025).

[59] M. Mangeat and F. Zamponi, Quantitative approximation
schemes for glasses, Phys. Rev. E 93, 012609 (2016).

[60] P. Charbonneau, C. M. Gish, R. S. Hoy, and P. K. Morse,
Thermodynamic stability of hard sphere crystals in dimensions
3 through 10, Eur. Phys. J. E 44, 101 (2021).

[61] P. Charbonneau, Y. Hu, J. Kundu, and P. K. Morse, The di-
mensional evolution of structure and dynamics in hard sphere
liquids, J. Chem. Phys. 156, 134502 (2022).

[62] P. Charbonneau and P. K. Morse, Jamming, relaxation, and
memory in a minimally structured glass former, Phys. Rev. E
108, 054102 (2023).

033260-9

https://doi.org/10.1073/pnas.1705130114
https://doi.org/10.1103/PhysRevB.95.094120
https://doi.org/10.1016/j.actamat.2017.09.053
https://doi.org/10.1088/2399-7532/aaca91
https://doi.org/10.1063/1.5124302
https://doi.org/10.1103/PhysRevApplied.11.054076
https://doi.org/10.1103/PhysRevE.102.053001
https://doi.org/10.1103/PhysRevA.101.053829
https://doi.org/10.1073/pnas.1914086117
https://doi.org/10.1063/5.0059928
https://doi.org/10.1038/s41578-020-00263-y
https://doi.org/10.1063/5.0097894
https://doi.org/10.1073/pnas.2213633119
https://doi.org/10.1021/acsphotonics.1c01668
https://doi.org/10.1002/adom.202102565
https://doi.org/10.1364/OPTICA.489797
https://doi.org/10.1088/1361-648X/ad2802
https://doi.org/10.1364/OME.507918
https://doi.org/10.1103/PhysRevE.80.061116
https://doi.org/10.1103/PhysRevE.74.031104
https://doi.org/10.1063/1.2961314
https://doi.org/10.1103/PhysRevE.92.022119
https://doi.org/10.1103/PhysRevE.92.022120
https://doi.org/10.1103/PhysRevA.44.2394
https://doi.org/10.1021/jp0208687
https://doi.org/10.1103/PhysRevE.74.041127
https://doi.org/10.1146/annurev-conmatphys-031016-025334
https://doi.org/10.1103/PhysRevE.93.012609
https://doi.org/10.1140/epje/s10189-021-00104-y
https://doi.org/10.1063/5.0080805
https://doi.org/10.1103/PhysRevE.108.054102


MORSE, STEINHARDT, AND TORQUATO PHYSICAL REVIEW RESEARCH 6, 033260 (2024)

[63] K. Ball, A lower bound for the optimal density of lattice pack-
ings, Int. Math. Res. Not. 1992, 217 (1992).

[64] S. Torquato and F. H. Stillinger, New duality relations for clas-
sical ground states, Phys. Rev. Lett. 100, 020602 (2008).

[65] S. Torquato, Effect of dimensionality on the continuum perco-
lation of overlapping hyperspheres and hypercubes, J. Chem.
Phys. 136, 054106 (2012).

[66] J.-P. Hansen and I. McDonald, Theory of Simple Liquids:
With Applications to Soft Matter, 4th ed. (Academic Press,
Amsterdam, 2013).

[67] H. L. Frisch, N. Rivier, and D. Wyler, Classical hard-sphere
fluid in infinitely many dimensions, Phys. Rev. Lett. 54, 2061
(1985).

[68] There is a trivial error in the argument of �(x) and a sign error
in the second term of the corresponding equation [Eq. (77)] in
Ref. [8], which are corrected here.

[69] In comparing with Ref. [8], we have rescaled the definition of
b(d ) to simplify the equations.

[70] This approximation of the freezing point may break down
as d → ∞. In this limit, it has been conjectured that ϕ̂f ∈
(0.144, ln d ) [21,71], which includes a diverging value of ϕ̂f .

[71] M. Jenssen, F. Joos, and W. Perkins, On the hard sphere model
and sphere packings in high dimensions, Forum Math. Sigma 7,
e1 (2019).

[72] E. Agrell and T. Eriksson, Optimization of lattices for quantiza-
tion, IEEE Trans. Inf. Theory 44, 1814 (1998).

033260-10

https://doi.org/10.1155/S1073792892000242
https://doi.org/10.1103/PhysRevLett.100.020602
https://doi.org/10.1063/1.3679861
https://doi.org/10.1103/PhysRevLett.54.2061
https://doi.org/10.1017/fms.2018.25
https://doi.org/10.1109/18.705561

