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Disordered hyperuniform materials are an emerging class of exotic amorphous states of matter that endow
them with singular physical properties, including large isotropic photonic band gaps, superior resistance to
fracture, and nearly optimal electrical and thermal transport properties, to name but a few. Here we generalize
the Fourier-space-based numerical construction procedure for designing and generating digital realizations of
isotropic disordered hyperuniform two-phase heterogeneous materials (i.e., composites) developed by Chen and
Torquato [Acta Mater. 142, 152 (2018)] to anisotropic microstructures with targeted spectral densities. Our
generalized construction procedure explicitly incorporates the vector-dependent spectral density function χ̃V (k)
of arbitrary form that is realizable. We demonstrate the utility of the procedure by generating a wide spectrum
of anisotropic stealthy hyperuniform microstructures with χ̃V (k) = 0 for k ∈ �, i.e., complete suppression of
scattering in an “exclusion” region � around the origin in Fourier space. We show how different exclusion-
region shapes with various discrete symmetries, including circular-disk, elliptical-disk, square, rectangular,
butterfly-shaped, and lemniscate-shaped regions of varying size, affect the resulting statistically anisotropic
microstructures as a function of the phase volume fraction. The latter two cases of � lead to directionally hy-
peruniform composites, which are stealthy hyperuniform only along certain directions and are nonhyperuniform
along others. We find that while the circular-disk exclusion regions give rise to isotropic hyperuniform composite
microstructures, the directional hyperuniform behaviors imposed by the shape asymmetry (or anisotropy) of
certain exclusion regions give rise to distinct anisotropic structures and degree of uniformity in the distribution
of the phases on intermediate and large length scales along different directions. Moreover, while the anisotropic
exclusion regions impose strong constraints on the global symmetry of the resulting media, they can still
possess structures at a local level that are nearly isotropic. Both the isotropic and anisotropic hyperuniform
microstructures associated with the elliptical-disk, square, and rectangular � possess phase-inversion symmetry
over certain range of volume fractions and a percolation threshold φc ≈ 0.5. On the other hand, the directionally
hyperuniform microstructures associated with the butterfly-shaped and lemniscate-shaped � do not possess
phase-inversion symmetry and percolate along certain directions at much lower volume fractions. We also apply
our general procedure to construct stealthy nonhyperuniform systems. Our construction algorithm enables one
to control the statistical anisotropy of composite microstructures via the shape, size, and symmetries of �, which
is crucial to engineering directional optical, transport, and mechanical properties of two-phase composite media.

DOI: 10.1103/PhysRevE.108.045306

I. INTRODUCTION

Disordered hyperuniform materials are exotic states of
matter [1,2] that lie between a perfect crystal and liquid. These
systems are similar to liquids or glasses in that they are statis-
tically isotropic and generally possess no Bragg peaks, and
yet they completely suppress large-scale normalized density
fluctuations like crystals and in this sense possess a hid-
den long-range order [1–3]. A hyperuniform many-particle
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system, disordered or ordered, is one in which the static
structure factor S(k) vanishes in the infinite-wavelength (or
zero-wavenumber) limit, i.e., lim|k|→0 S(k) = 0, where k is
the wavevector [1]. Here S(k) is defined as S(k) ≡ 1 + ρh̃(k),
where h̃(k) is the Fourier transform of the total correlation
function h(r) = g2(r) − 1, g2(r) is the pair correlation func-
tion, and ρ is the number density of the system. Note that this
definition implies that the forward scattering contribution to
the diffraction pattern is omitted. Equivalently, a hyperuni-
form point pattern is one which the local number variance
σ 2

N (R) associated with a spherical observation window of
radius R grows more slowly than the window volume in the
large-R limit [1,2].
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The concept of hyperuniformity was subsequently general-
ized by Torquato and coworkers to two-phase heterogeneous
materials [3] and random scalar, vector, and tensor fields [4].
For two-phase heterogeneous materials (i.e., composites), the
focus of this work, the quantity of interest is the spectral
density function χ̃V (k), which is the Fourier transform of
the autocovariance function χV (r) = S2(r) − φ2, where S2(r)
and φ are respectively the two-point correlation function and
volume fraction for the phase of interest in the composite
(see Sec. II for detailed discussions) [3,5,6]. A hyperuni-
form heterogeneous two-phase material possesses a vanishing
spectral density function in the zero-wavenumber limit, i.e.,
lim|k|→0 χ̃V (k) = 0, since χ̃V (k) is trivially proportional to the
scattering intensity [5], which indicates that the scattering of a
disordered hyperuniform composite is completely suppressed
at the infinite-wavelength limit. Equivalently, a hyperuniform
heterogeneous medium, disordered or not, possesses a local
volume fraction variance σ 2

V
(R) that decreases more rapidly

than Rd for large R, i.e., limR→∞ σ 2
V

(R) · Rd = 0, where R is
the radius of spherical observation windows used to compute
σ 2

V
(R). This behavior is to be contrasted with those of typical

disordered two-phase media for which the variance decays
as R−d .

A variety of exotic correlated disordered systems, which
can be in both equilibrium and nonequilibrium settings, and
come in both quantum-mechanical and classical varieties, are
known to be hyperuniform. Examples include the density
fluctuations in early universe [7], disordered jammed pack-
ing of hard particles [8–11], certain exotic classical ground
states of many-particle systems [12–19], jammed colloidal
systems [20–23], driven nonequilibrium systems [24–28],
certain quantum ground states [29,30], avian photorecep-
tor patterns [31], organization of adapted immune systems
[32], amorphous silicon [33,34], a wide class of disordered
cellular materials [35], dynamic random organizing systems
[36–40], electron density distributions [41,42], vortex dis-
tribution in superconductors [43,44], certain medium- or
high-entropy alloys [45], disordered two-dimensional (2D)
materials [46–50], amorphous carbon nanotubes [51], and
certain metallic glasses [52]. The readers are referred to the
review article by Torquato [2] for further details about disor-
dered hyperuniform states of matter.

The unique characteristics of disordered hyperuniform
materials, i.e., the combination of both disordered liquid-
like structures on small scales and crystallike hidden order
on large scales, endow them with many superior physi-
cal properties, including wave propagation characteristics
[53–61], diffusion and electrical properties [62–64], mechan-
ical properties [65,66], as well as optimal multifunctional
characteristics [67–69]. A particularly important discovery
was the demonstration that disordered “stealthy” hyperuni-
form materials possess large, complete, and isotropic photonic
band gaps, blocking all directions and polarizations [53,54],
which had been thought not to be possible. Such exotic
disordered photonic band gap materials enable waveguide ge-
ometries that have advantages over their periodic counterparts
[70], which have also important ramifications for electronic
and phononic device applications [71]. Subsequently, it was
shown that disordered stealthy hyperuniform materials can

be made fully transparent to electromagnetic waves [72–74].
These discoveries set a new paradigm for engineered disorder
in photonic metamaterials [75,76] and optical applications
[77–79]. Designer disordered hyperuniform materials have
also been successfully fabricated or synthesized using differ-
ent techniques [80,81]. A recent review article [82] describes
engineered metamaterials for photonic applications with an
emphasis on disordered hyperuniform materials.

An inverse problem of great importance is the generation of
realizations of heterogeneous two-phase materials with a pre-
scribed set of statistical descriptors, which is usually referred
to as the material construction problem [5,83,84]. To this end,
a variety of numerical construction methods have been devel-
oped, including Gaussian random field method [85,86], phase
recovery method [87–89], multipoint statistics [90–93], and
machine-learning-based methods [94–99] to name but a few.

One of the most widely used construction methods is a pro-
cedure devised by Yeong and Torquato, who formulated the
construction as an energy minimization problem and solved it
using stochastic optimization [83,84]. In particular, an energy
is defined as the sum of the squared differences between a
prescribed set of statistical microstructural descriptors and the
corresponding descriptors computed from a trial microstruc-
ture. The simulated annealing method [100] is subsequently
employed to evolve the trial microstructure in order to min-
imize the energy. The statistical descriptors such as various
correlation functions [5] can be obtained either by sampling
from microstructure images or theoretical considerations. In
the former case, the problem is typically referred to as re-
construction. In the latter instance, the target functions need
to satisfy the necessary realizability conditions in order to
achieve a successful construction [101]. The Yeong-Torquato
procedure has been employed to incorporate a variety of sta-
tistical descriptors [102–106] and applied to a wide spectrum
of heterogeneous two-phase material systems [107–117].

Very recently, Chen and Torquato [6] further generalized
the Yeong-Torquato procedure to generate microstructures of
isotropic disordered hyperuniform heterogeneous two-phase
materials from realizable angular-averaged spectral density
functions χ̃V (|k|), including both stealthy and nonstealthy
hyperuniform ones. Importantly, this allowed them to design
disordered stealthy hyperuniform dispersion that possesses
nearly optimal effective conductivity that is also transparent
to electromagnetic radiation for certain wavelengths and can
be readily experimentally fabricated using 3D printing and
lithographic technologies.

Hyperuniformity has recently been generalized to treat
structurally anisotropic systems [4], which necessitates the
introduction of the concept of “directional hyperuniformity,”
i.e., hyperuniformity along certain directions in Fourier space
and nonhyperuniformity along other directions. Figure 1
shows a directionally (anisotropic) hyperuniform scattering
pattern (left panel) possessing a lemniscate-shaped region
around the origin in which the scattering intensity is ex-
actly zero (darkest shade), which was originally studied in
Ref. [4]. In this example, hyperuniformity clearly depends
on the direction in which the origin k = 0 is approached.
Specifically, the pattern is stealthy hyperuniform along the
horizontal direction [i.e., S(k) = 0 for kx < K and ky = 0,
see definition below], and nonhyperuniform along the vertical
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FIG. 1. An example of directionally hyperuniform system [4].
Left panel: A directionally hyperuniform scattering pattern in which
the exclusion region � is a lemniscate shape around the origin
where the scattering intensity is exactly zero (darkest shade). This
“stealthy” pattern clearly shows that hyperuniformity depends on
the direction in which the origin k = 0 is approached. Right panel:
A statistically anisotropic point configuration associated with the
scattering pattern.

direction [2]. The right panel shows a statistically anisotropic
point configuration that corresponds to the scattering pattern
[4]. It is seen that the points are arranged in “wavy” chains
along the horizontal direction, and no such “wavy” patterns
are observed along the vertical direction. Other examples
of directionally hyperuniform point patterns include exotic
ground states of directional pair potentials whose Fourier rep-
resentations are nonzero on compact sets around the origin
and zero everywhere else [118]. Such anisotropic hyperuni-
form systems have important implications for the design of
waveguide with engineered direction-dependent performance
[119]. To the best of our knowledge, no systematic investiga-
tions on directionally hyperuniform heterogeneous two-phase
materials have been carried out.

Here we generalize the Fourier-space-based numerical
construction procedure developed by Chen and Torquato [6]
to generate digital realizations of anisotropic disordered hype-
runiform heterogeneous two-phase material microstructures
with designed spectral densities. Controlling the statistical
anisotropy of composite microstructures via the shape, size,
and discrete symmetries of � is crucial to engineering direc-
tional optical, transport, and mechanical properties of the two-
phase media for a wide spectrum of applications [55,119],
including achieving exotic anisotropic dispersion relations for
electromagnetic and acoustic wave propagation [120,121].
Our generalized construction procedure explicitly incorpo-
rates the vector-dependent spectral density function χ̃V (k).
We demonstrate the utility of the procedure by applying it to
render a wide spectrum of anisotropic stealthy hyperuniform
(SHU) composites [122], which possess a spectral density,

χ̃V (k) = 0, for k ∈ �, (1)

where � is an “exclusion” region [13] around the origin in
the k space in which scattering is completely suppressed,
excluding forward scattering at k = 0. Thus, SHU composites
anomalously suppress local volume fraction fluctuations from
intermediate to infinite wavelengths. We systematically
investigate the effects of shape anisotropy and size of the
exclusion region � with certain discrete symmetries on

the resulting composite microstructure by constructing
corresponding statistically anisotropic realizations as a
function of phase volume fraction. We begin by investigating
SHU media with circular-disk regions and then consider
anisotropic shapes, namely, elliptical-disk, square, and
rectangular regions. Moreover, we study directionally
hyperuniform composites associated with butterfly-shaped
and lemniscate-shaped � regions, which are stealthy
and hyperuniform only along certain directions and are
nonhyperuniform along others. These selected representative
exclusion-region shapes are schematically illustrated in Fig. 2.

We find that while the circular-disk exclusion regions give
rise to isotropic hyperuniform structures on both global and
local scales, distinct anisotropic structures and degree of
uniformity in the distribution of the phases on intermediate
and large length scales along different directions, leading
to directional hyperuniform behaviors, can result from the
shape asymmetry (or anisotropy) of certain exclusion regions.
Moreover, while the anisotropic exclusion regions impose
strong constraints on the global symmetry of the resulting
media, they can still possess structures at a local level that
are nearly isotropic. Both the isotropic and anisotropic hype-
runiform microstructures associated with the elliptical-disk,
square, and rectangular � possess phase-inversion symme-
try over certain range of volume fractions and a percolation
threshold φc ≈ 0.5. On the other hand, the directionally hype-
runiform microstructures associated with the butterfly-shaped
and lemniscate-shaped � do not possess phase-inversion sym-
metry and percolate along certain directions at much lower
volume fractions.

It is noteworthy that our present results together with the-
oretical predictions for effective properties that depend on the
spectral density enable the inverse design of heterogeneous
two-phase materials with desirable properties. Such predic-
tive formulations include not only nonlocal theories for the
effective dynamic dielectric constant [73,123] that accurately
accounts for multiple scattering but also the spreadability for
time-dependent diffusive transport behaviors [63,124]. Such
theories allow one to achieve desirable anisotropic composite
properties by tuning the microstructure to have a targeted
spectral density χ̃V (k) [125–127]. Once an optimized χ̃V (k)
is obtained, our procedure enables one to render realiza-
tions of the designed microstructure, which can subsequently
be experimentally manufactured using, e.g., 3D printing
techniques.

The rest of the paper is organized as follows: In Sec. II, we
provide definition of correlation functions, spectral density,
and hyperuniformity in heterogeneous two-phase material
systems. In Sec. III, we discuss the numerical construction
procedure in detail, including its mathematical formulation
as a constrained optimization problem and its solution via
stochastic simulated annealing method. In Sec. IV, we present
constructions of realizations of a variety of disordered SHU
composites with prescribed exclusion-region shapes, sizes,
and symmetries as a function of phase volume fraction. In
Sec. V, we provide concluding remarks and outlook of future
work. The effects of large exclusion regions and application
of our general method to nonhyperuniform stealthy compos-
ites, along with other supporting information and results, are
presented in the Appendix.
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FIG. 2. Illustration of the Fourier-space exclusion regions � investigated in this work. From left to right: (a) circular-disk, (b) elliptical-disk,
(c) square, (d) rectangular, (e) butterfly-shaped, and (f) lemniscate-shaped regions.

II. DEFINITIONS

A. Correlation functions

Consider a two-phase random heterogeneous material
(i.e., medium or a composite) which is a subdomain of
d-dimensional Euclidean space, i.e., V ⊆ Rd of volume V �
+∞, composed of two regions V = V1 ∪ V2. V1 is the phase
1 region of volume V1 and fraction φ1 = V1/V , and V2 is
the phase 2 region of volume V2 and volume fraction φ2 =
V2/V . In the infinite-volume limit V → ∞, Vi (i = 1, 2) also
increases proportionally such that the ratio Vi/V (i.e., the
volume fraction φi) tends to a well-defined constant. The
statistical properties of each phase i of the system are specified
by the countably infinite set of n-point correlation functions
S(i)

n , which are defined by [5]

S(i)
n (x1, . . . , xn) =

〈
n∏

i=1

I (i)(xi )

〉
, (2)

where I (i)(x) is the indicator function for phase i, i.e.,

I (i)(x) =
{

1, if x ∈ V1

0, otherwise. (3)

The function S(i)
n (x1, . . . , xn) can also be interpreted to be the

probability of randomly throwing down n points at positions
x1, . . . , xn and having all of the points fall into the same
phase i. Henceforth, we consider statistically homogeneous
medium, i.e., there is no preferred origin in the system and
thus S(i)

n only depends on the relative displacement between
the points [5]. The one-point function is simply the volume
fraction of phase i, φi, which is a constant, i.e.,

S(i)
1 (x1) = φi, (4)

and the two-point S(i)
2 (r) depends only the relative displace-

ment r = x2 − x1. For media without long-range order, S2(r)
possesses the following asymptotic behavior:

lim
|r|→∞

S2(r) = φ2, (5)

where we henceforth drop the superscript indicating phase i
and simply refer to the phase of interest.

On subtracting the long-range behavior from S2, one ob-
tains the autocovariance function, i.e.,

χV (r) = S2(r) − φ2, (6)

which is generally an L2 function. The associated spectral
density function χ̃V (k) is given by

χ̃V (k) =
∫
Rd

χV (r)e−ik·rdr, (7)

which is the Fourier transform of χV (r) and is obtainable from
scattering intensity measurements [129].

The autocovariance function obeys the bounds [101]

−min{(1 − φ)2, φ2} � χV (r) � (1 − φ)φ, (8)

where φ is the volume fraction of the reference phase. We
remark that it is an open problem to identify additional neces-
sary and sufficient conditions that the autocovariance function
must satisfy in order to correspond to a binary stochastic
process.

B. Hyperuniform random heterogeneous two-phase materials

For a two-phase heterogeneous material, the quantity of
interest is the local volume fraction variance σ 2

V
(R), which

was first introduced in Ref. [128]:

σ 2
V

(R) = 1

v1(R)

∫
Rd

I (r)α2(r; R)dr, (9)

where α2(r; R) is the scaled intersection volume, i.e., the inter-
section volume of two spherical windows of radius R whose
centers are separated by a distance r, divided by the volume
v1(R) of the window, i.e.,

v1(R) = πd/2Rd

	(1 + d/2)
. (10)

A hyperuniform random medium is one whose σ 2
V

(R) de-
creases more rapidly than Rd for large R, i.e.,

lim
R→∞

σ 2
V

(R) · Rd = 0. (11)

This behavior is to be contrasted with those of typical disor-
dered two-phase media for which the variance decays as R−d ,
i.e., as the inverse of the window volume v1(R).

The hyperuniform condition is equivalently given by

lim
|k|→0

χ̃V (k) = 0, (12)

which implies that the direct-space autocovariance func-
tion χV (r) exhibits both positive and negative correlations
such that its volume integral over all space is exactly zero
[122], i.e., ∫

Rd

χV (r)dr = 0, (13)

which is a direct-space sum rule for hyperuniformity.
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For hyperuniform two-phase media whose spectral density
goes to zero as a power-law scaling as |k| tends to zero
[4], i.e.,

χ̃V (k) ∼ |k|α, (14)

there are three different scaling regimes (classes) that describe
the associated large-R behaviors of the local volume fraction
variance:

σ 2
V

(R) ∼
⎧⎨
⎩

R−(d+1), α > 1 (Class I)
R−(d+1) ln R, α = 1 (Class II)
R−(d+α), 0 < α < 1 (Class III).

(15)

Classes I and III are the strongest and weakest forms of hy-
peruniformity, respectively. Class I media include all crystal
structures [1], many quasicrystal structures [130], and exotic
disordered media [3,6]. Examples of Class II systems include
some quasicrystal structures [130], perfect glasses [131], and
maximally random jammed packings [8–10,132,133]. Exam-
ples of Class III systems include classical disordered ground
states [12], random organization models [24], perfect glasses
[131], and perturbed lattices [134]; see Ref. [2] for a more
comprehensive list of systems that fall into the three hyper-
uniformity classes. SHU media, the focus of this study, are
also of Class I. Known examples of such media are periodic
packings of spheres as well as unusual disordered sphere
packings derived from stealthy point patterns for which � is a
spherical or circular-disk region [122].

III. METHODS

A. Mathematical formulation

In the construction problem, one aims to find a digital
realization (e.g., represented by a binary-valued matrix with
entries equal to 0 or 1) associated with a prescribed set of
statistical descriptors. Here we focus on the construction of a
disordered SHU two-phase medium with a prescribed spectral
density χ̃V (k) if realizable. We consider digitized medium in
a square domain of length L in R2 with periodic boundary
conditions. We note that our construction formulation and
procedure can be readily generalized to three-dimensional
systems. In this case, the indicator function I (r) also takes
a discrete form, i.e., I (r) is only defined on a discrete set
of r = n1e1 + n2e2, where ei are unit vectors along the or-
thogonal directions and n1, n2 = 0, 1, . . . , N with N being the
system size or “resolution” (i.e., number of pixels along each
dimension). The Fourier-space wave vectors for the system
also take discrete values, i.e., k = (2π/L)(n1e1 + n2e2). The
corresponding spectral density for the digital realization is
given by

χ̃V (k) = 1

L2
m̃2(k)|J̃ (k)|2, (16)

where J̃ (k) is the generalized collective coordinate [2,6] de-
fined as

J̃ (k) =
∑

r

exp(ik · r)J(r), (17)

where the sum is over all pixel centers r, and

J (r) = I (r) − φ. (18)

The quantity m̃(k) is the Fourier transform of the shape func-
tion (or indicator function) m(r) of a square pixel which is
given by

m̃(k) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

sin(kx/2)
kx/2

sin(ky/2)
ky/2 , kx 
= 0, ky 
= 0

sin(kx/2)
kx/2 , kx 
= 0, ky = 0

sin(ky/2)
ky/2 , kx = 0, ky 
= 0

1, kx = 0, ky = 0.

(19)

where kx and ky are the components of the discrete wave
vector k.

Here we are interested in disordered SHU system, which is
characterized by χ̃V (k) = 0 for wave vectors in the exclusion
region, i.e., k ∈ �. This directly imposes a set of constraints
on the discrete indicator function I (r) through Eqs. (16) to
(18), i.e.,

m̃2(k)|
∑

r

exp(ik · r)[I (r) − φ)]|2 = 0 (20)

for k ∈ �. We note Eq. (20) represents a set of N� number of
nonlinear equations of I (r) [and equivalently of J (r)], where
N� is the number of independent k points in �. We note that
due to the symmetry of the spectral density function χ̃V (k)
[6], only a half of k points in � are independent and thus
N� ∼ 1

2 Vol(�). For a digital realization of linear size L, the
total number of pixels is N = L2. The number of unknowns
in Eq. (20), i.e., the value of each pixel, is also N . We are
interested in the cases N� < N , i.e., the number of constraints
(equations) is much smaller than that of unknowns. Therefore,
Eq. (20) does not have unique solutions and we will employ
stochastic optimization method to iteratively solve Eq. (20).

As with stealthy point configurations [2,13], it is also
convenient to introduce a ratio χ between the number of
constraints (equations) and the number of unknowns (degrees
of freedom):

χ = N�/(N − 2), (21)

which is the fraction of constrained degree of freedom in the
systems. We note 2 degrees of freedom associated with the
trivial overall translation of the entire system are subtracted in
Eq. (21). In the case of point configurations, it has been shown
that increasing χ leads to increased degree of order in the SHU
many-particle systems [2,15]. It is expected that increasing χ

requires suppression of local volume fraction fluctuations on a
broader range of length scales, which leads to microstructures
with very fine and uniformly dispersed phase morphologies.

B. Simulated annealing procedure

We employ the simulated annealing procedure [100] to
solve Eq. (16), which has been widely used in composite
construction problems [83,84,102–104,110,112]. In particu-
lar, the construction problem is formulated as an “energy”
minimization problem, with the energy functional E defined
as follows:

E =
∑
k∈�I

[
χ̃V (k) − χ̃0

V
(k)

]2
, (22)
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where χ̃0
V

(k) is the target spectral density function, χ̃V (k) is
the corresponding function associated with a trial microstruc-
ture, and �I is the set of independent k points due to the
symmetry of χ̃V (k), which is defined as

�I = {k ∈ �, kx > 0, kx = 0 ∩ ky > 0}. (23)

For stealthy systems, we have χ̃0
V

(k) = 0 for k ∈ �. Thus,
Eq. (22) simply reduces to

E =
∑
k∈�I

[χ̃V (k)]2. (24)

We note that our procedure can be employed to generate
realizations with arbitrary χ̃0

V
(k), which allows us to engineer

anisotropic scattering properties for these composites.
The simulated annealing procedure is then employed to

solve the aforementioned minimization problem. Specifically,
starting from an initial trial configuration (i.e., old realization)
which contains a fixed number of pixels for each phase con-
sistent with the volume fraction of that phase with an energy
Eold, two randomly selected pixels associated with different
phases are exchanged to generate a new trial microstructure.
Relevant correlation functions are sampled from the new trial
configuration and the associated energy Enew is evaluated,
which determines whether the new trial configuration should
be accepted via the probability [100],

pacc = min{exp(−
E/T ), 1}, (25)

where 
E = Enew − Eold is the energy difference between the
new and old trial configurations and T is a virtual temperature
that is chosen to be initially high and slowly decreases accord-
ing to a cooling schedule. An appropriate cooling schedule
reduces the chances that the system gets stuck in a shallow
local energy minimum. In practice, a power-law schedule
T (n) = γ nT0 is usually employed, where T0 is the initial tem-
perature, n is the cooling stage and γ ∈ (0, 1) is the cooling
factor (γ = 0.99 is used here). The simulation is terminated
when E is smaller than a prescribed tolerance (e.g., 10−6 in
this case).

Generally, a large number of trial configurations (∼107)
need to be searched to generate a successful construction.
Therefore, highly efficient methods [6] are used that en-
able one to rapidly obtain the spectral density function of
a new configuration by updating the corresponding function
associated with the old configuration, instead of completely
re-computing the function from scratch. In particular, the
generalized collective coordinate J̃ (k) is tracked during the
construction process. At the beginning of the simulation, J̃ (k)
of the initial configuration is computed from scratch and the
values for all k are stored. After each pixel exchange, since
only a single pixel of the phase of interest changes its position
from rold to rnew, we can then obtain the updated J̃ (k) val-
ues by only explicitly computing the contributions from this
changed pixel, i.e.,

J̃ (k) ← J̃ (k) + δJ̃new(k) − δJ̃old(k), (26)

where

δJ̃new(k) = exp(ik · rnew), δJ̃old(k) = exp(ik · rold ). (27)

Once the updated J̃ (k) is obtained, the updated χ̃V (k) can be
immediately computed using Eq. (16).

To enhance the convergence of the construction, we also
employ surface optimization technique [103]: Towards the
end of the construction process, instead of randomly select-
ing pixels throughout the systems with equal probability, the
pixels that are isolated or on the surface of connected regions
of the phase of interest are assigned larger probabilities of
being selected compared to those within the phase regions.
Interestingly, as we will show in Sec. IV, even with surface
optimization the construction renders realizations containing
dispersed pixels or small clusters of pixels for large χ values.

In our subsequent constructions, we mainly consider real-
izations in a square domain with L = 300 pixels and periodic
boundary conditions. We have also investigated smaller and
larger system sizes, including L = 150 and L = 600 pixels to
verify that a resolution of L = 300 pixels does not affect the
construction results.

IV. RESULTS

In this section, we present constructions of anisotropic
SHU composite microstructures across volume fractions as-
sociated with exclusion regions with a prescribed shape,
size, and symmetry. Specifically, we consider circular-
disk, elliptical-disk, square, rectangular, butterfly-shaped, and
lemniscate-shaped exclusion regions. The size of � for a
given exclusion-region shape is controlled by a characteristic
length scale  of the shape (e.g., radius for circles, semiaxis
length for ellipses, edge lengths for squares and rectangles),
which will specified in detail below. We note that the parame-
ter χ that characterizes the ratio of the number of constraints
(i.e., number of independent wave vectors k in �) over the
number of total degrees of freedom can be estimated as χ ≈
Vol(�())/L2 for a given , which will also be specified for
each case below.

A. Isotropic media with circular-disk exclusion regions

To validate the construction procedure based on vector
spectral densities χ̃V (k), we first generate realizations of
SHU composites possessing zero spectral density with a
circular-disk exclusion region �() with continuous rotational
symmetry and varying radius  [see Fig. 2(a)], i.e.,

�() =
{

k = 2π

L
n : n ∈ Z3,

(
kx



)2

+
(

ky



)2

� 1

}
. (28)

This corresponds to the isotropic stealthy system investi-
gated in Ref. [6] characterized by angularly averaged spectral
density χ̃V (k) = 0 for k � . The size of � is chosen to
be  = 5, 10, 15, 20, 25, corresponding to χ ≈ 8.7 × 10−4,
3.5 × 10−3, 7.9 × 10−3, 1.4 × 10−2, and 2.2 × 10−2, respec-
tively. The full spectrum of phase volume fractions from 0
to 1 was investigated and composite microstructures with φ =
0.1, 0.3, 0.5, 0.7, 0.9 are shown here, which are representative
of a wide spectrum of morphologies of the system.

The generated microstructures are shown in Fig. 3, along
with the representative χ̃V (k) associated with φ = 0.5 for dif-
ferent  (left column). Figure 4 shows the corresponding angle
averaged spectral density functions χ̃V (k) (k = |k|), which
exhibit a “peak” immediately beyond the exclusion region. We
note that similar features are observed for χ̃V (k) associated
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FIG. 3. Isotropic hyperuniform composites with circular-disk exclusion regions with varying radius  and phase volume fraction φ. The
leftmost column shows representative χ̃V (k) (associated with φ = 0.5) for each radius : From bottom to top  = 5, 10, 15, 20, 25 (in units of
2π/L), corresponding to χ ≈ 8.7 × 10−4, 3.5 × 10−3, 7.9 × 10−3, 1.4 × 10−2, and 2.2 × 10−2, respectively. The phase volume fractions for
the realizations from left to right are φ = 0.1, 0.3, 0.5, 0.7, 0.9, respectively. The linear size of the system is L = 300 pixels.

the same region size for all phase volume fractions and all
different � regions considered here. Therefore, we only show
the representative cases with φ = 0.5.

The realizations from left to right correspond to increas-
ing φ and from bottom to top correspond to increasing
. Taking the realization with φ = 0.1 and  = 5 as a
starting point, it can be seen that the phase of inter-
est forms statistically isotropic particles with similar sizes,
which overall possess an isotropic distribution. These are
expected for a circular-disk �() and are consistent with
the observations reported in Ref. [6]. As φ increases while
keeping  the same, it can be seen that the size of the
particles increases with increasing φ, and the “particles”
merge into ligaments which eventually form a connected
morphology.

Interestingly, the microstructures appear to possess the so-
called phase-inversion symmetry [1], i.e., the microstructure
associated with a volume fraction φ is statistical equivalent
to that with a volume fraction 1 − φ with the two phases
exchanged. This can be clearly seen by visually comparing
the pairs of microstructures with φ = 0.1 and 0.9 and φ = 0.3
and 0.7 shown in Fig. 3. Detailed analysis of the rescaled
autocovariance functions, which are reported in Sec. IV G
and Appendix A, indicates the constructed microstructures
with a volume fraction φ approximately in the range [0.4,
0.6] possess a high degree of phase inversion symmetry (i.e.,
the corresponding microstructures possess virtually identi-
cal rescaled autocovariance functions, see Sec. IV G). As a
consequence of the phase inversion symmetry, the result-
ing isotropic composite microstructures possess a percolation

FIG. 4. Representative angle-averaged χ̃V (k) (where k = |k|) associated with the constructed SHU composites with φ = 0.5 and a circular-
disk � region in the Fourier space for different radius : From left to right  = 5, 10, 15, 20, 25 (in units of 2π/L).
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threshold φc = 0.5 [1], at which a system-spanning cluster of
the phase of interest (i.e., the “blue” phase) first emerges.

In addition, we observe an interesting morphology evolu-
tion when increasing the size  of the circular-disk exclusion
region while keeping φ fixed. Using the realizations with
φ = 0.1 as examples, it can be clearly seen that as  increases
the particles become finer, i.e., they get smaller in size while
remain a statistically isotropic morphology (expect for very
small particles where the intrinsic anisotropy of the square
grid is manifested) and statistically isotropic distributions. A
similar trend is also observed for other volume fractions, e.g.,
for the connected morphology, the width of the ligaments gets
smaller as  increases. We note that microstructures at the
same φ and different  are not related by a simple scaling,
i.e., they are not self-similar to one another.

These behaviors can be understood from the formulation
of the construction problem. As discussed in Sec. III A, the
construction is formulated as a constrained optimization prob-
lem, in which the variables are the discrete values (1 or 0)
of individual pixels and constraints are imposed through the
zero-value spectral density χ̃V (k) at certain wave vectors k.
The number of constraints is determined by the number of k
points in the circular-disk exclusion region. When the region
size  is small, the pixels are less constrained and can be or-
ganized freely to form clustering morphologies. On the other
hand, for large  the degrees of freedom for each pixel are
activated in order to satisfy the large number of constraints.
In this case, the pixels behavior like nonoverlapping particles
moving on the construction grid and thus are difficult to form
clusters. In addition, increasing  (i.e., the size of �) in Fourier
space requires the resulting composites to be very “uniform”
on smaller and smaller scales in real space. This forces the re-
alizations to possess finer morphology composed of individual
pixels instead of clusters of pixels.

To further verify this, we consider very large exclusion
regions (i.e., large χ values) and present the construction
results in Appendix C. It can be seen in Fig. 21 that as χ

increases, individual pixels in the realizations are mutually
separated as if they were particles with repulsive interactions,
and the overall distribution resembles that for a SHU point
configuration [2], albeit on a square grid. Although the realiza-
tions associated with large � (i.e., large ) exhibit interesting
particle-like behaviors, in the subsequent discussions, we will
focus on cases with relatively small , corresponding to the
two-phase medium regime.

In summary, we have found that the circular-disk exclusion
regions result in isotropic hyperuniform structures on both
global and local scales. The isotropic composite microstruc-
tures with φ approximately in the range [0.4, 0.6] possess
phase-inversion symmetry. We speculate that the emergence
of phase-inversion symmetry is due to the fact that the stealthy
spectral density function effectively imposes constraints on
the microstructures beyond the exclusion region, especially
for microstructures with φ in the vicinity of 0.5. Increasing
phase volume fractions lead to enhanced connectedness of
the phase of interest, which percolates at φc = 0.5. Moreover,
increasing the size of the exclusion region results in a finer
phase morphology, which is required to suppress local volume
fraction fluctuations over a broader range of length scales
associated with the larger exclusion region.

B. Anisotropic media with elliptical-disk exclusion regions

We now consider the generation of statistically anisotropic
media associated with an elliptical-disk exclusion region �,
which is an affine transformation of a circular disk. Hence, it
breaks the continuous rotational symmetry of a circle and pos-
sesses twofold rotational symmetry. Specifically, we consider
an elliptic exclusion region with an aspect ratio of 1/3 and a
long semiaxis with length  [see Fig. 2(b)], defined as

�() =
{

k = 2π

L
n : n ∈ Z3,

(
kx

/3

)2

+
(

ky



)2

� 1

}
.

(29)

The representative χ̃V (k) with varying  (left column) and the
associated realizations are shown in Fig. 5. Figure 6 shows the
corresponding averaged spectral density function χ̃V (k) (k =
|k|) along the horizontal and vertical directions.

We find that, similarly to the circular-disk � cases, increas-
ing φ leads to increased connectivity and degree of clustering
in the constructed microstructures for all  values. The mi-
crostructures with φ approximately in the range [0.4, 0.6]
also possess a high degree of phase-inversion symmetry (see
Sec. IV G for details) and percolation of the “blue” phase
along the horizontal direction is observed at φc ≈ 0.5. Inter-
estingly, the anisotropy in χ̃V (k) does not result in elongated
“particles” at low φ on a local scale, as one might speculate,
but rather leads to significantly anisotropic distributions of
the particles on a global scale, see Fig. 5. For example, it
can be clearly seen that the particle phase in realizations
with φ = 0.1 form “necklace”-like chains in the horizontal
direction. The particles in the chains eventually connect to one
another as φ increases to form connected bands. In addition,
increasing  leads to finer morphologies, with reduced particle
size at lower φ and reduced ligament width at higher φ, while
the anisotropy effects along the horizontal direction persist for
all φ and  values.

C. Anisotropic media with square exclusion regions

Next, we consider the effects of a square exclusion region
with fourfold rotational symmetry and edge length  [see
Fig. 2(c)], which is defined as

�() =
{

k = 2π

L
n : n ∈ Z3, |kx| � /2, |ky| � /2

}
. (30)

The representative χ̃V (k) with varying  (left column) and the
associated realizations are shown in Fig. 7. Figure 8 shows the
corresponding averaged spectral density function χ̃V (k) (k =
|k|) along the horizontal and diagonal directions.

We find that again the anisotropy of the exclusion re-
gion in the spectral density is not manifested in the local
morphology of the phases, i.e., the particles formed by
the pixels are still statistically isotropic locally and no
square particles were observed, see Fig. 7. On the other
hand, the global distributions of the entire particulate mi-
crostructure exhibit a high degree of fourfold rotational
symmetry. For example, at low φ, the particles are es-
sentially arranged on a distorted square lattice (which is
most apparent for the case with  = 5 and φ = 0.3). At
high φ, the connected phase morphology are composed
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FIG. 5. Anisotropic hyperuniform composites with elliptical-disk exclusion regions with varying size  (i.e., the length of long semiaxis)
and volume fraction φ. The leftmost column shows representative χ̃V (k) (associated with φ = 0.5) for each long semiaxis : From bottom to top
 = 5, 10, 15, 20, 25 (in units of 2π/L), corresponding to χ ≈ 2.9 × 10−4, 1.2 × 10−3, 2.6 × 10−3, 4.7 × 10−3, and 7.3 × 10−3, respectively.
The phase volume fractions for the realizations from left to right are φ = 0.1, 0.3, 0.5, 0.7, 0.9, respectively. The linear size of the system is
L = 300 pixels.

of perpendicularly arranged ligaments, as clearly illustrated
in the case with  = 10 and φ = 0.5. Similar effects for
increasing volume fraction (i.e., increasing phase connectiv-
ity) and increasing  (i.e., leading to finer morphologies)
are also observed. In particular, the composite microstruc-
tures with φ approximately in the range [0.4, 0.6] are found
to possess phase-inversion symmetry and the “blue” phase
percolates along both orthogonal directions at φc ≈ 0.5 (see
Sec. IV G for details).

D. Anisotropic media with rectangular exclusion regions

We also investigate χ̃V (k) with a rectangular exclusion
region, possessing twofold rotational symmetry and an aspect

ratio of 1/3 and the length of long edge being  [see Fig. 2(d)],
which is defined as

�() =
{

k = 2π

L
n : n ∈ Z3, |kx| � /6, |ky| � /2

}
. (31)

The representative χ̃V (k) with varying  (left column) and the
associated realizations are shown in Fig. 9. Figure 10 shows
the corresponding averaged spectral density function χ̃V (k)
(k = |k|) along the horizontal and vertical directions.

We find that, as expected, the shape asymmetry of
the exclusion region is also manifested in the morphol-
ogy of the realizations. Specifically, the elongation effect

FIG. 6. Representative averaged χ̃V (k) (where k = |k|) along two orthogonal directions (horizontal and vertical) in the Fourier space
associated with the constructed SHU composites with φ = 0.5 and an elliptic exclusion region for different long semiaxis : From left to right
 = 5, 10, 15, 20, 25 (in units of 2π/L).
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FIG. 7. Anisotropic hyperuniform composites with square exclusion regions with varying size  (i.e., edge length) and volume fraction φ.
The leftmost column shows representative χ̃V (k) (associated with φ = 0.5) for each edge length : From bottom to top  = 10, 20, 35, 40, 50
(in units of 2π/L), corresponding to χ ≈ 1.1 × 10−3, 4.4 × 10−3, 9.9 × 10−3, 1.8 × 10−2, and 2.8 × 10−2, respectively. The phase
volume fractions for the realizations from left to right are φ = 0.1, 0.3, 0.5, 0.7, 0.9, respectively. The linear size of the system is L = 300
pixels.

seems to dominate the morphology of the realizations, lead-
ing to chainlike arrangements of “particles” at low φ and
stripes at high φ. Increasing volume fraction again leads to
increasing phase connectivity, resulting in a directional per-
colation along the horizontal direction at φc ≈ 0.5, similarly
to that observed in the microstructures associated with the
elliptical-disk exclusion regions. The anisotropic microstruc-
tures are found to possess phase-inversion symmetry for φ

approximately in the range [0.4, 0.6] (see Sec. IV G for
details). Finer morphologies due to increasing  are also
observed.

E. Directionally hyperuniform media with butterfly-shaped
exclusion regions

In the previous cases, the composite systems are stealthy
hyperuniform along all directions, although the character-
istic length scales on which the scattering in the system
is completely suppressed [corresponding to χ̃V (k) = 0] are
different along different directions. In this section, we in-
vestigate systems which are directionally hyperuniform, i.e.,
the complete suppression of scattering only occurs in certain
directions in the Fourier space. In particular, we consider two
representative spectral density functions respectively with a

FIG. 8. Representative averaged χ̃V (k) (where k = |k|) along two directions (horizontal and diagonal) in the Fourier space associated with
the constructed SHU composites with φ = 0.5 and a square exclusion region for different edge length : From left to right  = 5, 10, 15, 20, 25
(in units of 2π/L).
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FIG. 9. Anisotropic hyperuniform composites with rectangular exclusion regions with varying size  (i.e., long-edge length) and volume
fraction φ. The leftmost column shows representative χ̃V (k) (associated with φ = 0.5) for each long-edge length : From bottom to top
 = 10, 20, 30, 40, 50 (in units of 2π/L), corresponding to χ ≈ 3.7 × 10−4, 1.5 × 10−3, 3.3 × 10−3, 5.9 × 10−3, and 9.3 × 10−3, respectively.
The phase volume fractions for the realizations from left to right are φ = 0.1, 0.3, 0.5, 0.7, 0.9, respectively. The linear size of the system is
L = 300 pixels.

butterfly-shaped exclusion region and lemniscate exclusion
region.

The butterfly-shaped � is defined as the region in the
second and fourth quadrants enclosed by the concave su-
perdisk curve [135,136] [see Fig. 2(e)], which possesses
twofold rotational symmetry, i.e.,

�() =
{

k = 2π

L
n : n ∈ Z3,

∣∣∣∣kx



∣∣∣∣
p

+
∣∣∣∣ky



∣∣∣∣
p

� 1, kx · ky � 0

}
,

(32)

where p = 1.5 in this study. The associated composites thus
only show hyperuniform behaviors when k approaches the

origin in second and fourth quadrants. Figure 11 shows the
realizations associated the butterfly-shaped �, as well as rep-
resentative χ̃V (k) for different  values. The corresponding
averaged spectral density function χ̃V (k) (k = |k|) along the
two diagonal directions are shown in Fig. 12.

We find that, consistent with previous examples, increas-
ing connectivity with increasing φ and finer morphologies
with increasing . However, unlike the previous cases where
the constructed anisotropic media are hyperuniform along all
directions, these directionally hyperuniform microstructures
do not possess phase-inversion symmetry anymore, as can be
clearly seen in Fig. 11 and the associated with autocovariance
functions in Appendix A. Increasing φ leads to percolation

FIG. 10. Representative averaged χ̃V (k) (where k = |k|) along two orthogonal directions (horizontal and vertical) in the Fourier space
associated with the constructed SHU composites with φ = 0.5 and a rectangle exclusion region for different edge length : From left to right
 = 5, 10, 15, 20, 25 (in units of 2π/L).
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FIG. 11. Direally hyperuniform composites with butterfly-shaped exclusion regions with varying size  and volume fraction φ. The
leftmost column shows representative χ̃V (k) (associated with φ = 0.5) for each : From bottom to top  = 5, 10, 15, 20, 25 (in units of
2π/L), corresponding to χ ≈ 2.7 × 10−4, 8.9 × 10−4, 1.9 × 10−3, 3.2 × 10−3, and 4.8 × 10−3, respectively. The phase volume fractions for
the realizations from left to right are φ = 0.1, 0.3, 0.5, 0.7, 0.9, respectively. The linear size of the system is L = 300 pixels.

of the “blue” phase along the 45◦ diagonal direction at φc ≈
0.45, which is lower than that for the microstructures possess-
ing phase-inversion symmetry.

The realizations for all  and φ values show strong
anisotropy along the diagonal directions of the construction
domain, i.e., chainlike arrangements of particles at low φ

and stripelike bands at high φ, which is consistent with
the anisotropy directions of the χ̃V (k). Specifically, the sys-
tems are hyperuniform along the directions of these chainlike
or stripelike structures and nonhyperuniform along the per-
pendicular directions. This can be intuitively understood by
imagining move observation windows along the chains or
stripes. Once the window size is larger than the average dis-
tance between a pair of chains or stripes, moving the window

along the chain or stripe direction would not result in large
volume fraction fluctuations. On the other hand, moving the
window along the directions perpendicular to that of chains or
stripes is expected to lead to large fluctuations as the window
would alternatively contains the white or dark phases.

F. Directionally hyperuniform media with lemniscate-shaped
exclusion regions

The lemniscate � [see Fig. 2(f)] which possesses twofold
rotational symmetry is defined by [137]

�() =
{

k = 2π

L
n : n ∈ Z3, ρ2 � 2 cos(2θ )

}
, (33)

FIG. 12. Representative averaged χ̃V (k) (where k = |k|) along two orthogonal diagonal directions in the Fourier space associated with the
constructed SHU composites with φ = 0.5 and a butterfly-shaped exclusion region for different size : From left to right  = 5, 10, 15, 20, 25
(in units of 2π/L).
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FIG. 13. Directionally hyperuniform composites with lemniscate-shaped exclusion regions with varying size  and volume fraction φ.
The leftmost column shows representative χ̃V (k) (associated with φ = 0.5) for each : From bottom to top  = 5, 10, 15, 20, 25 (in units of
2π/L), corresponding to χ ≈ 5.6 × 10−4, 2.2 × 10−3, 5.0 × 10−3, 8.8 × 10−3, and 1.4 × 10−2, respectively. The phase volume fractions for
the realizations from left to right are φ = 0.1, 0.3, 0.5, 0.7, 0.9, respectively. The linear size of the system is L = 300 pixels.

where is ρ the Fourier space polar coordinates ρ2 = k2
x + k2

y ,
θ = tan−1(kx/ky), and  is the length scale parameter. Simi-
larly to the butter-fly shaped case, the associated composites
only exhibit hyperuniform behaviors along certain directions
in the Fourier spaces, i.e., those are enclosed in the lemniscate
exclusion region.

Figure 13 show the realizations associated with the
lemniscate-shaped �, as well as representative χ̃V (k) for dif-
ferent  values. The corresponding averaged spectral density
function χ̃V (k) (k = |k|) along the horizontal and vertical
directions are shown in Fig. 14. Similarly to the me-
dia associated with the butterfly-shaped exclusion regions,
the resulting directionally hyperuniform microstructures

do not possess phase-inversion symmetry. Percolation is
found to occur at a much lower volume fraction φc ≈ 0.4
along the anisotropy (i.e., horizontal) direction compared
to that for the microstructures possessing phase-inversion
symmetry. It can been seen that the realizations contain
chainlike (for low φ) and stripelike (for high φ) structures
along the horizontal directions, leading to strong anisotropy
in this direction. Overall, these structural elements are ar-
ranged in a wavy manner along the horizontal direction. A
similar pattern in directionally hyperuniform point configu-
rations with a lemniscate-shaped structure factor was also
observed [2], see Fig. 1. The emergence of the wavy struc-
tures might result from the unique direction dependence

FIG. 14. Representative averaged χ̃V (k) (where k = |k|) along two orthogonal directions (horizontal and vertical) in the Fourier space
associated with the constructed SHU composites with φ = 0.5 and a lemniscate-shaped exclusion region for different size : From left to right
 = 5, 10, 15, 20, 25 (in units of 2π/L).
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FIG. 15. Rescaled autocovariance functions f (r) for isotropic stealthy hyperuniform microstructures associated with the circular-disk
exclusion region with  = 5. The microstructures possess phase inversion symmetry for φ approximately in the range [0.4, 0.6].

scattering behavior imposed by the lemniscate pattern in
χ̃V (k).

In summary, we have found that the directional hyper-
uniformity imposed by the butterfly-shaped and lemniscate-
shaped exclusion regions are realized by the formation of
anisotropic chainlike or stripelike structures in the con-
structed media. These two distinct exclusion-region shapes
lead to two distinct sets of anisotropic directions in the con-
structed composite microstructures (i.e., diagonal directions
in the case of butterfly-shaped � and horizontal direc-
tions in the case of lemniscate-shaped �). Among these
directions, the anisotropic chain or stripe structures possess
a much more uniform distribution of the phases, giving rise
to hyperuniformity along these directions. On the other hand,
large gaps and voids are present between the chains or stripes,
which result in large local volume fraction fluctuations along
the directions perpendicular to these chains or stripes, leading
to nonhyperuniform behaviors along these directions.

G. Phase inversion symmetry and percolation threshold

In this section, we provide a detailed analysis of the
phase-inversion symmetry of the constructed composite mi-
crostructures. A random medium possesses phase-inversion
symmetry if the morphology of phase 1 at volume fraction φ1

is statistically identical to that of phase 2 in the system where
the volume fraction is φ2 = 1 − φ1, and hence [1]

S(1)
2 (r; φ1, φ2) = S(2)

2 (r; φ2, φ1). (34)

Equivalently, the corresponding microstructures with
phase-inversion symmetry should possess identical rescaled

autocovariance function

f (r) = S(1)
2 (r) − φ2

1

φ1(1 − φ1)
= S(2)

2 (r) − φ2
2

φ2(1 − φ2)
. (35)

Figure 15 shows the comparison of the rescaled autocovari-
ance function f (r) for the isotropic microstructures associated
with the circular-disk exclusion ( = 5) and varying vol-
ume fractions φ of the “blue” phase, i.e., phase “1” (see
Fig. 3). It can be seen as the phase volume fraction in-
creases towards 0.5, the corresponding f (r) functions match
better with one another. For φ = φ1 � 0.4, the correspond-
ing f (r) derived from the two phases are virtually identical
to one another, indicating the corresponding microstructures
possess a high degree of phase-inversion symmetry. We subse-
quently analyze the rescaled autocovariance functions for the
microstructures associated with the elliptical-disk, square, and
rectangular exclusion regions (see Appendix A) and find that
all of these anisotropic hyperuniform microstructures possess
phase-inversion symmetry for φ approximately in the range
[0.4, 0.6].

It is well known that a statistically isotropic medium
with phase-inversion symmetry must possess a percola-
tion threshold φc = 0.5 [1]. Indeed, we observed that the
isotropic microstructures associated with the circular-disk
exclusions all percolate at φc = 0.5. Interestingly, our re-
sults suggest this statement can be possibly generalized
to the anisotropic hyperuniform microstructures possessing
phase-inversion symmetry as well. In particular, for the
microstructures associated with the elliptical-disk and rect-
angular exclusion regions, we observe that percolation first
occurs along the anisotropic horizontal direction at φc ≈ 0.5.
For the microstructures associated with the square exclusion

FIG. 16. Rescaled autocovariance functions f (r) along the horizontal direction for anisotropic stealthy hyperuniform microstructures
associated with the elliptical-disk exclusion region with  = 5.
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FIG. 17. Rescaled autocovariance functions f (r) along the two orthogonal directions for anisotropic stealthy hyperuniform microstructures
associated with the square exclusion region with  = 5.

regions, percolation simultaneously occurs along the both the
orthogonal directions at φc ≈ 0.5.

On the other hand, the directionally hyperuniform
microstructures associated with the butterfly-shaped and
lemniscate-shaped � do not possess phase inversion symme-
try. This can be seen by visually comparing the corresponding
microstructures and quantitatively comparing the associated
f (r) functions (see Appendix A). We speculate this is be-
cause the very asymmetric spectral density function χ̃V (k)
associated with these � regions can only be realized by dis-
tinctly different topology and morphology of the phases at
different φ, which breaks the phase-inversion symmetry. As a
consequence, the percolation threshold for these microstruc-
tures (along certain directions) are significantly lower than
that for microstructures with phase-inversion symmetry, i.e.,
φc ≈ 0.45 for the butterfly-shaped � and φc ≈ 0.4 for the
lemniscate-shaped �. We note that the percolation threshold
values reported here are only estimated based on the con-
structed microstructures. A more detailed study is required in
order to precisely determine the threshold values [138].

V. CONCLUSIONS AND DISCUSSION

In this work, we devised a Fourier-space-based numerical
construction procedure that explicitly incorporates the vector-
dependent spectral density function χ̃V (k) to design and
generate anisotropic microstructures with targeted directional
scattering properties. We mainly focused on anisotropic SHU
composites, which possess a spectral density χ̃V (k) = 0 in an
exclusion region � around the origin in the Fourier space [see
Eq. (1)]. We systematically investigated the different shaped
exclusion regions � with various (discrete) symmetries,
including circular-disk, elliptical-disk, square, rectangular,

butterfly-shaped, and lemniscate-shaped exclusion regions,
with the latter two instances leading to directionally hyper-
uniform composites. Our study allows us to understand how
different discrete symmetries of � affect the directional scat-
tering properties of the resulting composite, which is crucial
to the engineering of novel disordered photonic and phononic
two-phase media, as elaborated below.

We have found that the circular-disk exclusion regions
give rise to isotropic hyperuniform structures on both global
and local scales, and the resulting microstructures possess
phase-inversion symmetry for volume fractions φ approxi-
mately in the range [0.4, 0.6]. Increasing φ leads to enhanced
phase connectedness and subsequent percolation at φc =
0.5. The anisotropic microstructures associated with the
elliptical-disk, square, and rectangular exclusion regions also
possess phase-inversion symmetry and directional percolation
at φc ≈ 0.5. On the other hand, the directionally hyperuni-
form microstructures associated with the butterfly-shaped and
lemniscate-shaped � do not possess phase-inversion sym-
metry and percolate along certain directions at much lower
volume fractions (φc ≈ 0.45 for the butterfly-shaped � and
φ ≈ 0.4 for the lemniscate-shaped �). Increasing the size
of � for all different shapes considered here results in finer
structures, which is required to suppress local volume fraction
fluctuations over a broader range of length scales associated
with the larger exclusion region.

The directional hyperuniform behavior imposed by the
shape asymmetry of the exclusion regions is clearly mani-
fested in the anisotropic phase morphology of the constructed
media. For example, in the case of lemniscate-shaped ex-
clusion regions, the resulting media are hyperuniform along
the direction associated with the chainlike structures, which
possess a much more uniform distribution of the phases along

FIG. 18. Rescaled autocovariance functions f (r) along the horizontal direction for anisotropic stealthy hyperuniform microstructures
associated with the rectangular exclusion region with  = 5.
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FIG. 19. Rescaled autocovariance functions f (r) along the 45◦ diagonal direction for directionally hyperuniform microstructures associ-
ated with the butterfly-shaped exclusion region with  = 5.

these direction on the global scale. On the other hand, the
media are nonhyperuniform along the direction perpendicular
to these chainlike structures, along which large gaps and voids
are present and the distribution of the phases is much less
uniform, both of which can lead to large local volume frac-
tion fluctuations that destroy hyperuniformity. The exclusion
regions possessing only twofold rotational symmetry, such as
the elliptical-disk and rectangular regions, impose different
characteristic length scales (e.g., along the two orthogonal
directions) over which the systems are required to be stealthy
hyperuniform, which is also achieved by the anisotropic
chainlike or stripelike structures in the associated composite
microstructures.

In addition, while the anisotropic exclusion region imposes
strong constraints on the global symmetry of the resulting
microstructure, the composite can still have structures at a
local level that are nearly isotropic. For example, in the case
of square exclusion regions, the constructed microstructures
contain particles that are nearly isotropic (local clusters of
pixels), arranged on distorted “square lattices” to realize the
global fourfold rotational symmetry imposed by the exclusion
region. We also found that the anisotropic phase morphologies
seem to be more sensitive to the overall asymmetry but not the
detailed shapes for � regions possessing twofold rotational
symmetry. This can be seen from the comparison of the mi-
crostructures associated with the elliptical-disk and rectangu-
lar exclusion regions: Both of them possess similar chainlike
or stripelike structures along the horizontal directions.

Although all of the illustrative construction examples we
considered are hyperuniform, the general construction proce-
dure can be readily employed to generate microstructures of
composites with an arbitrary anisotropic spectral density func-
tion χ̃V (k). Indeed, in Appendix B, we demonstrate this utility

by generating stealthy nonhyperuniform composites that ex-
hibit a multiscale structure in order to achieve the prescribed
scattering behavior across scales. In addition, our procedure
can be straightforwardly generalized to three dimensions. The
resulting digitized microstructures can be experimentally fab-
ricated using 3D printing techniques [139,140].

While our focus in the present work was to engineer
anisotropic scattering properties directly encoded in the spec-
tral density function, our general construction procedure is
a key initial step in the computational design of disordered
hyperuniform composites with other properties. Such designs
could be achieved, for example, by leveraging recently devel-
oped predictive formulations including nonlocal theories for
the effective dynamic elastic moduli and dielectric constant
[68,73,123] and the spreadability for time-dependent diffusive
transport behaviors [63,124,141]. Such theories rigorously
connect effective properties of the composites to their spectral
density χ̃V (k), allowing us to achieve desirable composite
properties by tuning a targeted spectral density. The associated
microstructure can then be obtained using our construction
procedure. In future work, we will explore this framework
to design disordered hyperuniform composites with targeted
electromagnetic and transport properties.
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APPENDIX A: AUTOCOVARIANCE FUNCTIONS FOR
ANISOTROPIC COMPOSITE MICROSTRUCTURES

In this section, we present results on rescaled autocovari-
ance functions [see Eq. (35)] for the anisotropic composite

FIG. 20. Rescaled autocovariance functions f (r) along the horizontal direction for directionally hyperuniform microstructures associated
with the lemniscate-shaped exclusion region with  = 5.
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FIG. 21. Constructed microstructures with φ = 1/9 associated with the square exclusion regions and increasing χ . The linear size of the
system is L = 72 pixels.

microstructures. In particular, Figs. 16–18 respectively show
f (r) for the anisotropic hyperuniform microstructures associ-
ated with the elliptical-disk, square, and rectangular exclusion
regions. It can be seen that the rescaled autocovariance func-
tions for the microstructures with φ ∈ [0.4, 0.6] are virtually
identical, indicating these microstructures possess phase-
inversion symmetry (see Sec. IV G). On the other hand,
Figs. 19 and 20 respectively show f (r) for the directionally
hyperuniform microstructures associated with the butterfly-
shaped and lemniscate-shaped exclusion regions. It can be
seen that the rescaled autocovariance functions for the mi-
crostructures are distinctly different for all corresponding φ

values, indicating these microstructures do not possess phase-
inversion symmetry.

APPENDIX B: EFFECTS OF INCREASING �(�)

We have shown that increasing  (i.e., size of � region)
results in finer morphologies and enhances dispersion of in-
dividual pixels in the constructed composite microstructures.
As discussed in Sec. IV A, this was due to the increasing
number of constrained k vectors, which requires suppression
of local volume fraction fluctuations on a broader range and
smaller scales. Here we further show that the system indeed
behaves like hard “particles” on a lattice as  (or equivalently
χ ) increases.

Previous studies have shown that for a point configuration
in a two-dimensional Euclidean space, increasing χ leads to
increasing order in the distribution of the points and a perfect
distribution of points on the triangular-lattice can be achieved

FIG. 22. Nonhyperuniform stealthy composites with χ̃V (k) = 0 in a circular-ring exclusion region defined by K1 � |k| � K2 in the Fourier
space with K2 = 10 and varying K1 and volume fraction φ. The leftmost column shows representative χ̃V (k): From top to bottom K1 =
2, 4, 6, 8. The phase volume fractions for the realizations from left to right are φ = 0.1, 0.2, 0.3, 0.4, 0.5, respectively. The linear size of the
system is L = 150 pixels.

045306-17



SHI, KEENEY, CHEN, JIAO, AND TORQUATO PHYSICAL REVIEW E 108, 045306 (2023)

for χ � 0.5 [2]. Here the composite microstructures are com-
posed of pixels arranged on a square grid (lattice). Therefore,
we investigate the evolution of microstructures associated
with the square exclusion regions with increasing size, whose
symmetry is compatible with the underlying square lattice.
In particular, we consider a system with φ = 1/9, L = 72
pixels and N = 576, which possesses an ordered microstruc-
ture with the individual “blue” pixels arranged on a perfect
square lattice with a lattice constant a = 3 pixels. The smaller
system size allows fast convergence of the optimization
algorithm.

Figure 21 shows the constructed microstructures associated
with the square � and increasing  and thus increasing χ .
It can be seen that for low χ values, the system is in the
“random-medium” regime, and the resulting microstructures
contain clusters of blue phase pixels. As χ increases, the
blue pixels behave more like “particles” with an increasing
degree of repulsion, and the resulting microstructures contain
distributions of individual pixels with increasing local order.
An almost perfect square-lattice packing of the blue pixels is
obtained at χ = 0.45. These results are consistent with SHU
point configurations associated with increasing χ values [2].

APPENDIX C: CONSTRUCTION OF STEALTHY
NONHYPERUNIFORM SYSTEMS

To demonstrate the utility of our general construction pro-
cedure, we employ it to render realizations of stealthy but
nonhyperuniform composite systems. Without loss of general-
ity, we consider a class of spectral density function χ̃V (k) = 0
for K1 � |k| � K2, where 0 < K1 < K2, i.e., the � region
corresponds to a circular ring with inner radius K1 and outer
radius K2. Here we use L = 150 and fix K2 = 10 and vary
K1 by choosing K1 = 2, 4, 6, 8. The realizations and repre-
sentative χ̃V (k) = 0 are shown in Fig. 22. It can be seen
that the realizations include “particles” which are grouped
into clusters. As K1 increases, the clusters get denser and
their size decreases. Thus, the systems can be considered to
possess two characteristic length scales, i.e., the particle size
corresponding to K2 and the cluster size corresponding to K1.
These structural elements (e.g., particles and particle clus-
ters) are arranged in a way such that scatterings on multiple
length scale within these bounds are completely suppressed.
In future work, we will explore additional designs for the
stealthy nonhyperuniformity composite systems, with a focus
on engineering anisotropic scattering behaviors.
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