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ARTICLE INFO ABSTRACT

Keywords: Time-dependent diffusion processes between phases of heterogeneous materials are ubiquitous in a variety of
Hyperuniformity contexts in the physical, chemical, and biological sciences. Examples of such materials include composites,
Heterogeneous materials porous materials, geological media, cellular solids, polymer blends, colloids, gels, and biological media. The

Diffusion spreadability

o recently developed diffusion spreadability, S(f), provides a direct link between time-dependent interphase
Inhomogeneous diffusion

diffusive transport and the microstructure of two-phase materials across length scales (Torquato, 2021);
thus making S(r) a powerful dynamic means for classifying all statistically homogeneous microstructures,
spanning from anti-hyperuniform to hyperuniform. It was shown that the small-, intermediate-, and long-
time behaviors of S(r) are directly determined by the small-, intermediate-, and large-scale structural
features of the material. Moreover, the spreadability can be applied as a physical-property based tool for
microstructural characterization in the absence of or as supplement to scattering information. In this work, we
develop a computationally efficient algorithm for ascertaining S(r) directly from digitized representations of
material microstructures via random-walk techniques. Our algorithm yields the time-dependent local walker
concentration field c(x,t), a quantity not previously examined in the context of the spreadability, enabling
us to compute the entropy production rate s(r) of the associated diffusion process, which is a quantity
related to the rate of energy dissipation. We also derive exact analytical expressions for i(¢), and find that
hyperuniform materials have smaller dissipation than any nonhyperuniform materials. Lastly, we use our
algorithm to compute, for the first time, the more general case of the spreadability in which the phase diffusion
coefficients are distinct and provide a method for extracting the effective diffusion coefficient of the two-
phase material from such data. We apply our algorithm to a variety of two- and three-dimensional simulated
model (non)hyperuniform microstructures to assess their large-scale structures and diffusion properties. Given
previously identified connections between the spreadability and certain nuclear magnetic resonance (NMR) and
magnetic resonance imaging (MRI) procedures, our algorithm is also pertinent to such experimental studies.
Overall, our algorithm has practical use in the discovery and design of heterogeneous materials with desirable
time-dependent diffusion properties.

1. Introduction The diffusion spreadability, introduced by Torquato [14], is a dy-
namical probe that directly links the time-dependent diffusive transport

Time-dependent diffusion processes in multiphase heterogeneous
materials arise in a multitude of physical, chemical, and biological con-
texts, including material design [1-3], magnetic resonance imaging [4],
surface catalysis [1,5], cell-behavior modeling [6] and controlled drug

with the microstructure of heterogeneous materials across length scales.
The spreadability specifically considers the time-dependent problem of
mass transfer of a solute in a two-phase material where all solute is

delivery [7]. Such heterogeneous materials are ubiquitous in natural initially concentrated in phase 2, and the solute has the same diffu-
and synthetic contexts, including composites, porous materials, geologi- sion coefficient D in each phase. The spreadability S(7) is therefore
cal media, cellular solids, polymer systems, colloids, gels, and biological defined as the total solute present in phase 1 at time r. For two

media [1,2,8-13].
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Fig. 1. This schematic depicts the concentration field for the diffusion spreadability process at different times for an amorphous two-phase material in 2D. The left panel (a) shows
the uniform concentration of the solute species within phase 2 (dark blue) at time ¢ = 0. The central panel (b) depicts the spreading of solute at short times. The right panel (c)
depicts the uniform concentration of the solute species throughout both phases (pale blue) in the infinite-time limit. The phase interface is highlighted in black in all three panels.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Source: This figure is adapted from Fig. 1 in Ref. [14].

different microstructures at some time ¢, the one with the larger value
of S(r) spreads diffusion information more rapidly [14]. See Fig. 1
for a schematic illustrating the spreadability phenomena for an amor-
phous microstructure. Expanding upon original work by Prager [15],
Torquato demonstrated that S(7) in any d-dimensional Euclidean space
R? is exactly related to the microstructure via the direct space autoco-
variance function x, (), or equivalently, via the spectral density 7, &)
in Fourier space [14]:

S(c0) = S(1)

o 2 w0y
2

m /R 7, () exp[—k>Drldk. )
2

Here, ¢, is the volume fraction of phase 2, S(c0) = ¢, is the infinite-
time limit of S(¢), and S(c0) — S(#) is called the excess spreadability.
Eq. (1) is a rare example of transport in two-phase random ma-
terials which is exactly described by only the first two correlation
functions, namely, ¢, and two-point statistics via either x, @ or 7, (k).
In contrast, the preponderance of effective transport properties of ran-
dom heterogeneous materials are fully determined by an infinite set
of correlation functions to be described completely [1,16,17]. From
Eq. (1), Torquato [14] demonstrated that the small-, intermediate-,
and long-time behaviors of S(¢) are directly determined by the small-,
intermediate-, and large-scale structural features of the two-phase ma-
terial. Therefore, the spreadability is a powerful dynamic figure of merit
to probe and categorize all translationally invariant two-phase mi-
crostructures that span from hyperuniform [18,19] to nonhyperuniform
materials across length scales. These properties enable the application
of the spreadability as a physical property-based tool for rigorous
microstructural quantification in the absence of scattering information.
Hyperuniformity generalizes the established notions of long-range
order manifested in crystals and quasicrystals to include certain ex-
otic disordered materials. Disordered hyperuniform materials are re-
ceiving considerable attention [20-37] because they are characterized
by an anomalous suppression of volume-fraction fluctuations relative
to garden-variety disordered nonhyperuniform materials [18,19,38].
Since disordered hyperuniform two-phase materials are states of matter
that lie between a crystal and a typical liquid, they can be endowed
with novel physical properties that are directionally independent and
robust with respect to defects [38]. Some notable examples include
isotropic photonic and phononic bandgap materials [39-43], multifunc-
tional materials [17,44-47], special optical and lasing materials [48—
53], conductive disordered two-dimensional materials [33,54], as well

as materials with optimal transport [55,56] and mechanical proper-
ties [57]. The reader is referred to Refs. [38,47] for comprehensive
reviews on hyperuniformity and hyperuniform materials.

For statistically homogeneous microstructures whose spectral den-
sities exhibit the following power-law form

7, (&) ~ BIK|* @

in the limit |k| - 0, Torquato [14] showed that the long-time excess
spreadability for two-phase materials in R? is given by the inverse
power-law
BI'[(d + )/2]¢,

2dnd/ZF(d/Z)(Dt/aZ)WM)/Z :
where a is a characteristic heterogeneity length-scale and B is a
microstructure-dependent coefficient. This power-law holds except for
instances where @ — +oo0, which, roughly speaking, may be regarded
to correspond to stealthy hyperuniform materials (see Section 2.2 for
terminology) whose excess spreadability decays exponentially fast [14],
ie.,

S(o0) = S(1) ~ €))

S(c0) — S(t) ~ Ce™? /¢t (disordered stealthy) (4a)

S(0) — S(t) ~ Ce™®  (ordered stealthy) (4b)

where C and ¢ are microstructure dependent parameters.

Thus, the long-time asymptotic scalings (3) and (4) for the excess
spreadability can be used as a simple yet robust tool to identify and
organize different hyperuniform and nonhyperuniform materials by
quantifying their values of the spectral density exponent a; see Sec-
tion 2.2. We see from Eq. (3) that antihyperuniform materials (—d <
a < 0) exhibit the most slowly decaying excess spreadability S(co)—S(7).
Typical nonhyperuniform materials (¢ = 0) have intermediate power-
law decay rates, while those for non-stealthy hyperuniform materials
(0 < a < ) have the fastest decay rates among power-law cases;
see Eq. (3). Egs. (4a) and (4b) reveal that stealthy materials have
excess spreadabilities that decay exponentially fast and hence possess
the fastest decay rates among all statistically homogeneous systems.

Torquato [14] also identified precise mappings between the long-
time asymptotic formulas for the spreadability and the nuclear mag-
netic resonance (NMR) pulsed field gradient spin-echo (PFGSE) ampli-
tude [58,59] as well as diffusion magnetic resonance imaging (MRI)
measurements [60]. Through such maps, one can readily translate the
analysis of long-time behaviors of S(r) into corresponding analyses of
NMR or MRI data; enabling one to extract large-scale microstructural
information of real heterogeneous materials from diffusion experi-
ments alone—a particularly important functionality when scattering



M. Skolnick and S. Torquato

information is unobtainable. Additionally, recent work has used the
spreadability to structurally characterize a wide-variety of ordered
and disordered microstructures [61,62]. In summary, the spreadability
is a powerful diagnostic of microstructure in both experimental and
computer-simulation scenarios. Moreover, the spreadability can be uti-
lized as a computational tool to aid in the design and discovery of novel
hyperuniform and nonhyperuniform materials with desirable physical
properties, as detailed in Section 7.

In this work, we greatly expand the utility of the spreadability as a
diagnostic probe of microstructure by obtaining it directly from compu-
tationally efficient random walk simulation methods.! We specifically
develop a simulation protocol that employs trillions of lattice-bound
discrete time random walkers to accurately and efficiently capture the
time-dependent diffusion phenomena associated with the spreadabil-
ity (see Section 4 for algorithmic details). We apply our simulation
method, which we refer to as the lattice diffusion algorithm (LDA),
to a variety of disordered model microstructures with varying degrees
of order/disorder at different length scales (see Section 3 for details),
and demonstrate that it provides a novel way to directly assess the
(non)hyperuniformity of a two-phase material directly from diffusion
measurements. Additionally, we use the time-dependent local concen-
tration field c¢(x,7) to compute the specific entropy production rate
5(t) of the diffusion process associated with the spreadability (see
Section 5). We also derive exact analytical expressions for s(f) and
show that it depends on only one-, two-, and three-point correlation
functions. As one might expect, we find that the entropy production
rates of hyperuniform materials decay more rapidly than those of non-
hyperuniform materials, with $(¢) decaying the most rapidly for stealthy
systems. We also find that the rank orderings of the disordered model
microstructures based on their long-time asymptotic spreadabilities
and entropy production rates are consistent with one another, de-
spite the latter incorporating additional three-point correlation function
information.

The flexibility of our simulation method enables us to also compute,
for the first time, the more physically realistic case of the spread-
ability in which phase 1 and 2 have contrasting solute diffusion co-
efficients [14]. Using a mapping observed by Torquato that relates
the NMR PFGSE amplitude to the spreadability [14], we are able to
compute the effective (homogenized) diffusion coefficient of the corre-
sponding two-phase material in addition to its value of the exponent
a. We demonstrate that our simulation results are consistent with
those produced using the commercial finite element software COM-
SOL Multiphysics®. Our method can be readily applied using imaging
data gathered in the laboratory via microscope or tomography experi-
ments [1,63-66] since it is designed to operate on pixelized/voxelized
representations of the microstructure. The method leverages Graphics
Processing Units (GPUs) for massive parallelism, enabling the compu-
tationally efficient assessment of structures with ((10°) pixels/voxels
using O(10'?) walkers.

The paper is organized as follows: in Section 2, we introduce
key concepts and definitions. In Section 3, the model two-phase mi-
crostructures are described. Section 4 covers the algorithmic details
of our simulation method. Exact analytical expressions for the entropy
production rate are provided in Section 5. The main results of the paper
are presented in Section 6. Conclusions and future research directions
are discussed in Section 7.

2. Definitions and preliminaries
In this section, we introduce key concepts and definitions needed

to describe two-phase microstructures; including correlation functions,
and the classification of hyperuniform and nonhyperuniform materials.

1 Currently, S(f) may only be computed through autocovariance or spectral
density data via Eq. (1).
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2.1. Correlation functions

The microstructure of a random multi-phase material is uniquely
determined by the indicator functions Z()(x) for the individual phases
which are defined as

1000 = 1, xin phas.e i ’ ©)
0, x otherwise

wherei = 1,...,q and ¢ is the total number of phases [1]. In statistically
homogeneous two-phase materials for which there are no preferred
centers, the two-point probability function S;i)(r) measures the proba-
bility of finding two points x, and x, separated by displacement vector
r =X, — X, in phase i [1]. The three-point function S;i)(xl,xz,x3) gives
the probability that triangle vertices x,, x,, and x5 all fall in phase i
when placed randomly in the system [1]. For statistically homogeneous
systems, S;“ depends only on the relative displacements of the sampling
points, i.e., S;i)(xz — X1, X3 — X).

The autocovariance function is trivially related to the two-point
function as

1, @ =850 - ¢, 6)

where ¢, is the volume fraction of phase i [1]. For d-dimensional
isotropic materials, the autocovariance function depends only on the
magnitude r = |r| of the displacement vector, and one can define the
specific surface s in terms of the derivative of x,(r) at the origin [1,67],
ie.,

dy,(r) W41

= - 7
dr r=0 a)da' 5 @

where w, is the volume of a d-dimensional unit sphere
7472

Wy = —————.

T T +d/2)
We define the spectral density 7, (k) as the Fourier transform of the
autocovariance function at wavevector Kk, i.e.,

1

7 (K)= ——
Z, (K 2
The spectral density is a nonnegative real-valued function k which is
directly measurable in the laboratory from elastic scattering exper-
iments [67]. In this work, we use Eq. (9) to compute the spectral
density for model microstructures for which the autocovariance is
known exactly.

We also consider several types of d-dimensional packings of N,
radius a spheres in volume ¥V = L¢ cubic simulation boxes under
periodic boundary conditions. The spectral density for such materials
is given by [1,38],

®

/@mWw. ©)
R

N 2
L®=$ZMMWWW. (10)
pa

Here, r; are the positions of each sphere center, a wavevector k =
2z(ny,ny,...,ny)/L where n; € Z corresponds to the reciprocal lattice
vectors of the unit cell, and i(k; a) = 2ra/k)?/2J, s2(ka) is the Fourier
transform of a sphere of radius a in which J, (x) is the Bessel function of
order v. We use spectral densities computed via Eq. (10) in integral (1)
to demonstrate that using digitized representations of sphere packings
(see Sections 3 and 4) has no significant effect on the accuracy of our
spreadability simulations (see Section 6).

We rely on digitized representations of microstructures, which can
represent systems with a variety of phase geometries and topologies,
to compute the spectral densities for certain models considered in this
work (see Section 6). Such digitized two-phase systems are materials
consisting of square pixels (cubic voxels) in two (three) dimensions
where each pixel (voxel) is occupied entirely by one phase, and a square
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(cubic) domain has a side length of L pixels (voxels). One can show that
the spectral density of such materials can be computed as
1 ) = 2

I7 (CIIWACSI an
where (k) is the Fourier transform of a pixel (voxel) which is given by
m(k) = H;L , sinc (zn;/L). The generalized collective coordinate [56,68]
is defined as J(k) = Y, exp(ik - x)(I?)(x) — ¢,) where x corresponds to
the positions of the pixel (voxel) centers.

7,00 =

2.2. Classification of hyperuniform and nonhyperuniform materials

The hyperuniformity of two-phase heterogeneous materials in d-

dimensional space is defined by the following infinite-wavelength con-
dition on the spectral density 7, &) [19,38]:
‘ Il(l‘TO 7,00 =0. 12)
One can equivalently define hyperuniformity based on the local
volume-fraction variance 53 (R) associated with a d-dimensional spher-
ical observation window of radius R [19,38,69]. Henceforth, we ex-
plicitly consider two-phase materials but note that our methods may
be generalized to n-phases. A two-phase material is hyperuniform if its
variance grows in the large-R limit faster than R?. This behavior con-
trasts that of typical disordered two-phase materials for which 61% (R)
decays like the inverse of the spherical observation window volume.
The hyperuniformity condition (12) implies that the autocovariance
function y, (r) exhibits both positive and negative correlations such
that its volume integral over all space is exactly zero [38,70]:

/ %, ()dr =0, (13)
Rd

which is the direct-space sum rule for hyperuniformity.

The hyperuniformity concept provides a unified means to classify
equilibrium and non-equilibrium states of matter, hyperuniform or not,
according to their large-scale fluctuation characteristics. For statisti-
cally homogeneous hyperuniform two-phase materials [19,38] there
are three different classes (scaling regimes) that describe the associated
large-R behaviors of 03 (R) when the spectral density goes to zero as a
power-law scaling (2) in the limit |k| — 0 [38]:

R+, a>1 (ClassI)
ai(R) ~JdR @D R a=1 (ClassII) a4
R @+ 0<a<1 (Class III).

Classes I and III are the strongest and weakest forms of hyperunifor-
mity, respectively. Class I materials include all perfect crystals, many
quasicrystals and exotic disordered materials [38]. Also belonging to
class I are stealthy hyperuniform materials which are defined to be
those which exhibit zero-scattering intensity for a set of wave vectors
around the origin [70]:

Zv&) =0

Examples of such stealthy materials are periodic packings of spheres,
disordered sphere packings derived from stealthy point patterns, as well
as specially designed stealthy hyperuniform dispersions [55,56,70].

Any statistically homogeneous nonhyperuniform two-phase mate-
rial has a local variance with the following large-R scaling behav-
iors [71]:

for 0<|k|<K. (15)

(16)

o2 (R) ~ R, a =0 (typical nonhyperuniform)
4 R™@+9  _4 <@ <0 (antihyperuniform).

A typical nonhyperuniform material has 7, (0) > 0 and thus B = 7, (0)
via Eq. (2) [38]. The spectral density of antihyperuniform systems is
unbounded at the origin [71]:

“l{i‘r_I}O 7, (k) = +oo, a7)
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Fig. 2. Plots of the dimensionless spectral density 7, (k)s® vs. wavevector k/(2xs) for
the various (non)hyperuniform model two-phase systems we consider in this work.
These models are listed from most nonhyperuniform (Debye random media) to most
hyperuniform (stealthy disordered hyperuniform sphere packing). The inset shows the
small-k behavior in a log-log plot to better illustrate how 7, (k) ~ k. The dashed lines
correspond to plots of k* for the three different perfect glass systems.

thus making such systems diametrically opposed to hyperuniform
ones. Examples of antihyperuniform systems include system at thermal
critical points (e.g., liquid—vapor and magnetic critical points) [72,73],
fractals [74], disordered nonfractals [75], and certain substitution
tilings [76].

3. Model microstructures

We demonstrate the accuracy, versatility, and utility of our lattice
diffusion algorithm by using it to compute the spreadability and en-
tropy production rates for a variety of three dimensional disordered
microstructures that represent a diverse class of nonhyperuniform and
hyperuniform classes as described in Section 2.2. We note that this
collection of systems constitutes a representative set of microstruc-
tures that span the disorder-order spectrum according to order metrics
recently developed by Torquato et al. [69].

We consider all models with phase 2 volume fraction ¢, = 0.25 and
specific surface s = 0.1575 such that their characteristic heterogeneity
length scales are consistent with one another [69,77]. All results are
averaged over 10 microstructural configurations. We also simulate
the spreadability for phase-inverted versions of the models considered
here in which each phase 1 voxel becomes phase 2 and vice versa.
Such phase-inverted microstructures have the same exponent « as their
progenitor system (see Egs. (6) and (9)) and thus provide an additional
way to measure a. The spectral densities for all three-dimensional
systems considered here are plotted in Fig. 2.

3.1. Nonhyperuniform Debye random media

Debye random media (DRM) are models of nonhyperuniform two-
phase media [67,78] which are defined entirely by the autocovariance
function

x,(r) = d1¢y exp(-r/a), 18

where a > 0 is a length-scale parameter. The specific surface s for Debye
random media is equal to z¢,¢,/a in 2D and 4¢,¢,/a in 3D. Debye
et al. [67] hypothesized the simple exponential form (18) to model 3D
media with phases of “fully random shape, size, and distribution”, and
were shown to be realizable in two [78-80] and three [81,82] dimen-
sions. We consider this model because it is a good approximation of
certain realistic heterogeneous materials [67], including Fontainebleau
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Fig. 3. Three-dimensional sample microstructures of (a) Debye random media, (b) fully penetrable spheres, (c) a stealthy hyperuniform sphere packing, and (d) the phase-inverted
variant of the sphere packing in (c). For all structures, phase 1 is void space (transparent) and phase 2 is solid (red). (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

sandstones [63], and its spreadability is known exactly in any space
dimension [14]. In the infinite system limit, Debye random media
possess arbitrarily large spherical pores in either phase [79,82,83].
Therefore, the finite-sized samples we consider here are challenging
benchmark test cases for our algorithm.

We construct 4013 cubic voxel realizations of Debye random media
using an accelerated implementation [79,83] of the Yeong-Torquato
construction algorithm [78,84]. In order to efficiently compare the
results of our simulations to those produced by finite element methods,
we examine two-dimensional samples of DRM with ¢, = 0.5 at a
resolution of 5012 square pixels. Such lower dimensional simulations
are less computational resource intensive and thus more manageable
for finite element simulations. These 2D realizations are constructed
using the same protocol as the 3D ones. A rendering of a sample 3D
DRM microstructure is shown in Fig. 3(a).

3.2. Nonhyperuniform media derived from thresholded Gaussian random
fields

Gaussian random fields are constructed by a superposition of plane
waves with randomly distributed wave vectors and phases such that the
resulting field intensities are normally distributed [85]. Applying level
cuts to, or thresholding, such scalar fields provides a computationally
efficient means to generate various two-phase materials. This approach
has seen prior use in generating model microstructures for various
two-phase materials including carbonate rocks [86], Vycor glass [86],
amorphous alloys [87], and aerogels [88]. We use the method of Lang
and Potthoff [89] to generate Gaussian convolved scalar fields with
nonhyperuniform field spectral density (k) = exp[—k?/(4x)]. We subse-
quently threshold the resulting field to create a two-phase material with
volume fraction ¢, = 0.5 and autocovariance function [1,87,90,91]

%, (r) = arcsin [e_’"z] /(Q2x) (19)

and thus specific surface s = 1/v/2xz3 [1,67]. The effective diffusion co-
efficient for such thresholded field microstructures at this composition
is given exactly by [1,92]

D,=+DD; ($,=1/2), (20)

where D, and D, are the respective diffusion coefficients of phases 1
and 2. We simulate the spreadability for large, 5000 pixel thresholded
fields for certain phase diffusion coefficient contrast ratios D,/D,
within the interval [1,25]. We ascertain D, from these data (see Sec-
tion 6.2 for details) and compare these values to the exact result
(20).

3.3. Nonhyperuniform fully penetrable spheres

We also consider the well-known model of “fully penetrable
spheres” (FPS) [1,93]. These nonhyperuniform systems are prepared
by decorating all points of a Poisson point process with d-dimensional
spheres of radius a that are free to overlap with one another. The sim-
plicity of the n-body statistics of these model material microstructures
enables us to exactly express the y, (r) of the matrix phase which we
designate as phase 2 in this work [1,93]:

Uy(r; a) 5
= - - 21
x, () =exp [ l 1@ ] @5 (2D
where n = —1In(¢,) and v,(r; a) is the union volume of two spheres of

radius a, the expression for which can be found in Ref. [1]. The specific
surface for d-dimensional FPS is given by [94] s = —d¢, In(¢,). We
consider FPS systems with N = 2500 spheres. For simulations, the FPS
systems as well as all subsequent systems are digitized to a resolution
of 10013 cubic voxels. A rendering of a sample FPS microstructure is
shown in Fig. 3(b).

3.4. Nonhyperuniform random sequentially adsorbed spheres

Random sequential adsorption (RSA) is a time-dependent process
that irreversibly, randomly, and sequentially places nonoverlapping
spheres into space [1,95]. In the infinite-time limit, the system be-
comes saturated, i.e., no additional sphere can be inserted into the
system. While not hyperuniform [96], the non-overlapping constraint
introduces a significant amount of order into these systems over that
found in the other nonhyperuniform models considered here. Since the
RSA packings we consider here are well below the saturation-limiting
packing fraction of about 0.3841... [96], they possess arbitrarily large
spherical pores in phase 1 in the infinite-system limit. We generate
N = 2500 sphere RSA packings using the voxel-list algorithm developed
by Zhang and Torquato [96]. The specific surface for all d-dimensional
monodisperse sphere packings with radius a is s = d¢, [94].

3.5. Hyperuniform sphere packings derived from “perfect glasses”

Perfect glasses (PG’s) [97] are hyperuniform many-body systems
with positive bulk and shear moduli that banish any crystalline or
quasicrystalline phases and are unique disordered states up to trivial
symmetries [98]. Sphere packings derived from perfect glasses provide
a rare opportunity to create two-phase microstructures with precisely
controllable spectral density exponent a. Note that the size of pores in



M. Skolnick and S. Torquato

phase 1 of sphere packings derived from perfect glass point patterns
is bounded in the infinite-system limit [99]. We generate N = 2500
perfect glass point configurations using the collective-coordinates op-
timization scheme [68] according to the specifications provided in
Ref. [97].

3.6. Disordered stealthy hyperuniform sphere packings

Like crystals, disordered stealthy hyperuniform (SHU) materials,
exhibit zero-scattering intensity for a set of wave vectors around the
origin (see. Eq. (15)). By virtue of being disordered, however, this
zero-scattering region is directionally-independent. Such a combination
of hidden order at large length scales and isotropy often endows
stealthy hyperuniform materials with exotic physical properties like
isotropic photonic and phononic band gaps [39-41,43,100], as well as
optimal transport properties [55,70]. We generate N = 2500 disordered
stealthy hyperuniform radius a sphere packings with Ka = 2.15, by
decorating stealthy hyperuniform point patterns prepared with the
collective coordinate procedure [45,55]. Note that the size of pores in
phase 1 of sphere packings derived from stealthy hyperuniform point
patterns is bounded in the infinite-system limit [101,102]. Renderings
of a sample SHU sphere packing and its phase-inverted variant are
shown in Figs. 3(c) and 3(d), respectively.

4. Lattice diffusion algorithm

Algorithmic details of our lattice diffusion algorithm are summa-
rized here. Our algorithm uses digitized representations of two-phase
material microstructures. Beyond the various practical benefits of using
such representations discussed in Sections 1 and 2.1, such digitized
models have a natural array representation on the computer that
facilitates the computation of vector derivative quantities without
requiring complicated meshing routines. Importantly, we show that
using digitized representations does not reduce the accuracy of our
simulated spreadability and entropy production results as demonstrated
in Section 6.

For concreteness, we consider a hypercubic digitized representation
of the microstructure, i.e., square (cubic) pixels in two (three) dimen-
sions to which the random walkers are bound. At time 7 = 0, all walkers
are distributed uniformly throughout phase 2. For our simulations, we
found that 10° walkers per lattice site ensures sufficient sampling of
the microstructure. The walkers move along the lattice according to
the algorithm developed by McCarthy [103,104]. Here, phase 1 and
2 lattice sites have diffusion coefficients D; and D, and we assume
without loss of generality that D,/D, > 1. After each time step 4r,
the N, walkers at each lattice site i with diffusion coefficient D; will
randomly select, with equal probability, one of the 2d neighboring
sites j, k, 1, ... with respective diffusion coefficients D;, Dy, D, .... Each
walker will then hop to its selected neighbor x with probability,

B, = 22D 22)

’ D; + D,

or remain on site i with probability 1 — P, [103,104]. Note that in
this scheme, the diffusion coefficients must be scaled such that D, = 1
to ensure that hopping probability (22) is normalized. Also note that
when D, = D,, P,, = 1 and thus each walker hops randomly to one of
its nearest neighbors at every time step; corresponding to an unbiased
random walk. The simulations are made computationally efficient by
distributing the work for each system evolution step among multiple
processors. Here, we specifically assign each GPU thread to a cluster of
lattice sites. With this scheme, it takes around 5.5 h to run a 5 x 10*
step simulation on an 80 Gigabyte NVIDIA® A100 GPU.

Plots of the excess spreadability for two-dimensional Debye random
media computed via the lattice diffusion algorithm, commercial finite
element software COMSOL Multiphysics®, as well as the exact ana-
lytical expression derived by Torquato [14] are shown in Fig. 4. We
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Fig. 4. Log-log plots of dimensionless time Dts* vs. the excess spreadability S(co)—S(f)
computed via the lattice diffusion algorithm (circles) and commercial finite element
analysis (FEA) software (squares) for 2D Debye random media with ¢, = 0.5. The
simulated results are compared to the exact analytical result derived by Torquato [14]
(solid line). The inset shows the long-time asymptotic scaling of the excess spreadability,
clearly indicating that S(c0) — S(r) ~ 1/t (dotted line) as predicted by the power-law
(3). The simulated results have negligibly small error bars that cannot be distinguished
on the scale of this figure.

see that the LDA computes excess spreadabilities which are completely
consistent with those computed via exact theories and commercial
finite element techniques across all time-scales. It is crucial to note that
we can correctly extrapolate that a = 0 for Debye random media from
the long-time regime of S(c0) — S(r) computed with our algorithm.

5. Entropy production rate

The entropy production rate per unit volume $(¢) of the diffusion
process associated with the spreadability is a measure of the rate of
energy dissipation. For an irreversible time-dependent diffusion process
in an infinite medium in RY, 5(7) is defined as [1]

s = - / [Ve(x, 1)[2dx, (23)
V RrRd

where the concentration field is given in terms of the d-dimensional
Green’s function solution for the time-dependent diffusion equation.
Using the method of Prager [15] and Torquato [14], we derive the
following expression for $(¢) for statistically isotropic and homogeneous
media in dimension d > 2:

$(t) = qd(t)/ r‘fdrl/ rgdrz/ cos(9)do
0 0 0
XS, (r3)G(ry, )G (ry, 1). 24)

Here, g,(1) = Q(d)Q2(d - 1)c2 /[(4x D1)!(2D1)*] where Q(d) = dx/?/T'(1+
d/2) is the surface area of a d-dimensional unit sphere, r; =

\/ rl2 + rg — 2r,r, cos(9) where 6 is the angle between vectors r; and r,,
and G(r,1) = exp[—r?/(4Dr)]. The details of the derivation of (24) are
provided in the Supplementary Material (SM).

We also consider the entropy production rate in phase i, which is
defined as

90 = 1 / |Ve(x, N?TOx)dx. (25)
|4 R4
We find that the entropy production in phase 2 is given by the integral

(o] (o] T
5P = ¢, / rldr, / ridr, / cos(9)d0
0 0 0

X S3(ry,75,13)G(r,1)G(r), 1), (26)
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Fig. 5. Log-log plots of dimensionless time Dts> vs. the dimensionless entropy
production rate &(t)/cg for the individual phases (1, 2) as well as the entire material
(1+2) computed via the LDA (circles) and commercial FEA software (squares) for
2D Debye random media with ¢, = 0.5. The simulated entropy production rates
are compared to those computed via integrals (24) and (26) (solid lines). The inset
highlights the long-time power-law decay of the entropy production rate. The simulated
results have negligibly small error bars that cannot be distinguished on the scale of
this figure.

and that §)(¢) can be determined via the additivity rule s(t) = 5V(t) +
5@(t). In general, integrals (24) and (26) must be evaluated numeri-
cally.

The + = O initial condition for the spreadability has all solute
distributed uniformly in phase 2 with concentration c, i.e.,

¢(x,0) = ¢gIP(x). 27)

Since the phase indicator function (5) contains jump discontinuities at
the phase boundaries, the gradient of the initial concentration consists
of Dirac delta functions along the phase boundaries [1]. It immediately
follows from definition (27) that s(r) and 5 (¢) diverge to infinity as
t — 0%. As the spreadability approaches its equilibrium steady-state as
t — oo, §(t) and 5O (¢) will go to 0.

Plots of the entropy production rate for two-dimensional Debye ran-
dom media computed via the lattice diffusion algorithm, commercial
finite element software, as well as the integrals (24) and (26) are shown
in Fig. 5. Here, we use Debye microstructures with ¢, = 0.5 because the
three-point correlation function S;i) for these microstructures is known
exactly (see the SM for details). We see that the LDA computes 3(r)
which are completely consistent with those computed via exact theories
and commercial finite element techniques across all time-scales. Note
that in the long-time asymptotic regime, the entropy production rates
for Debye random media exhibit a power-law decay. Also note how
sO@) = @) here.

6. Simulation results
6.1. The spreadability and entropy production rate

In this section, we present numerical results for the simulated
spreadabilities and entropy production rates for the various model
systems considered in this work. We extrapolate the exponent « for non-
stealthy materials using a variation of the fitting technique introduced
in Ref. [62], and measure the accuracy of these values through the
difference Aa = geXrapolated _ yiree Tq quantify the overall accuracy of
our simulated excess spreadabilities, we use the error estimate AS =
(1/N,) Y, 16[S(e0) — S(0]| [79,83] where N, is the number of discrete
simulation time-steps and 5[S(c0) — S(#)] is the difference between the
simulated and integrated excess spreadabilities at time ¢.

For Debye random media and fully penetrable spheres, the inte-
grated excess spreadability was computed via integral (1) using their
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Table 1

Tabulated measurements of the accuracy of diffusion spread-
ability data computed via our simulation algorithm. In the
Model column, note that (i) denotes the phase-inverted vari-
ation of a given microstructure. The central column (4a) lists
numerical deviations of simulation extrapolated a from the true
value, and the right column (45) lists averaged numerical devi-
ations of the simulated excess spreadability from the integrated
one. Overall, the small values of A« and AS underscore the
accuracy of our simulation algorithm.

Model Aa A[S(e0) = S(0)]
DRM 5.52x 1073 3.94x 1074
DRM (i) 5.79 x 1073 132x107*
FPS 8.80 x 1073 1.16x 1073
FPS (i) 2.19x 1073 6.10x 1074
RSA -6.39 x 1072 3.06 x 1074
RSA (i) -6.36 X 1072 1.89 x 107#
PG, a =20 2.51x 1073 7.95x 1074
PG, a =2.0 (i) 2.51x 1073 1.48x 107
PG, a =22 737x 1073 8.05x 10~
PG, a =22 (i) 737x 1073 1.46 x 107*
PG, a =25 -7.96 x 1073 8.08 x 1074
PG, a =25 (i) -7.99 x 1073 1.43x107*
SHU - 7.14x 1074
SHU (i) - 1.59x 107*

respective autocovariance functions (18) and (21). Integrated S(co) —
S() for the sphere packings used spectral densities computed via
Eq. (10), while those for the phase-inverted microstructures used spec-
tral densities computed through Eq. (11). Values of 4« and A4S for all
model microstructures are listed in Table 1. The small deviations in the
extrapolated exponent (10~3 < Aa < 1072) as well as the small error in
the simulated spreadability (10~* < AS < 1073) indicate the accuracy
of our algorithm and its overall robustness to digitization effects. Plots
of the simulated excess spreadabilities for selected microstructures are
shown in Fig. 6(a).

The simulated entropy production rates s(t) and s (¢) for the model
microstructures are shown in Fig. 6(b). It is seen that non-stealthy
media have entropy production rates that exhibit power-law decays
in the long-time asymptotic regime. Notably, s(¢) decays more rapidly
as the exponent a increases, with stealthy materials having appar-
ently exponentially fast decays. Overall, these trends in the entropy
production results indicate that hyperuniform materials have smaller
rates of energy dissipation than any nonhyperuniform materials. In
Fig. 6(b), note how fully penetrable spheres exhibit the lowest entropy
production rates for small times (10~* < Dts?* < 1072). This behavior
can be attributed to the high-degree of clustering in these systems at
short length-scales [69].

Also note how our simulation results demonstrate that the rank
orderings of different microstructures based on their long-time asymp-
totic spreadabilities and entropy production rates are consistent with
one another. Despite the entropy production rates for phases 1 and 2
incorporating one-, two-, and three-point statistics, they still predict
the same ordering of microstructures as §(r) and S(c0) — S(7) in the
long-time asymptotic regime—both of which incorporate just one- and
two-point statistics. This behavior is due to the fact that the three-
point correlation function S_gi)(rl,rz,r3) for disordered systems differs
from two-point information only for relatively small triangles (with side
length of the order of the correlation length), which does not determine
the large-length or long-time scale behavior [1]. In other words, in
the long-time asymptotic regime of s (t), the factor of Sgi)(rl,rz,@)
in integral (26) effectively contributes only one- and two-point level
correlations.

6.2. The spreadability with different phase diffusion coefficients

In this section, we present numerical results for the simulated
spreadability for multiple values of the phase diffusion coefficient
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Fig. 6. Log-log plots of dimensionless time Drs? vs. (a) excess spreadability S(co)—S(t)
and (b) dimensionless specific entropy production rate §(r)/c; computed via the lattice
diffusion algorithm. In (b), the solid and dotted lines correspond to the entropy
production rates for the entire system (s(¢)) and phase 2 (5(r)), respectively. The inset
plots in (a) and (b) highlight the long-time behavior of the curves. Note how the rank
orderings of the microstructures based on their long-time asymptotic spreadabilities and
entropy production rates are consistent with one another. The same ranking is predicted
by 5()(¢), but those curves have been omitted in order to keep the plot readable.

contrast ratio D,/D, that lie within the interval [1,25]. We use the
nonhyperuniform two-dimensional thresholded Gaussian random field
microstructure described in Section 3.2 as our model system. These ex-
cess spreadabilities are plotted in Fig. 7(a). When scaling the horizontal
axis by D,s?, where D, is given by Eq. (20), note how all spreadability
curves collapse together in the short- and long-time regimes. This
collapse in the long-time regime is consistent with Torquato’s mapping
between the NMR PFGSE amplitude and the excess spreadability in
which D is replaced by D, in Eq. (3).

In the intermediate-time regime (10% < D,ts*> < 10%), the curves de-
viate from the D,/D,; =1 case progressively more as D,/D, increases;
with S(c0) — S(¢) for D,/ D, = 25 being ~ 5x greater than S(c0) — S(t)
for D,/D; = 1 at Dts?> = 200. This deviation is due to the tendency of
the walkers to remain localized in phase 2 for longer due to its higher
diffusion coefficient; thus making S(c0) — S(¢) take longer to reach its
long-time asymptotic scaling regime.

These simulations of the spreadability when D,/D; # 1 can be used
to estimate the effective diffusion coefficient of the material. Specifi-
cally, we can fit the integrated spreadability (1) using autocovariance
(19) to our simulated data in the long-time regime via residual sum
of squares methods using the diffusion coefficient as a free parameter.
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Fig. 7. (a) Log-log plots of the simulated excess spreadability S(c0) — S(t) vs. dimen-
sionless time D,ts> with various contrast ratios D,/D, for the 2D nonhyperuniform
thresholded Gaussian random field microstructure. Note how the curves collapse
together in the short- and long-time regimes. The dotted line plotted in the inset
highlights the 1/t scaling exhibited by all curves in the long-time regime. (b) Log—
log plot of the dimensionless effective diffusion coefficient D,/D, as a function of
reciprocal contrast ratio D,/D,. The scatter plots correspond to values extrapolated
from simulated spreadability data in (a) while the solid line corresponds to the
theoretical result (20). Due to the requirement that the diffusion coefficients must be
rescaled such that D, = 1 and D, < D, for the simulations, we plot the reciprocal
contrast ratio D,/D, on the horizontal axis in (b).

Values of effective diffusion coefficients extrapolated via this method
are compared to the exact analytical result (20) for various contrast
ratios in Fig. 7(b). We see that the extrapolated values of D, agree
reasonably well with the theoretical ones, with the largest deviation
being of order 1072 for larger contrast ratios D,/D; > 20. Greater
accuracy in the extrapolated values of D, for larger contrast ratios is
expected to be achieved by using larger sample microstructures.

7. Conclusions

In summary, we have developed a computationally efficient and
powerful simulation method for directly computing the diffusion
spreadability and the entropy production rate of the associated diffu-
sion process using random walk methods. We have tested our algorithm
by applying it to a variety of digitized two- and three-dimensional
(non)hyperuniform model material microstructures which span the
order/disorder spectrum. Our benchmark tests also demonstrate that
our algorithm captures diffusion spreadability phenomena as accurately
as commercial finite element software does, while being free to use
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Fig. 8. A self-supporting stealthy hyperuniform network material derived from a
stealthy sphere packing. Like its progenitor sphere packing, this material also has phase
2 volume fraction ¢, = 0.25.

and leveraging graphics processing units for extremely high perfor-
mance. Moreover, the agreement between our simulated spreadabilities
and those computed via scattering information, i.e., through Eq. (1),
demonstrate that our method can serve as an additional and indepen-
dent analysis of a material’s microstructure via diffusion measurements,
as in the case of NMR [58] and MRI methods [60]. Importantly, we
have found that the digitization requirement of our method does not
appreciably alter the accuracy of its results.

Since our algorithm enables us to determine the concentration field
c(x, 1), we were able to compute, for the first time, the entropy produc-
tion rate associated with the spreadability’s diffusion process. From our
corresponding analytical work, we found that the entropy production
rate for phases 1 and 2 (26) is sensitive to one-, two-, and three-
point microstructural statistics. Our simulation results demonstrate that
the rank orderings of different disordered model microstructures based
on their long-time asymptotic spreadabilities and entropy production
rates are consistent with one another, even though the latter incorpo-
rates additional third-order statistics, for reasons noted in Section 6.1.
However, such consistencies between the rankings based on the spread-
abilities and entropy production rates may not apply in the case of
ordered (periodic) media, since the three-point correlation functions
of ordered materials contain an appreciable amount of microstructural
information above what is included in their two-point functions [105].
Therefore, in the future, it would be interesting to examine whether
the rank orderings for the long-time asymptotic spreadabilities and en-
tropy production rates are still consistent with one another for ordered
materials.

In material design problems, it is desirable to consider microstruc-
tures that may be realized using modern 3D printing techniques [106].
For example, as discussed in Ref. [107], the inverted sphere packing
microstructures considered here can be 3D printed since the solid phase
is self supporting by virtue of its topological connectedness. We note
that one can also make self-supporting (and thus 3D-printable) network
materials from the sphere packings by treating the edges of their
respective Voronoi tessellations as cylindrical struts [108,109]. An at-
tractive benefit of such network structures is their generally low volume
fraction and thus low weight. A rendering of such a network structure
derived from a stealthy hyperuniform sphere packing is shown in Fig. 8.

We also used our algorithm to conduct the first analysis of the more
physically reasonable case of the spreadability when the phase diffusion
coefficients are different. The LDA simulations show that the long-time
asymptotic scaling of the spreadability in this scenario is accurately
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captured by the mapping between the spreadability and the NMR
PFGSE amplitude identified by Torquato [14] in which the effective
diffusion coefficient D, is substituted for D in Eq. (3). Given these
findings, and the previously shown connections of S(f) to NMR PFGSE
and diffusion MRI techniques [14], our work has implications for such
experimental methodologies as well. Specifically, as the spreadabil-
ity for cases when D,/D, # 1 is also a sensitive probe of short-,
intermediate-, and large-scale structural features, future experiments
could be designed to realize the spreadability in the laboratory; a po-
tentially useful characterization technique when scattering information
is unobtainable.

Interestingly, there is a clear deviation of this effective theory and
the simulated results in the intermediate-time regime that grows with
the contrast ratio D,/D,. This deviation is caused by the tendency
of the walkers to preferentially localize in the phase with the higher
diffusion coefficient. As noted in Ref. [14], the development of an
exact theoretical description of the spreadability when D,/D, # 1
is an outstanding problem for future work. Torquato suggested that
such a problem could be approached by using the “strong-contrast”
methodology which has been used to derive exact expressions for the
effective physical properties of two-phase media in terms of an infinite
set of correlation functions and phase contrast ratios [1]. Naturally,
our LDA simulations can be used as a numerical benchmark in the
development of such a theory.

In summary, our results highlight how the simulated diffusion
spreadability provides critical information about material microstruc-
tures and corresponding effective physical properties. Moreover, our
work further demonstrates the power of dynamical, physical-property
based probes for applications in materials design and discovery. For
example, our algorithm can be used to accurately extract the exponent
a of a microstructure, thus providing a novel route to determine the
(non)hyperuniformity of complex microstructures [42,47,60,79,83,86,
87,91,110,111] independently of noisy [61,62] spectral density data.
Our algorithm could also be applied to the inverse problem of designing
a material with desirable time-dependent diffusion properties. One
could devise a realizable 7, &) or y, (r) whose short-, intermediate-,
and long-range correlations capture the desired short-, intermediate-,
and long-time diffusion regimes of the spreadability. The degree of
order/disorder on various length scales can be tailored using recently
proposed order metrics for two-phase media [69]. Microstructures with
such designed 7, &) and x, (@) could be generated using inverse meth-
ods described in Refs. [56,78]. Finally, our simulation algorithm can
provide an assessment of how well the designed microstructures realize
their prescribed two-point statistics across length scales independently
of scattering data, while simultaneously providing information about
their effective diffusion and associated energy dissipation properties.
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